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Abstract

We introduce a framework of (Lie-)global∞-categories, which formalizes various
families of ∞-categories indexed by compact Lie groups and equipped with suitable
restriction functors along continuous group homomorphisms that occur naturally in
equivariant homotopy theory and representation theory.

As our main results, we show that in this framework unstable and stable equivari-
ant and global homotopy theory admit universal properties, refining and generalizing
the results for finite groups from [CLL25a,CLL25b]. In particular, we characterize
the passage from unstable to stable equivariant and global homotopy theory at the
level of global ∞-categories as universally inverting the action of representation
spheres in an appropriate sense. Building on this, we define parametrized equivariant
and global Thom spectrum functors and show that they recover classical Thom
spectrum constructions defined in terms of pointset models.
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Introduction

E quivariant homotopy theory studies spaces with an action of a suitable
group—typically a finite group or more generally a compact Lie group—and their

invariants. Throughout the history of the subject, equivariant methods have found
spectacular applications also in non-equivariant settings, for instance in Carlsson’s
proof of the Segal conjecture [Car84], Manolescu’s disproof of the triangulation
conjecture [Man16], or the resolution of the Kervaire invariant one problem by Hill,
Hopkins, and Ravenel [HHR16].

While the foundations of equivariant homotopy theory were originally laid
in the 1980’s using pointset models [LMS86], in recent years there has been a
flurry of activity to introduce ∞-categorical techniques into the subject. This has
led to new descriptions of the fundamental (∞-)categories studied in equivariant
homotopy theory [Bar17,CMNN24,CLL24b,CHLL24,LLP26] as well as to
universal properties for them [Nar16,Sha23,CLL25a,CLL25b], formulated using
the language of parametrized higher category theory [BDG+16]. The parametrized
perspective has since been successfully applied to a wide array of equivariant
questions, ranging from the construction of multiplicative refinements of equivariant
algebraic K-theory [CHLL24,HR26] or global versions of TMF and tempered
cohomology [GLP24,BDL26] to more geometric topics like the study of group
actions on manifolds [HKK24a,HKK24b,KK25]; moreover, it has once more also
led to new results outside equivariant homotopy theory, for example in chromatic
homotopy theory [BM24] or the theory of 6-functor formalisms [CLL25c].

However, so far many of these ∞-categorical results have been confined to the
setting of G-equivariant homotopy theory for finite groups G. The purpose of this
monograph is to push the theory beyond this case and to in particular establish
parametrized universal properties for equivariant homotopy theory in the generality
of all compact Lie groups. Before we explain our new results, however, let us spend
some time to review the situation for finite groups.

Parametrized higher categories. A common theme throughout equivariant
homotopy theory is that it is often helpful to not restrict one’s attention to a
fixed group, but to work with a whole family of groups, like all finite groups, all
compact Lie groups, or at least all subgroups of a given group. In particular, the
∞-categories of G-spectra for varying G come with various ‘change of group’ functors
(restriction functors, their adjoints, the Hill–Hopkins–Ravenel norms, geometric
fixed points, . . . ), and these are important tools to construct G-spectra from simpler
data or to conversely reduce questions to smaller groups in an inductive fashion.

It should therefore not be too surprising that in order to obtain a universal
property, one should not consider G-equivariant homotopy theory for a fixed group
G, but instead for all suitable groups G at the same time. This kind of structure
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2 INTRODUCTION

is actually not unique to equivariant homotopy theory, and instead pops up in
many areas of pure mathematics, with other examples being given by categories of
representations or (in the finite group case) derived categories of group algebras or the
equivariant Kasparov ∞-categories of [BEL21]. If one is willing to restrict to finite
groups, these structures were formalized under the name Fin-global ∞-categories in
[CLL25a].1 Such a Fin-global ∞-category C consists of an ∞-category C(G) for
every finite group G, together with restriction functors f∗ : C(G′) → C(G) for all
homomorphisms f : G→ G′ as well as higher structure witnessing that restriction
along an inner automorphism is the identity; more formally, a Fin-global∞-category
is a contravariant functor out of the (2, 1)-category GloFin of finite connected 1-
groupoids,2 and a Fin-global functor is just a natural transformation. What makes
this very basic definition actually useful is that many foundational concepts of
higher category theory like adjunctions, limits and colimits, or presentability admit
‘genuine’ versions for Fin-global ∞-categories via the general theory of parametrized
higher categories [BDG+16,MW24]. As one example, [CLL25b] introduces a
notion of equivariant presentability ; while this has a natural formulation internal
to parametrized higher category theory, it can also be described in more down-to-
earth terms as follows: a Fin-global ∞-category C : Gloop → CAT∞ is equivariantly
presentable if and only it factors through PrL and restriction along any injective
homomorphism admits a left adjoint satisfying a basechange condition analogous to
the Mackey double coset formula.

The framework of Fin-global∞-categories is then a natural home for equivariant
homotopy theory in the same way ordinary ∞-categories provide a natural home for
non-equivariant homotopy theory: [CLL25b] constructs Fin-global ∞-categories of
equivariant spaces and equivariant spectra by localizing classical pointset models
and shows that these enjoy universal properties analogous to their non-equivariant
counterparts—the former is the free equivariantly presentable Fin-global∞-category,
whereas the latter is the free equivariantly presentable Fin-global ∞-category that
moreover satisfies a genuine version of stability.

Only demanding the existence of left adjoints for injective group homomorphisms
is of course somewhat arbitrary. If one instead demands the existence of well-behaved
left adjoints for all group homomorphisms, this naturally leads to global homotopy
theory, which we will recall next.

Global homotopy theory. Equivariant enhancements of important cohomol-
ogy theories like singular cohomology, topological K-theory, or various versions
of bordism have a tendency to not crop up individually and isolated from each
other, but to come to us as a ‘compatible family’ of G-spectra as the (compact Lie)
group G varies. Just like it can be convenient to work with the ∞-categories of
G-spectra for various G simultaneously, global homotopy theory takes the point of
view that in the above situation one should consider the whole compatible family as
the fundamental object. In Schwede’s approach to the subject [Sch18], this idea is
implemented using the notion of a global spectrum, again defined via a model; the
relation to the heuristic notion of a ‘compatible family of equivariant spectra’ was

1 The cited reference uses the name ‘global (∞-)categories’ instead; for us it will however be more
convenient to reserve this name for the case where one considers all compact Lie groups.

2 There is also a refinement of this notion that additionally encodes structure like the Hill–Hopkins–
Ravenel norms and geometric fixed points for equivariant spectra, see e.g. [LLP26]; however, for
the discussion of the universal properties only the restriction functoriality will be relevant.
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then later made precise in [LNP25]. Let us highlight three examples where the
global perspective is useful even if one is only interested in results for a fixed group:

(1) In [Hau22], Hausmann proves that the equivariant homotopy ring of
tom Dieck’s A-equivariant homotopical complex bordism spectrum MUA

carries the universal A-equivariant formal group law in the sense of Cole–
Greenlees–Kriz for any compact abelian Lie group A, generalizing a famous
non-equivariant result of Quillen’s. While this result can be stated purely
in terms of equivariant homotopy theory, Hausmann’s argument starts from
the observation that the A-spectra MUA come from a global spectrum
MU, and one of the key steps in his proof is to show that the universal
A-equivariant formal group laws for varying A can similarly be organized
into a global structure, which he calls a global group law. The global
structure then allows him to establish various algebraic properties of the
universal equivariant formal group laws, from which he deduces his result.
In the same paper and using a similar strategy, Hausmann also shows
that the homotopy groups of the A-equivariant homotopical real bordism
spectrum MOA carry the universal A-equivariant 2-torsion formal group
law for any elementary abelian 2-group A.

(2) In [Sch22b], Schwede exploits the global structure on MU to prove
regularity results for certain classes in the equivariant homotopy ring
of MUU(n). These results were used by La Vecchia [LV24] to prove an
Atiyah–Segal type completion theorem forMUG for any compact Lie group
G (generalizing earlier work of Greenlees–May [GM97], who considered
the case where G has abelian identity component), and by Schwede himself
[Sch24] to compute the equivariant homotopy ring of MUU(n) after a
suitable completion.

(3) In the forthcoming [Sch26], Schwede proves equivariant generalizations of
Snaith’s Theorem [Sna81] expressing the complex topological K-theory
spectrum as a localization of the suspension spectrum of CP∞. Similarly
to the previous examples, his proof proceeds by first exhibiting a global
refinement KU of complex topological K-theory as a suitable localization,
taking advantage of the global structure, and then deducing the equivariant
results from this.

[CLL25a] shows that if one imposes the stronger, ‘global’ presentability condi-
tion (with well-behaved left adjoints for all homomorphisms), this leads to universal
descriptions of unstable and stable global homotopy theory with respect to finite
groups: in particular, if we evaluate the free globally presentable and genuinely
stable Fin-global ∞-category at the trivial group, this yields the localization of the
∞-category of global spectra at the so-called ‘Fin-global weak equivalences,’ i.e.
where we discard all equivariant information for non-discrete compact Lie groups.
More generally, one can describe the universal example completely in terms of the
pointset models of G-global spectra from [Len25a].

Beyond finite groups. While the Fin-global framework has been successfully
applied for example to the study of equivariant algebraic K-theory in [Len25b]
and [CHLL24,LLP26], it is not yet the correct home for global and equivariant
homotopy theory with respect to general compact Lie groups, as considered for
example in the applications (1)–(3) above. In fact, even if one were ultimately only
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interested in the case of finite groups, the above global arguments require one to
consider non-discrete compact Lie groups: the definition of a global group law in
(1) involves U(1)-equivariant data, and similarly the global localization result from
[Sch26] outlined in (3) is phrased in terms of U(n)-equivariant homotopy classes.3

It is therefore natural to look for a framework of global ∞-category theory
refining Fin-global ∞-category theory and allowing one to formulate universal
properties for equivariant and global homotopy theory with respect to all compact
Lie groups. And indeed, the global orbit category Glo of Gepner and Henriques
[GH07] (which we review in Definition 1.5) provides a natural replacement of
GloFin, which allows us to simply define the ∞-category of global ∞-categories
as CATGlo := Fun(Gloop,CAT∞). Unfortunately however, generalizing the above
Fin-global results to global ∞-categories is not at all straightforward: in particular,
neither the notion of parametrized stability used in [CLL25a] nor its generalization
from [CLL24b] are sufficient to formulate the universal properties of equivariant
or global spectra for compact Lie groups. Moreover, while the framework of
parametrized higher category theory already allows us to state the expected universal
properties of global and equivariant spaces, the proof given in the finite group case
breaks down in the new setting: namely, it crucially used that GloFin is a 2-category
to reduce the verification of the universal property to a technical, but ultimately
doable computation, whereas Glo is not an n-category for any n <∞.

Despite these obstacles, we will demonstrate that there is still a good theory of
global ∞-categories with respect to all compact Lie groups. In particular, we will
prove universal properties of unstable and stable, equivariant and global homotopy
theory in this framework, and we will use this to devise an ∞-categorical approach
to equivariant and global Thom spectra like MO and MU.

Unstable results. Let us now describe our results in more detail, beginning
with the unstable situation. The general theory of parametrized presentability from
[MW22,CLL25b] specializes to notions of equivariant and global presentability for
global ∞-categories; as in the finite group case, these differ in that the former only
demands the existence of well-behaved left adjoints for injective homomorphisms,
while the latter requires them for all homomorphisms.

Our first main results describe the free equivariantly and globally presentable
∞-categories in terms of classical models of unstable equivariant and global ho-
motopy theory, respectively. More precisely, we introduce a general continuous
Borel construction, which associates to a topologically enriched category C a certain
global ∞-category sending a compact Lie group G to the nerve of the topological
category G-C of (continuous) G-objects in C, with the evident restriction func-
toriality in group homomorphisms. Applying this to C = Top and localizing in
each degree at the G-equivariant weak equivalences classically considered in equi-
variant homotopy theory yields a global ∞-category S sending G to the ∞-category
G-Top[G-weak equivalences−1] of G-spaces and sending a homomorphism of com-
pact Lie groups to the derived functor of the pointset level restriction. Similarly,

3 Both of these are instances of a common pattern: if we have a global spectrum together with a
G-equivariant homotopy class for any group G and any (unitary) representation V such that these

are suitably compatible with restrictions, then the universal such classes, from which all other can

be obtained by restriction, come from the tautological U(n)-representations. In settings where one
only cares about abelian compact Lie groups, one can instead restrict to tori or even just to U(1)
as any representation of an abelian compact Lie group splits into 1-dimensional summands.
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starting with the pointset model of global spaces from [Sch18] yields a global
∞-category Sgl sending the trivial group to the ∞-category of global spaces from
op. cit. and more generally sending a compact Lie group G to the ∞-category of
G-global spaces from [Bar23], with restrictions again defined as derived functors of
pointset level functors. We then prove:

Theorem A (See Theorem 3.3). The global ∞-category Sgl is the free globally
presentable global ∞-category. More precisely, for any other globally presentable C,
evaluation at the terminal object defines an equivalence

FunL(Sgl, C)
∼−−→ C,

where the left-hand side denotes the global∞-category of left adjoint global functors
(see Remark 1.59). In particular, we obtain for any such C a natural equivalence
between C(1) and the ordinary ∞-category of left adjoint global functors Sgl → C.

Theorem B (See Corollary 3.52). The global ∞-category S is the free equiv-
ariantly presentable global ∞-category.

The proofs of both results proceed by comparing the pointset models to certain
global∞-categories provided by the general theory of parametrized higher categories,
which we already know to satisfy the desired universal properties. Most of the
work then goes into proving the global statement, with the equivariant version
being a rather easy consequence of it: namely, the general theory from [CLL25b]
exhibits the free equivariantly presentable global ∞-category as a full subcategory
of the free globally presentable one, reducing us to similarly exhibiting the pointset
model of G-spaces as a full subcategory of G-global spaces and checking that these
embeddings are compatible with our identification from Theorem A.

Let us point out that it would be considerably easier to prove that Sgl and S
agree after evaluation at any fixed G with the free globally or equivariantly pre-
sentable global ∞-category: for example, [CLL25b] describes the free equivariantly
presentable global ∞-category in terms of ∞-categories of presheaves, and the
pointwise equivalence to S essentially amounts to Elmendorf’s Theorem [Elm83].
In that sense, our new contribution is the description of the whole Glo-functoriality
in terms of the model, which requires completely different ideas. While identifying
the functoriality including all higher coherences may seem like a mere technicality at
first, it is actually crucial if one wants to interpret classical pointset constructions as
functors out of or into Sgl and S (which then often allows one to use the universal
properties to say something about these constructions) or if one wants to relate S
and Sgl to other global ∞-categories defined in terms of models. In particular, both
our proof of the universal property of global spectra as well as our results on global
Thom spectra require the full strength of Theorem A even if one only cares about
the case of a fixed group—just like the applications [CHLL24,LLP26,Len25b] of
the earlier Fin-global results mentioned above would not have been possible without
a complete model-level description of the functoriality.

Symmetric monoidal structures. Recall that the cartesian symmetric
monoidal structure on the ∞-category Spc upgrades it to the initial symmetric
monoidal ∞-category that is presentably symmetric monoidal, meaning that the
underlying ∞-category is presentable and the tensor product preserves colimits in
each variable. There is again a natural parametrized version of this, leading to the
notions of equivariantly presentably symmetric monoidal and globally presentably
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symmetric monoidal global ∞-categories. Building on the results above, we then
also prove universal properties for suitable symmetric monoidal enhancements of
S and Sgl (again defined in terms of the model). For simplicity, we only state
the global case in this introduction and refer the reader to Corollary 3.77 for the
corresponding statement in the equivariant case:

Corollary C (See Corollary 3.76). The box product from [Sch18,Bar23]
derives to the cartesian symmetric monoidal structure on Sgl, and this yields the
initial globally presentably symmetric monoidal global ∞-category.

Stable results. As mentioned above, the notion of genuine stability from
[CLL25a] is not yet sufficient to describe the universal property of global and
equivariant spectra in our setting, so we have to take a different approach:

In Corollary 4.9, we prove a based version of Theorem B, identifying the free
pointed equivariantly presentable global ∞-category with the analogous localiza-
tion S∗ of the continuous Borel category associated to Top∗. The category of
equivariantly presentable global ∞-categories admits a parametrized version of the
Lurie tensor product (Proposition 3.67), and Corollary 4.9 implies via the general
theory of smashing localizations from [Lur17] that every pointed equivariantly
presentable global ∞-category admits a unique S∗-module structure. Adapting
an idea from [Lin24], we then define a pointed equivariantly presentable global
∞-category C to be representation stable if for every compact Lie group G and every
finite-dimensional G-representation V the tensoring SV ⊗ − : C(G) → C(G) is an
equivalence, where SV denotes the 1-point compactification of V (whose underlying
non-equivariant space is a dim(V )-dimensional sphere).

We show in Corollary 5.26 that the categories of representation stable equivari-
antly or globally presentable global ∞-categories are smashing localizations of the
categories of equivariantly or globally presentable global ∞-categories, respectively.
This in particular implies the existence of free equivariantly and globally presentable
representation stable global ∞-categories, which we then again describe explicitly
via classical models of equivariant and global stable homotopy theory. In more
detail, we construct a global ∞-category Sp by localizing the continuous Borel
category associated to the topological category of orthogonal spectra [MMSS01]
at the equivariant weak equivalences from [MM02]; this then sends a compact
Lie group G to one of the classical definitions of the ∞-category SpG of genuine
G-spectra, with functoriality via the (left) derived functors of restrictions. If we
instead localize with respect to a finer notion of weak equivalence, this yields a global
∞-category Spgl whose value at the trivial group is now literally the ∞-category of
global spectra from [Sch18] (as opposed to its localization at the Fin-global weak
equivalences), while its value at a general compact Lie group G is the ∞-category
SpG-gl of G-global spectra in the sense of [Sch22a]. We then prove:

Theorem D (See Theorem 6.34 and Corollary 6.40). The global ∞-category
Sp is the free representation stable equivariantly presentable global ∞-category.
Moreover, the smash product of orthogonal spectra derives to a symmetric monoidal
structure on Sp, making it into the initial representation stable equivariantly
presentably symmetric monoidal global ∞-category.

Theorem E (See Theorem 7.75 and Corollary 7.84). The global ∞-category
Spgl is the free representation stable globally presentable global ∞-category. More-
over, the smash product derives to a symmetric monoidal structure on Spgl, making
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it into the initial representation stable globally presentably symmetric monoidal
global ∞-category.

A similar characterization of the ∞-category of global spectra as a suitable
stabilization internal to Sgl-modules in PrL had been announced by Gepner and
Nikolaus [Nik15]. As we learned from them, their argument contained a gap, and
it is not clear whether their original claim is true. We comment on the relation to
our result in more detail in Remark 7.86.

Let us point out that the proofs of Theorems D and E are quite different
from each other: In the equivariantly presentable setting, we build on work of
Cnossen [Cno23] to show that representation stabilization is essentially a pointwise
construction, allowing us to prove the symmetric monoidal part of Theorem D by
combining Theorem B with earlier work of Gepner–Meier [GM23]; we then use
the general theory of representation stabilization we develop here to deduce the
non-monoidal version from this in a second step.

In contrast to that, representation stabilization in the globally presentable setting
is a genuinely parametrized phenomenon; in particular, global spectra are not just
the näıve pointwise stabilization of global spaces (see Remark 7.85), meaning we
have to work considerably harder for the proof of Theorem E.

Global and equivariant Thom spectra. With the above universal properties
at hand, one can now try to recast classical pointset level constructions from
equivariant and global homotopy theory in a model-independent fashion. We
demonstrate the feasibility of this approach in the case of Thom spectra.

In §8.2, we introduce a symmetric monoidal global∞-groupoid VRep⊕ of virtual
representations, and we give two equivalent constructions of a global refinement

Jgl : VRep⊕ → Sp⊗gl

of the classical J-homomorphism BO×Z→ pic(Sp): one (Construction 8.19) using
our continuous Borel construction, and one obtained from the non-equivariant con-
struction by general parametrized techniques (see Theorem 8.20 and Remark 8.24).
Using general results from parametrized higher category theory, we identify the free
globally presentably symmetric monoidal global ∞-category under VRep⊕ with a
certain symmetric monoidal global ∞-category Spc⊗Glo/VRep⊕ of global ∞-groupoids

over VRep⊕. This allows us to define the global Thom spectrum functor as the
unique symmetric monoidal left adjoint global functor Thgl : Spc

⊗
Glo/VRep⊕ → Sp⊗gl

extending the global J-homomorphism Jgl, in analogy with the construction of

the non-equivariant Thom spectrum functor from [ABG+14], also cf. [HKZ20].
Evaluating at any compact Lie group G, this in particular yields a symmetric
monoidal left adjoint Thom spectrum functor

Th⊗G-gl : Spc⊗G-gl/trivGVRep⊕ := PSh(Glo/BG)
⊗
/trivGVRep⊕ → Sp⊗G-gl,

and the fact that these come from a global left adjoint encodes strong compatibilites
with respect to restrictions and inductions, see Remark 8.26 for a precise statement.

As our last main result, we then show that the symmetric monoidal global
functor Thgl admits a pointset description as a global refinement, originally due to
Schwede, of a construction of Sagave and Schlichtkrull [SS19]. While we have to
refer the reader to §9.1 for the details of this construction and to Theorem 9.57 for
the precise statement of our comparison, this has the following concrete consequence:
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Theorem F (See Theorem 9.63). There exists an equivalence

MO ≃ colim
VRep

[0]

Jgl

of global spectra between the global real homotopical bordism spectrum MO from
[Sch18] and the globally parametrized colimit of the restriction of the global
J-homomorphism to the subgroupoid of zero-dimensional virtual representations.

In fact, we can also describe the universal cocone explicitly in terms of the
so-called equivariant Thom classes of MO, see Remark 9.59.

As the reader might expect at this point, we moreover discuss an equivariant
version of the above results. In particular, we construct an equivariant Thom
spectrum functor by similarly extending an equivariant version J : VRep⊕ → Sp⊗ of
the J-homomorphism. At every compact Lie group G, this evaluates to a symmetric
monoidal left adjoint

ThG : Spc⊗
G/VRep⊕

G

→ Sp⊗G,

and these functors commute with restrictions along arbitrary group homomorphisms
and inductions along injective group homomorphisms, see Remark 8.32 for a precise
statement. We will then explain how the equivariant Thom spectrum functor can
be recovered from the global Thom spectrum functor in two different ways (see
Proposition 8.33 and Theorem 8.34), which in particular allows us to describe
the G-equivariant homotopical real bordism spectrum MOG of Bröcker and Hook
(the underlying G-spectrum of MO) as a ‘G-parametrized’ colimit in analogy to
Theorem F, see Corollary 9.67.

Outline. The first part of this monograph (Sections 1–4) is devoted to the
proof of the universal properties of unstable equivariant and global homotopy theory.
We begin in Section 1 by recalling the necessary background from parametrized
higher category theory and by formally defining global ∞-categories as well as the
continuous Borel construction. In Section 2, we recall the relevant pointset models
of G-equivariant and G-global unstable homotopy theory, and we prove some new
results on the change-of-group adjunctions for (the pointset models of) G-global
spaces that are crucial for establishing the universal property. Section 3 is then
devoted to the proof of Theorems A and B as well as their symmetric monoidal
versions. Finally, we discuss pointed versions of these results in Section 4.

The second part (Sections 5–7) is concerned with the universal properties of
stable equivariant and global homotopy theory. We begin by defining the notion
of representation stability (as well as a generalization to arbitrary parametrized
∞-categories) and establishing its basic properties in Section 5. In Section 6 we
then prove Theorem D on the universal property of equivariant spectra, while the
proof of the global analogue (Theorem E) is the content of Section 7.

In the third part, we study Thom spectra. We introduce the ∞-categorical
versions of the global and equivariant Thom spectrum functors in Section 8. The
corresponding pointset construction is then discussed in Section 9, where we also
show that the approaches agree, in particular yielding the proof of Theorem F as
well as of its equivariant counterpart.

The paper has three appendices. Appendix A by Stefan Schwede establishes
some homotopical properties of the pointset global Thom spectrum functor that
are needed to prove our comparison result. In Appendix B we recall several results
about model categories and their associated ∞-categories for easy reference, while
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Appendix C similarly collects some facts about the pointset topology of actions of
compact Lie groups.

Notation and conventions. We will write Top for the category of com-
pactly generated weak Hausdorff spaces, and we will refer to its objects simply as
‘(topological) spaces.’

Throughout, we denote generic∞-categories in a calligraphic font (C, D, . . . ) and
named ∞-categories in an upright font (Spc, Sp, . . . ) or, in the case of localizations
of pointset models, in a blackletter font (S, Sp, . . . ). We denote (enriched) 1-
categories in boldface (C, Top, . . . ). For an enriched category C, we denote by
maps(−,−) or mapsC(−,−) its enriched mapping objects, and for an ∞-category
C, we denote by Hom(−,−) or HomC(−,−) its mapping ∞-groupoids.

For a quasi-category S (i.e. a simplicial set satsfying the inner horn filling
condition), we denote by ι S ⊂ S its maximal Kan subcomplex. We will also
write ι for the functor Cat∞ → Spc of ∞-categories induced by this pointset level
construction, i.e. the right adjoint to the inclusion.

Acknowledgements. We would like to thank David Gepner, Markus Haus-
mann, Christian Kremer, Fabio Neugebauer, Thomas Nikolaus, and Stefan Schwede
for helpful feedback on earlier versions of this paper. We are moreover grateful to
Stefan Schwede for contributing Appendix A and to Thomas Nikolaus for helpful
discussions about the relation between our work and [Nik15]. Finally, we would
like to thank David Gepner, Thomas Nikolaus, and Stefan Schwede for sharing
Corollary 8.27 with us.





PART I

The unstable story

In this first part we will introduce global ∞-categories as a rigorous implementa-
tion of the idea of a ‘compatible’ family of ∞-categories indexed by all compact Lie
groups. The key examples of interest to us here are a certain global ∞-category S
built from the ∞-categories SG of G-equivariant spaces for all compact Lie groups
as well as a global analogue Sgl built from the ∞-categories of G-global spaces in
the sense of Barrero [Bar23].

Using the framework of parametrized higher category theory, we will see that
many foundational concepts of higher category theory like colimits or presentability
have ‘genuine’ analogues for global ∞-categories, and we will show as our main
results that the global ∞-categories S and Sgl admit universal properties analogous
to the universal property enjoyed by the∞-category Spc of spaces in classical higher
category theory.

1. Global ∞-categories

1.1. The global orbit category. We will define global ∞-categories as ∞-
category-valued presheaves on a certain ∞-category Glo of compact Lie groups,
which we will now construct.

Definition 1.1. We write topCat for the 1-category of small topologically
enriched 1-categories. For a compact Lie group G, we denote by BG ∈ topCat the
associated topological groupoid with one object.

Remark 1.2. The category topCat is cartesian closed [Kel05, §2.3], and the
internal homs Funcont(C,D) can be explicitly described as follows (see §2.2 of
op. cit.): the objects of Funcont(C,D) are the enriched functors and the space of
morphisms F → G is given by the enriched natural transformations, topologized as
a subspace of

∏
c∈C maps(F (c), D(c)).

Using this, we may view topCat as a category enriched over itself, which we
will again denote by topCat; if at some point we wish to distinguish this enriched
category from its underlying 1-category, we will denote the latter by topCat0.
The 1-functor Funcont(−,−) then canonically upgrades to an enriched functor
topCatop × topCat→ topCat.

Example 1.3. For any compact Lie groups G,H we may describe the en-
riched category Funcont(BG,BH) explicitly as follows: its objects are the Lie group
homomorphisms f : G → H, and the space maps(f1, f2) of maps between two
homomorphisms f1, f2 is given by the subspace of H consisting of those h ∈ H such
that f2(g) = h · f1(g) · h−1 for all g ∈ G. In particular, maps(f, f) is the centralizer
C(im f) of the image of f .

11
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Construction 1.4. Given any functor f : topCat0 → SSet preserving finite
products, we can change the enrichment along f to obtain an SSet-enrichment of
topCat0. We will apply this to the composite

topCat0
Ntop−−−−→ QCat

ι−→ Kan,

where Ntop denotes the topological nerve ([Lur09, Definition 1.1.5.5]) and ι is
the functor sending a quasi-category to its maximal Kan subcomplex. We write
topCat∆ for the resulting simplicial (in fact, Kan-enriched) category.

Definition 1.5. We write Glo for the full simplicial subcategory of topCat∆
spanned by the objects BG for compact Lie groups G. We will moreover denote by
Glo := N∆(Glo) the associated ∞-category.

Definition 1.6. A global ∞-category is a functor Gloop → CAT∞ into the very
large ∞-category of large ∞-categories. We write CATGlo := Fun(Gloop,CAT∞)
for the very large ∞-category of global ∞-categories.

Remark 1.7. There are various alternative definitions of Glo appearing through-
out the literature. We will review them in Remark 3.23, where we will in particular
show that they agree with our definition.

Warning 1.8. The enriched functor Ntop descends to a functor Glo → Spc
of ∞-categories (sending BG to the classifying space BG of the topological group
G), and by a theorem of Rezk [Rez18, Theorem 1.2] this is fully faithful when we
restrict to the full subcategory spanned by the compact Lie groups with abelian
identity component. It is however not fully faithful on all of Glo.

Remark 1.9. The ∞-category Glo receives a functor from the 1-category of
compact Lie groups and continuous group homomorphisms, induced by the inclusion
topCat0 ↪→ topCat∆. Thus, a global ∞-category C in particular encodes a family
of ∞-categories C(G) indexed by compact Lie groups together with compatible
restriction functors for all Lie group homomorphisms. In light of Example 1.3, we
can think of the remaining data of a global∞-category as witnessing that restrictions
along inner automorphisms are the identity.

Remark 1.10. The 1-category of compact Lie groups admits a topological en-
richment via the compact open topology on mapping spaces, yielding a topologically
enriched category CpctLie. We remark purely for motivational purposes that the
functor from the previous remark factors through a functor Ntop(CpctLie)→ Glo
(although this is not immediately apparent from our construction!), which in turn
lifts uniquely to an equivalence Ntop(CpctLie)→ Glo∗ to the∞-category of pointed
objects in Glo, see [GM23, Remark 2.14].4

Many interesting examples of global ∞-categories arise via the following contin-
uous Borel construction:

Construction 1.11. Let C be a small topological category. Then we have a
topCat-enriched functor Funcont(−,C) : topCatop → topCat, and after changing
the enrichment we may view this as a simplicially enriched functor topCatop∆ →
topCat∆.

4 The cited references uses an a priori different definition of Glo (and denotes it by Orb), but by
Remark 3.23 this is equivalent to our construction.
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We will now explain how to also make Ntop into a simplicially enriched func-
tor topCat∆ → QCat, with the simplicial enrichment on the target given by
maps(C,D) := ιFun(C,D). For this let us first consider the case where we instead
take the enrichment on the target via maps(C,D) := Fun(C,D), and similarly
make topCat into a QCat-enriched category by transferring its self-enrichment
along Ntop. Then the unenriched functor Ntop : topCat→ QCat canonically up-
grades to a simplicially enriched functor, given on morphism simplicial sets by the
Beck–Chevalley maps5

NtopFuncont(C,D)→ Fun(Ntop(C), Ntop(D)) (1.1)

associated to the canonical isomorphism Ntop(−×−) ∼= Ntop(−)×Ntop(−). Each
of the simplicial maps (1.1) is a functor between quasi-categories, so it restricts to
ιNtopFuncont(C,D)→ ιFun(Ntop(C), NtopD), giving the desired Kan-enrichment
of Ntop : topCat∆ → QCat.

In summary, we arrive at a Kan-enriched functor

Gloop ↪→ topCat∆
Funcont(−,C)−−−−−−−−−→ topCat∆

Ntop−−−−→ QCat,

which after applying simplicial nerves gives us a functor Gloop → Cat∞ of ∞-

categories. We denote this by Ntop(C
♭) and call it the global ∞-category of continu-

ous Borel objects in C.

Performing the above construction in a larger universe then produces a global

∞-category Ntop(C
♭) from any (not necessarily small) topological category C.

Remark 1.12. Using the enriched functoriality of Funcont(−,C) in C, one

easily upgrades the assignment C 7→ Ntop(C
♭) from the previous construction to a

simplicially enriched functor topCat∆ → Fun∆(Gloop,QCat), with the evident
definition on 0-simplices (i.e. 1-morphisms). Passing to a larger universe and taking
simplicial nerves, we then obtain functor

Ntop((−)♭) : N∆(TOPCAT∆)→ Fun(Gloop,CAT∞). (1.2)

Example 1.13. For C = BG, the continuous Borel construction just recovers
the functor Gloop → Spc ⊂ Cat∞ represented by BG ∈ Glo.

Example 1.14. If we apply the above construction to the topological category
ιL of finite dimensional inner product spaces and R-linear isometric isomorphisms

(topologized as orthogonal groups), we obtain a global∞-category Rep := Ntop(ιL
♭)

sending BG to the ∞-groupoid of finite-dimensional G-representations and G-
equivariant isometric isomorphisms.

Example 1.15. A common theme throughout this monograph will be that many
universal examples of global ∞-categories arise as Dwyer–Kan localizations of con-
tinuous Borel categories, and that this gives rise to universal properties for categories
classically studied in equivariant and global homotopy theory. In particular, we

will see in Corollary 3.52 that localizing the continuous Borel category Ntop(Top
♭)

in each degree G at the G-equivariant weak equivalences typically considered in
unstable equivariant homotopy theory yields the global ∞-category freely generated
by the point under certain ‘genuine’ colimits. Similarly, Theorems 6.34 and 7.75

5 We refer the reader to [CLL24a, Appendix C] or [CLL25b, Appendix A] for general facts about
Beck–Chevalley maps.
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will provide universal properties for suitable localizations of the continuous Borel
category of orthogonal spectra, providing a purely ∞-categorical approach to stable
equivariant and global homotopy theory for compact Lie groups.

While we will mostly focus on global ∞-categories as defined above (recording
information for all compact Lie groups), our results often directly transfer to the
setting where one restricts attention to a suitable collection of compact Lie groups:

Variant 1.16. To any collection F of compact Lie groups closed under isomor-
phisms we may associate the full subcategory GloF ⊂ Glo spanned by the objects of
F , and we will refer to functors GloopF → CAT∞ as F-global∞-categories. Global∞-
categories as introduced in Definition 1.6 then correspond to the collection Aℓℓℓℓℓℓ of all
compact Lie groups. On the other hand, in the case of the collection F = Fin of finite
groups (i.e. discrete compact Lie groups), GloFin simply is the usual (2, 1)-category
spanned by the (unenriched) groupoids BG. The resulting Fin-global ∞-categories
have been extensively studied in [CLL25a,CLL25b,CLL24a,CLL24b,LLP26];
note that all of these sources refer to Fin-global ∞-categories simply as global
(∞-)categories.

1.2. Parametrized higher category theory. The notion of an F -global ∞-
category is only a special case of the general notion of a T -∞-category as introduced
in [BDG+16]:

Definition 1.17. Let T be any small ∞-category. A T -∞-category is a functor
T op → CAT∞. We write CATT := Fun(T op,CAT∞) for the (very large)∞-category
of T -∞-categories.

Remark 1.18. By the universal property of presheaves, any T -∞-category
admits a unique extension to a limit-preserving functor PSh(T )op → CAT∞, yield-

ing an equivalence CATT ≃ Funlim(PSh(T )op,CAT∞). In what follows, we will
often evaluate T -∞-categories at general presheaves, which is to be understood as
passing to the limit extension first. In particular, we will freely cite results from
[Mar21,MW24,MW22], which defines T -∞-categories as limit-preserving func-
tors PSh(T )op → CAT∞ (and, in fact, works more generally with limit preserving
functors Bop → CAT∞ for ∞-topoi B).

Example 1.19. As already alluded to above, F -global∞-categories are precisely
GloF -∞-categories in the sense of Definition 1.17.

Example 1.20. For any compact Lie group G, we define the ∞-category OrbG
as the full subcategory of Ntop(G-Top) spanned by the transitive G-spaces, i.e.
those of the form G/H for closed subgroups H ⊂ G. We will refer to OrbG-∞-
categories as G-∞-categories. For finite G (where OrbG is just a 1-category), this
notion was already introduced in [BDG+16], building on earlier 1-categorical work
of Hill–Hopkins, and this was the example guiding much of the early development
of parametrized higher category theory.

We now discuss some generic examples of parametrized ∞-categories:

Example 1.21. The inclusion Spc ↪→ CAT∞ induces a fully faithful functor
PSh(T ) ↪→ CATT for any small T . We will denote the T -∞-category associated to
a presheaf X by X. If A ∈ T is arbitrary, then we will typically conflate it with its
Yoneda image in PSh(T ), and hence again write A for the corresponding represented
T -∞-category.
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Example 1.22. Let T be any small ∞-category. The T -∞-category of T -spaces
is defined as the functor SpcT : A 7→ PSh(T )/A with functoriality via pullback, i.e.
this is the cartesian straightening of the pullback of ev1 : Ar(PSh(T )) → PSh(T )
along the Yoneda embedding.

Remark 1.23. Note that since PSh(T ) is a topos, the cartesian unstraightening
of ev1 is a limit preserving functor, i.e. the limit extension of SpcT is given by
X 7→ PSh(T )/X with functoriality via pullback.

Example 1.24. For an ∞-category E , we define the T -∞-category ET of T -
objects in E as the composite

T op T/−−−−→ Catop∞
Fun(−,E)−−−−−−−→ CAT∞,

where T/− : T → Cat∞ is the cocartesian unstraightening of ev1 : Ar(T )→ T .
Note that for E = Spc this recovers the previous example—more precisely,

[CLL25a, Remark 2.1.16] shows that the left adjoints PSh(T/A) → PSh(T )/A
extending y/A : T/A → PSh(T )/A for A ∈ T can be assembled into a global functor
and that this is an equivalence; we will therefore typically not distinguish between
these two perspectives on SpcT .

In addition to the case E = Spc, we will also be interested in the case E = CAT∞,
where we will abbreviate CATT := (CAT∞)T .

1.2.1. T -∞-categories of T -functors. Below we want to introduce parametrized
notions of adjunctions and colimits. Ultimately, these all rely on the fact that CATT
is cartesian closed (since CAT∞ is so).

Definition 1.25. We denote the internal hom between C,D ∈ CATT by
FunT (C,D). If T is clear from the context, we will often also simply write Fun(C,D).

Definition 1.26. Denote by 1 ∈ PSh(T ) the terminal object. For T -∞-
categories C,D, we define FunT (C,D) := FunT (C,D)(1) (implicitly passing to the
limit extension if T does not have a terminal object), and refer to it as the ∞-
category of T -functors. If T is clear from the context, we will also simply write
Fun(C,D).

Example 1.27. For any T -∞-category K, we write PShT(K) := FunT(Kop,SpcT)
and call it the T -∞-category of (T -)presheaves on K. If K is locally small (meaning
that each K(A) is locally small), then [Mar21, discussion before Remark 4.7.7]
defines a parametrized Yoneda embedding y : K → PShT (K), and by Theorem 4.7.8
of op. cit. this is fully faithful (meaning that K(A)→ PShT (K)(A) is fully faithful
for every A ∈ T or, equivalently, for every A ∈ PSh(T )).

Remark 1.28. If C is any T -∞-category and X ∈ PSh(T ), then Fun(X, C) ≃
C(X ×−) naturally in C and X, see [CLL25a, Corollary 2.2.9].

Remark 1.29. Using the equivalence from the previous remark, we can easily
describe the parametrized Yoneda embedding for T -spaces:

Specializing [Mar21, Proposition 4.7.20op], an object of SpcT (X ×−)(A) corre-
sponding to a map (u, v) : Z → X ×A in PSh(T ) is contained in the Yoneda image
if and only if v is an equivalence, and the proof shows that in this case it is the
image of v−1 ◦ u : A → X; in other words, we have y(f) =

(
(f, id) : A → X × A

)
for any map f : A → X of T -spaces. Combining this with the non-parametrized
Yoneda lemma, we see that the Yoneda embedding X → SpcT (X ×−) is the unique
T -functor sending idX to the diagonal ∆: X → X ×X.
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Remark 1.30. Combining the equivalence from Remark 1.28 with the (inter-
nalized) adjunction equivalence, we have specific equivalences

Fun(C,D)(X) ≃ Fun(C,Fun(X,D)) ≃ Fun(C,D(X ×−))

naturally in C,D ∈ CATT and X ∈ PSh(T ), also see [CLL25a, Corollary 2.2.9]
again. Throughout, we will usually describe objects of Fun(C,D)(X) in terms of these
(fixed) equivalences, i.e. by specifying functors C → Fun(X,D) or C → D(X ×−).

There is also another description of Fun(C,D) that we will sometimes need:

Construction 1.31. Let T be any small ∞-category, and let A ∈ T be
arbitrary. Then restriction along the forgetful functor fgt : T/A → T defines a
functor fgt∗ : CATT → CATT/A

. This has a right adjoint fgt∗ given by right Kan
extension.

Remark 1.32. The forgetful functor uniquely extends to a cocontinuous functor
fgt! : PSh(T/A) → PSh(T ), and we may identify fgt∗ : CATT → CATT/A

with
the functor FunR(PSh(T ),CAT∞)→ FunR(PSh(T/A),CAT∞) given by restriction
along fgt!. As the right adjoint fgt∗ : PSh(T )→ PSh(T/A) is again cocontinuous, it
then follows from (homotopy) 2-functoriality of FunR(−,CAT∞) that fgt∗ is given
by restriction along fgt∗, with unit and counit induced analogously. More explicitly,
the unit η : C → fgt∗fgt

∗C can be naturally identified with pr∗ : C → C(A×−) for
C ∈ CATT , while the counit is given by restriction ∆∗ : D → D((A×A)×A−) along
the diagonal for any T/A-∞-category D.

Remark 1.33. Let A ∈ T and write fgt : T → T/A for the forgetful functor
again. Combining the previous remark with Remark 1.30, one can identify

FunT (C,D)(A) ≃ FunT/A
(fgt∗C, fgt∗D) (1.3)

naturally in C,D. By [CLL25a, Corollary 2.2.11] and its proof, the resulting
equivalence can also be described more directly as follows: the Beck–Chevalley map

fgt∗FunT (C,D)
coev−−−→ FunT/A

(
fgt∗C, fgt∗C × fgt∗FunT (C,D)

)
≃ FunT/A

(
fgt∗C, fgt∗

(
C × FunT (C,D)

)) ev−−→ FunT/A
(fgt∗C, fgt∗D)

associated to the natural equivalence fgt∗C × fgt∗(−) ≃ fgt∗(C × −) is invertible,
and (1.3) is obtained by evaluating this equivalence on global sections.

1.2.2. Adjunctions. Since CAT∞ is cartesian closed, it is in particular tensored
and cotensored over itself. Thus, also CATT is tensored and cotensored over CAT∞,
by performing these operations levelwise. The tensoring allows us to view CATT
as a CAT∞-enriched ∞-category (that is, an (∞, 2)-category), with mapping ∞-
categories given by the ∞-categories Fun(C,D) introduced above. For our purposes,
it will be enough that this allows us to upgrade the homotopy 1-category of CATT to
a (2, 2)-category; we will therefore refrain from using (∞, 2)-categorical techniques,
and beg the reader who would prefer a more highbrow approach for their forgiveness.

Using the (homotopy) enrichment, we obtain an internal notion of natural
transformations between functors C → D as morphisms in Fun(C,D), or equivalently
as T -functors C × [1]→ D or C → Fun([1],D). In particular, we obtain an internal
notion of adjunction, consisting of functors F : C → D, G : D → C and natural
transformations η : id→ GF and ε : FG→ id satisfying the triangle identity up to
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homotopy. Below we will almost exclusively use the following pointwise criterion
for adjunctions:

Lemma 1.34 (See [MW24, Proposition 3.2.9 and Corollary 3.2.11]). Let F : C →
D be a T -functor. Then F admits a right adjoint if and only if FA : C(A)→ D(A)
admits a right adjoint GA for every A ∈ T such that these right adjoints satisfy
the Beck–Chevalley condition: for every f : A → B in T the Beck–Chevalley
map f∗GB → GAf

∗ associated to the naturality equivalence f∗FB ≃ FAf
∗ is an

equivalence.
Moreover, in this case the functor FX : C(X) → D(X) admits a right adjoint

GX more generally for any X ∈ PSh(T ), and the Beck–Chevalley condition holds
more generally for all maps in PSh(T ). □

Remark 1.35. Note that if F : C → D and G : D → C are T -functors and
η : id → GF, ε : FG → id are natural transformations exhibiting them as adjoint,
then ηX : id → GXFX and εX : FXGX → id exhibit FX as left adjoint to GX for
any X ∈ PSh(T ). It follows formally that in the situation of the previous lemma the
right adjoint G is given pointwise by the right adjoints GX , with unit and counit
similarly given pointwise.

Remark 1.36. Assume that for any f : A → B in T the restriction functors
f∗ : C(B)→ C(A) and f∗ : D(B)→ D(A) admit left adjoints f! : C(A)→ C(B) and
f! : D(A) → D(B). By general nonsense about Beck–Chevalley maps, the Beck–
Chevalley map f∗GB → GAf

∗ from Lemma 1.34 is an equivalence if and only if the
Beck–Chevalley map f!FA → FBf! is so. Below, we will see that (under additional
assumptions on C and D) the latter Beck–Chevalley condition can be interpreted as
F preserving certain parametrized colimits.

1.2.3. Limits and colimits. Having introduced adjunctions, we can now talk
about colimits and limits in T -∞-categories.

Definition 1.37. Let C,K be T -∞-categories. We say that C has K-shaped
colimits if the T -functor constK : C → Fun(K, C) (induced by K → 1) admits a
left adjoint colimK. If also D has K-shaped colimits, then we say that a T -functor
C → D preserves K-shaped colimits if the Beck–Chevalley map colimK◦Fun(K, F )→
F ◦ colimK is invertible.

Dually, we define what it means to have K-shaped limits and to preserve them.

Remark 1.38. In light of Remark 1.35, the Beck–Chevalley condition from the
previous definition can be rephrased as saying that the ordinary Beck–Chevalley
map colimK(A) ◦ Fun(K, F )(A)→ F (A) ◦ colimK(A) is invertible for every A ∈ T .

Example 1.39 (See [CLL25a, Lemmas 2.3.9 and 2.3.10]). Let K be an ordinary
∞-category, and write K := constK for the corresponding constant T -∞-category.
Then a T -∞-category C has K-shaped colimits if and only if it factors through the
non-full subcategory CAT∞(K) ⊂ CAT∞ of ∞-categories with K-shaped colimits
and functors preserving these colimits; moreover, in this case also its limit extension
factors through CAT∞(K).

Likewise, a T -functor F : C → D preserves K-shaped colimits if and only if
F (A) : C(A)→ D(A) preserves K-shaped colimits for every A ∈ T or equivalently
A ∈ PSh(T ).
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Definition 1.40. We say that a T -∞-category C has an initial object if it
has (const ∅)-colimits. Dually, a T -∞-category C has a terminal object if it has
(const ∅)-indexed limits.

By the above example, a T -∞-category C admits a terminal or initial object if and
only if C(A) admits a terminal or initial object for all A ∈ T and f∗ : C(B)→ C(A)
preserves terminal or initial objects, respectively, for all f : A→ B in T .

Definition 1.41. We say that a T -∞-category C is fiberwise cocomplete if it
has (constK)-shaped colimits for all small ∞-categories K, i.e. if it factors through
the non-full subcategory CATcc

∞ ⊂ CAT∞. Analogously, we say that F : C → D is
fiberwise cocontinuous if and only if it preserves constK-colimits for all K ∈ Cat∞.

While it might seem natural to define a cocomplete T -∞-category C as one
having K-shaped colimits for all small T -∞-categories, it turns out that this is not
yet a well-behaved notion, see e.g. [MW24, Remark 5.1.2 and Example 5.4.12].
Instead one defines:

Definition 1.42. Let U ⊂ CATT be any full T -subcategory. We say that a
T -∞-category has U-colimits if the T/A-∞-category fgt∗AC has K-shaped colimits
for every A ∈ T and K ∈ U(A) ⊂ CATT/A

. If also D has U-colimits, then we say

that a T -functor F : C → D is U-cocontinuous if fgt∗AF preserves K-shaped colimits
for all A ∈ T and K ∈ U(A).

Dually, we define what it means to have U-limits and to be U-continuous.

Definition 1.43. A T -∞-category is called (T -)cocomplete if it has CatT -
colimits, and a T -functor is called (T -)cocontinuous if it is CatT -cocontinuous.

For T = Glo, we will also speak of global cocompleteness and global cocontinuity.

Remark 1.44 (See [MW24, Propositions 4.3.1 and 4.3.2]). Throughout, we
will use without further mention that parametrized colimits in functor categories
are ‘pointwise.’ More precisely: If K is any T -∞-category and C is U-cocomplete,
then Fun(K, C) is again U-cocomplete. Moreover, if K → L is any functor, then the
restriction Fun(L, C) → Fun(K, C) is U-cocontinuous, as is postcomposition with
any U-cocontinuous C → D.

In practice, one often uses a pointwise description of cocompleteness, similarly
to the pointwise criterion of adjunctions. This is particularly easy to state for
U ⊂ SpcT :

Lemma 1.45 (See [CLL25a, Lemma 2.3.14 and Remark 2.3.15]). Let U ⊂
SpcT ⊂ CATT be any full subcategory. Then a T -∞-category C is U-cocomplete if
and only if the following conditions are satisfied:

(1) For every A ∈ T and (u : X → A) ∈ U(A) ⊂ PSh(T )/A the restriction
u∗ : C(A)→ C(X) admits a left adjoint u!.

(2) For every A,B ∈ T and every pullback square

Y X

B A

v

g

⌟
u

f

in PSh(T ) such that u ∈ U(A) (whence v ∈ U(B)), the Beck–Chevalley
map v!g

∗ → f∗u! is invertible.
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Moreover, in this case conditions (1) and (2) hold more generally without the
representability condition, i.e. for all A,B ∈ PSh(T ). □

Lemma 1.46 (See [CLL25a, Lemma 2.3.16]). Let U ⊂ SpcT be any full sub-
category, and let F : C → D be a T -functor between U-cocomplete T -∞-categories.
Then the following are equivalent:

(1) F is U-cocontinuous.
(2) The Beck–Chevalley map u!F → Fu! is invertible for every A ∈ PSh(T )

and u ∈ U(A).
(3) The previous condition holds for all A ∈ T . □

Together with the notion of fiberwise cocompleteness from Definition 1.41, this
is enough to describe T -cocompleteness:

Proposition 1.47 (See [MW24, Proposition 5.4.1]). A T -∞-category C is
T -cocomplete if and only if it is fiberwise cocomplete and SpcT -cocomplete. Analo-
gously, a functor F : C → D of T -cocomplete ∞-categories is T -cocontinuous if and
only if it is fiberwise cocontinuous and SpcT -cocontinuous. □

Remark 1.48. As a consequence of Remark 1.36, left adjoint functors of T -
cocomplete ∞-categories are T -cocontinuous. More generally, any left adjoint of
U-cocomplete T -∞-categories is U-cocontinuous, see [MW24, Proposition 5.2.5].

There is also a notion of parametrized Kan extensions:

Theorem 1.49 (See [MW24, Theorem 6.3.5 and Corollary 6.3.7]). Let f : A →
B be a T -functor such that A is small and B is locally small, and let C be any
T -cocomplete T -∞-category. Then the restriction f∗ : FunT (B, C) → FunT (A, C)
admits a left adjoint f!. If f is fully faithful, so is f!. □

Next, we introduce T -∞-categories of T -cocontinuous functors:

Construction 1.50. Let C,D be T -cocomplete T -∞-categories. We write
FunT -cc(C,D) for the subfunctor of Fun(C,D) : PSh(T )op → CAT∞ given at an
object X ∈ PSh(T ) by the full subcategory of Fun(C,D)(X) spanned by the T -
cocontinuous functors C → Fun(X,D). [CLL25a, Proposition 2.3.28] shows that
FunT -cc(C,D) is a limit-preserving functor PSh(T )→ CAT∞, i.e. a T -∞-category.

Remark 1.51. The above follows [CLL25a], whereas [MW24] instead defines
FunT -cc(C,D) in terms of the description from Remark 1.33. For the equivalence of
these two approaches see [CLL25a, Proposition 2.3.26].

Using this, we can now state the universal property of parametrized presheaves:

Theorem 1.52 (See [MW24, Theorem 7.1.1]). Let K be a small T -∞-category
and let C be a T -cocomplete T -∞-category. Then the functor y∗ : Fun(PSh(K), C)→
Fun(K, C) given by restriction along the Yoneda embedding from Example 1.27
induces an equivalence

FunT -cc(PSh(K), C) ∼−−→ Fun(K, C). □

If K = 1, then the Yoneda embedding 1→ PSh(1) ≃ SpcT is the inclusion of
the terminal object as a consequence of Remark 1.29. Thus, we get:

Corollary 1.53. Let C be a T -cocomplete T -∞-category. Then evaluation at
the terminal object defines an equivalence

FunT -cc(SpcT , C)
∼−−→ C. □
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1.2.4. Presentable T -∞-categories. We now review the notion of parametrized
presentability :

Definition 1.54. A T -∞-category C is called fiberwise presentable if it factors
through the non-full subcategory PrL ⊂ CAT∞ of presentable ∞-categories and left
adjoint functors. We say that C is (T )-presentable if it is fiberwise presentable and
T -cocomplete (Definition 1.43).

Example 1.55. The T -∞-category SpcT is T -presentable, see [CLL25a, Ex-
ample 2.4.4]. More generally, if K is any small T -∞-category, then PShT (K) is
T -presentable by Example 2.4.5 of op. cit.

Remark 1.56. [MW22] instead defines T -presentable T -∞-categories as suit-
able Bousfield localizations of presheaf T -∞-categories; for the equivalence to the
above definition see [MW22, Theorem 2.4.2.5].

As a consequence of Remark 1.36, we have the following parametrized version
of the Adjoint Functor Theorem, see also [MW22, Proposition 2.4.3.1 and 2.4.3.3]:

Proposition 1.57. (1) Let C be T -presentable and let D be T -cocomplete
and locally small. A T -functor F : C → D is a left adjoint if and only if it
is T -cocontinuous.

(2) Let C,D be T -presentable. A T -functor G : C → D is a right adjoint if
and only if it is T -continuous and fiberwise accessible (meaning that each
C(A)→ D(A) is accessible). □

Definition 1.58. We denote by PrLT ⊂ CATT the non-full subcategory with
objects the T -presentable T -∞-categories and with morphisms the left adjoint (or,
equivalently, T -cocontinuous) functors.

We will moreover write PrRT ⊂ CATT for the non-full subcategory with the
same objects, but whose morphisms are the right adjoint T -functors.

Remark 1.59. If D, E are presentable, then the Adjoint Functor Theorem simi-
larly lets us identify FunT -cc(D, E)(A) ≃ FunT -cc(D, E(A×−)) with the subcategory
of Fun(D, E(A×−)) spanned by the left adjoint T -functors, and we will therefore
typically write FunLT (D, E) := FunT -cc

T (D, E).
Proposition 1.60. If D, E are T -presentable, then so is FunLT (D, E).

Proof. If D ≃ PShT (D0), then FunLT (D, E) ≃ FunT (D0, E) by Theorem 1.52,
and so the claim is an instance of [MW22, Corollary 2.4.2.7].

In the general case, we use [MW22, Remark 2.4.4.12] to find a pushout

A B

C D

f

⌜
p q

g

in PrLT such that A,B, C are presheaf categories. Taking Hom
(
−,Fun(A× [n], E)

)
for varying A ∈ T and n ≥ 0 we then arrive at a pullback

FunLT (D, E) FunL(C, E)

FunLT (B, E) FunLT (A, E)

g∗

q∗ p∗

f∗
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in CATT . By the above special case, all objects except possibly the top left
one are presentable; moreover, f∗ and p∗ are cocontinuous since FunT -cc(X ,Y) ⊂
Fun(X ,Y) is closed under T -colimits for any T -cocomplete X ,Y by [MW22, Lemma

2.6.1.3]. The claim now follows since PrLT ↪→ CATT preserves small limits by
[MW22, Proposition 2.4.4.10]. □

We also want to consider a (typically non-presentable) T -∞-category FunR(C,D)
of right adjoint functors for presentable C,D:

Construction 1.61. Let C,D be presentable. We define FunRT (C,D) ⊂
FunT (C,D) as the full T -subcategory given in degree A ∈ T by the right ad-
joint functors F : C → Fun(A,D). Note that this is indeed a T -subcategory: if
f : B → A is any map in T , then f∗F is the composite

C F−−→ Fun(B,D) f∗

−−→ Fun(A,D),

and the second functor is a right adjoint by Theorem 1.49.

Lemma 1.62. For any A ∈ T , the adjunction fgt∗ : CATT ⇄ CATT/A
: fgt∗

restricts to an adjunction PrRT ⇄ PrRT/A
.

In particular, we see that FunR(C,D)(A) corresponds in the description of
Fun(C,D)(A) from Remark 1.33 to the full subcategory spanned by the right
adjoints fgt∗C → fgt∗D, which is the definition used in [MW24, Remark 3.3.6].

Proof. The functor fgt∗ sends presentable T -∞-categories to presentable T/A-
∞-categories by [MW22, Remark 2.4.2.10]. Moreover, fgt∗ sends T/A-cocomplete
T/A-∞-categories to T -cocomplete T -∞-categories by [CLL25a, Proposition 2.3.26],
and it preserves fiberwise presentability by the explicit description given in Re-
mark 1.32. Thus, both adjoints restrict accordingly on the level of objects.

Next, we will show that they also restrict accordingly on the level of morphisms.
As fgt∗ commutes with the CAT∞-tensors, it preserves adjunctions; in particular,
it sends right adjoint T -functors to right adjoint T/A-functors. Moreover, we may
conclude from this that the right adjoint fgt∗ preserves CAT∞-cotensors, so it also
preserves right adjoints.

It remains to show that the unit and counit are right adjoints; we will argue
for the unit, the argument for the counit being analogous. By Remark 1.32, we
may identify the unit C → fgt∗fgt

∗C with the map pr∗ : C → C(A × −). By SpcT -
cocompleteness, each pr∗ : C(B) → C(A × B) admits a left adjoint pr!, and these
satisfy the Beck–Chevalley condition as the square

A×B A×B′

B B′

pr

A×f

pr

f

is a pullback for any f : B → B′. Thus, the existence of the adjoint follows from
Lemma 1.34. □

For (much) later use we record the following consequence:
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Corollary 1.63. Let A ∈ T arbitrary, let E be a presentable T -∞-category,
and let F : C → D be a left adjoint functor of presentable T/A-∞-categories. Then
fgt∗F is again a left adjoint, and there exists a diagram of spaces

HomPrLT
(fgt∗D, E) HomPrLT

(fgt∗C, E)

HomPrLT/A

(D, fgt∗E) HomPrLT/A

(C, fgt∗E)

∼

−◦fgt∗F

∼

−◦F

(1.4)

commuting up to (unspecified) homotopy.

A more careful (and more involved) argument would show that fgt∗ and fgt∗

restrict to functors between PrLT and PrLT/A
, with fgt∗ being left adjoint to fgt∗.

Proof. Write U : D → C for the right adjoint of F . By the proof of Lemma 1.62,
the T -functor fgt∗U will then be right adjoint to fgt∗F .

We now recall from [MW22, Proposition 2.4.4.7] that there exists an equivalence

PrLT ≃ (PrRT )
op, given on objects by the identity and sending a left adjoint T -functor

to its right adjoint. We therefore see that the top arrow in (1.4) agrees up to
conjugation by equivalences with fgt∗U ◦− : HomPrRT

(E , fgt∗D)→ HomPrRT
(E , fgt∗C).

By Lemma 1.62 we may further identify this up to equivalence with

U ◦ − : HomPrRT/A

(fgt∗E ,D)→ HomPrRT/A

(fgt∗E , C),

which another application of [MW22, Proposition 2.4.4.7] then identifies (up to
equivalence) with the bottom horizontal map in (1.4). □

2. Model categories of equivariant and global spaces

As the main result of this first part, we want to describe the free globally
presentable global ∞-category in terms of unstable G-global homotopy theory as
studied in [Sch18,Bar23]. In this section, we will introduce the relevant pointset
models of G-global spaces and establish their basic properties; the universal property
will then be proven in the next section.

2.1. Equivariant spaces. We begin with a quick reminder on the (genuine)
homotopy theory of G-spaces for compact Lie groups G.

Definition 2.1. Let G be a compact Lie group, and let F be any collection of
subgroups of G. We call a map f : X → Y of topological G-spaces an F-equivariant
weak equivalence or F-equivariant fibration if fH : XH → Y H is a weak homotopy
equivalence or Serre fibration, respectively, for every H ∈ F .

Proposition 2.2. The F-equivariant weak equivalences and fibrations partic-
ipate in a model structure on the category G-Top of topological spaces with an
action of G. This model structure is proper, topological, and cofibrantly generated
with generating cofibrations

{G/H × ∂Dn ↪→ G/H ×Dn : H ∈ F , n ≥ 0}

and generating acyclic cofibrations

{G/H ×Dn ↪→ G/H ×Dn × [0, 1] : H ∈ F , n ≥ 0}.
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Proof. [Sch18, Proposition B.7] constructs this model structure and proves
that it is topological, proper, and cofibrantly generated. The description of the
generating (acyclic) cofibrations is pointed out in the proof of loc. cit. □

Example 2.3. In the special case where F = Aℓℓℓℓℓℓ is the collection of all closed
subgroups of G, we will refer to the above as the (G-)equivariant model structure
and to its weak equivalences as the (G-)equivariant weak equivalences. We write
SG for the Dwyer–Kan localization of the 1-category G-Top at the G-equivariant
weak equivalences, and call it the ∞-category of G-spaces.

Example 2.4. If G,H are compact Lie groups, then we write GG,H for the
collection of graph subgroups, i.e. subgroups of G×H of the form

ΓK,φ := {(k, φ(k)) : k ∈ K}

for closed subgroups K ⊂ G and continuous group homomorphisms φ : K → H . We
will typically denote ΓK,φ-fixed points as (−)φ.

Note that a closed subgroup of G×H belongs to GG,H if and only if it intersects
1×H trivially. In particular, GG,H is different from the collection GH,G of subgroups
intersecting G× 1 trivially, unless G = H = 1.

2.1.1. Functoriality. The following functoriality properties for equivariant spaces
are well-known, but we include proofs for the reader’s convenience:

Lemma 2.5. Let α : G→ G′ be a continuous group homomorphism, and let F ,F ′

be collections of closed subgroups of G and G′, respectively, such that α(H) ∈ F ′

for every H ∈ F . Then
α! : G-Top ⇄ G′-Top :α∗

is a Quillen adjunction with homotopical right adjoint for the F -model structure on
the left and the F ′-model structure on the target.

Proof. Note that we have an equality of functors (−)H ◦ α∗ = (−)α(H). Thus,
it follows immediately from the definitions that α∗ preserves weak equivalences and
fibrations. □

Example 2.6. If H is any further Lie group, then the previous lemma shows
that

α! := (H × α)! : (H ×G)-Top ⇄ (H ×G′)-Top :α∗ := (H × α)∗

is a Quillen adjunction for the GH,G-model structure on the left and the GH,G′ -model
structure on the target. If α is injective, it is also a Quillen adjunction for the GG,H -
and GG′,H -model structures.

Lemma 2.7. Let α : G→ G′ be a homomorphism of compact Lie groups, and
let F ,F ′ be families of closed subgroups (i.e. non-empty collections of subgroups
closed under subconjugates) of G and G′, respectively, such that F contains every
closed subgroup H ⊂ G for which α(H) ∈ F ′. Then

α∗ : G′-Top ⇄ G-Top :α∗

is a Quillen adjunction with homotopical right adjoint.

Proof. It suffices to show that α∗ sends generating (acyclic) cofibrations to
(acyclic) cofibrations. By the explicit description of the generating cofibrations,
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and since G-Top is topological, it then further suffices to show that α∗(G′/H ′) is
F-cofibrant for every H ′ ∈ F ′.

By Illman’s triangulation theorem [Ill83, Theorem 7.1], G′ admits the structure
of a (G×H ′)-CW-complex, where g ∈ G acts via left multiplication by α(g) and
h ∈ H ′ acts via right multiplication by h−1. Note that α(g)g′h−1 = g′ if and only if
h = g′−1α(g)g′, i.e. the (G×H)-isotropy of any g′ ∈ G′ is contained in the collection
G of all subgroups of the form ΓK,α′ where K ⊂ G and α′ : K → G′ is conjugate to
α and has image in H ′. In particular, every cell in the (G×H ′)-CW-structure on
G′ needs to have isotropy contained in G, i.e. the (G×H)-space G′ is G-cofibrant.
To finish the proof, it then suffices by Lemma 2.5 to observe that for any ΓK,α′ ∈ G
the image under the quotient map G × H ′ → G is precisely K, which satisfies
α′(K) ⊂ H ′, so that α(K) ∈ F ′ and hence K ∈ F by assumption. □

Example 2.8. Dually to Example 2.6, the previous lemma shows that

α∗ : (H ×G′)-Top ⇄ (H ×G)-Top :α∗

is always a Quillen adjunction for the GG′,H - and GG,H -model structures, and that
it is a Quillen adjunction for the GH,G′ - and GH,G-model structures if α is injective.

2.1.2. Homotopy pushouts. A priori, checking whether a commutative square
in G-Top is a homotopy pushout in the F-model structure involves replacing one
of the legs by a cofibration. Working with this directly is often inconvenient as
there are rather few cofibrations, and since cofibrations are not preserved by basic
operations like restricting the action. We therefore introduce a larger class of maps
such that pushouts along them compute homotopy pushouts:

Definition 2.9. Let C be a topological model category. A map f : A → X
in C is called an h-cofibration if the evident map X ⨿A

(
[0, 1] ⊗ A

)
→ [0, 1] ⊗X

admits a retraction.

Remark 2.10. In [Sch18, Definition A.28], h-cofibrations are instead defined
as the maps satisfying the left lifting property against a certain class of maps; the
equivalence to the above definition is noted directly afterwards. Note moreover
that as a collection of maps defined via a left lifting property, the h-cofibrations
are automatically closed under pushouts, retracts, coproducts, and transfinite
composition.

Example 2.11. By definition, the h-cofibrations in Top are precisely the
Hurewicz cofibrations; as we are working in compactly generated weak Hausdorff
spaces, these are automatically closed [Sch18, Proposition A.31].

Example 2.12. If G is any compact Lie group and F is any collection of
closed subgroups, then any F-cofibration is an h-cofibration as a consequence of
[Sch18, Corollary A.30(i)].

Remark 2.13. For any homomorphism α : G → G′ of compact Lie groups,
the restriction functor α∗ preserves h-cofibrations as we may simply restrict a
retraction of the cylinder inclusion along α. Similarly, it follows from [Sch18,
Proposition B.1(i)] that also the fixed point functor (−)G : G-Top→ Top preserves
h-cofibrations.
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Lemma 2.14. Let G be a compact Lie group, and let

A B

C D

i

f

⌜
(2.1)

be any pushout in G-Top such that i is an h-cofibration. Then (2.1) is a homotopy
pushout in the F-model structure for any collection F of subgroups.

Proof. It suffices to factor f into a cofibration A → C0 followed by a weak
equivalence, and to observe that the induced map B ⨿A C0 → B ⨿A C = D is an
F-weak equivalence by [Sch18, Proposition B.6]. □

We also have the following pointwise characterization of homotopy pushouts:

Lemma 2.15. A commutative square

A B

C D

(2.2)

in G-Top is a homotopy pushout in the F-model structure if and only if for every
H ∈ F the resulting square on H-fixed points is a homotopy pushout in Top.

Proof. Pick a factorization of A → B into a cofibration i followed by an
F-weak equivalence f as depicted in the following diagram:

A B0 B

C C0 D.

i

⌜

f

∼

g

By definition, (2.2) is a homotopy pushout if and only if g is an F -weak equivalence.
As i is in particular an h-cofibration, so is iH for every H ∈ F by Remark 2.13;
moreover, [Sch18, Proposition B.1(i)] shows that if we apply H-fixed points to
the left-hand square in the above diagram, this is still an (honest) pushout square.
Thus, applying the previous lemma for G = 1, we see that gH is a weak homotopy
equivalence if and only if (2.2) induces a homotopy pushout on H-fixed points.
Letting H vary, this yields precisely the claim. □

2.2. Global spaces. In this subsection, we will recall Schwede’s model of
global spaces in terms of orthogonal spaces [Sch18] as well as Barrero’s G-global
generalization of this [Bar23].

Construction 2.16. We view inner product spaces of countable dimension
as topological spaces by equipping them with the weak topology with respect to
the family of finite subspaces, or equivalently with respect to any chosen exhaustive
sequence of finite-dimensional subspaces. If V and W are countably-dimensional
inner product spaces, then we write L(V,W ) for the space of linear isometric
embeddings, topologized as subspace of the mapping space maps(V,W ) with the

compact-open topology. We write L̂ for the topological category of countable-
dimensional inner product spaces and linear isometric embeddings, and L ⊂ L̂
for the full subcategory of finite-dimensional inner product spaces. By [Sch20,
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Proposition A.2], these are indeed topological categories (i.e., the composition maps
are continuous).

Remark 2.17. We can describe the topologies on the above mapping spaces
more concretely as follows, see [Sch20, Proposition A.5(iii)]: For a finite-dimensional
inner product space U , denote by O(U) its ortogonal group. If V,W are finite-
dimensional inner product spaces and L(V,W ) ̸= ∅, then we have for any linear
isometric embedding i ∈ L(V,W ) a homeomorphism

O(W )/O(W − i(V ))→ L(V,W ), [A] 7→ Ai,

where W − i(V ) denotes the orthogonal complement of i(V ) in W . In other words,
L(V,W ) is topologized as a Stiefel manifold. If V is finite-dimensional and W
is arbitrary, then L(V,W ) is topologized as the colimit of the mapping spaces
L(V,W0) over the finite-dimensional subspaces W0 ⊂ W . Finally, if also V is
arbitrary, then L(V,W ) is topologized as the inverse limit of the spaces L(V0,W )
for finite-dimensional subspaces V0 ⊂ V .

Definition 2.18. The topological category of orthogonal spaces is defined as
the enriched functor category L-Top := Funcont(L,Top).

Remark 2.19. The references [Sch18,Bar23] use the notation spc for the
category of orthogonal spaces.

2.2.1. The level model structure. The G-global model structure on the category
G-L-Top of orthogonal spaces with a continuous action by a compact Lie group G
is constructed in two steps, beginning with a level model structure:

Proposition 2.20 (See [Bar23, Theorem A.2 and Lemma A.7]). Let G be a
compact Lie group. There is a unique model structure on G-L-Top where a map
f : X → Y is a weak equivalence or fibration if and only if f(V )φ : X(V )φ → Y (V )φ

is a weak homotopy equivalence or Serre fibration, respectively, for every compact
Lie group H, every faithful H-representation V , and every continuous group
homomorphism φ : H → G.

We call this the G-global level model structure and its weak equivalences
the G-global level weak equivalences. This model category is proper, topological,
and cofibrantly generated with generating cofibrations

{L(V,−)×φ G× (∂Dn ↪→ Dn) : V faithful H-representation, φ : H → G,n ≥ 0}
and generating acyclic cofibrations

{L(V,−)×φ G× (Dn ↪→ Dn × I) : V faithful H-representation, φ : H → G,n ≥ 0},
where L(V,−)×φG denotes the quotient of L(V,−)×G by the diagonal of the right
H-action on L(V,−) via precomposition and the right H-action on G via φ. □

Remark 2.21. Unravelling definitions, we can equivalently describe the level
weak equivalences as those maps f : X → Y such that f(V ) is a GO(V ),G-weak
equivalence in (O(V )×G)-Top, and analogously for the fibrations.

Remark 2.22. Any cofibration in the level model structure is in particular an
h-cofibration, see [Bar23, Lemma 3.15] or [Sch18, Corollary A.30(iii)].

Lemma 2.23. Let α : G→ G′ be an injective homomorphism of compact Lie
groups. Then α∗ : G′-L-Top→ G-L-Top is left Quillen with respect to the level
model structures.
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Proof. We may equivalently show that α∗ is right Quillen, which follows from
Example 2.6 applied levelwise. □

Lemma 2.24. For any V ∈ L, the functor evV : G-L-Top→ (O(V )×G)-Top
is both left and right Quillen for the level model structure on the source and the
GO(V ),G-model structure on the target.

Proof. The functor evV has both adjoints (given by enriched Kan extension),
and it is clear from the definitions that it preserves weak equivalences and fibrations.
It only remains to show that it also preserves cofibrations, for which it again suffices to
show that L(U, V )×φG = φ!(L(U, V )) is a cofibrant in the GO(V ),G-model structure
for every homomorphism φ : H → G and any finite faithful H-representation U .

By Example 2.6, it will suffice to treat the case φ = id. If L(U, V ) = ∅, there
is nothing to prove, otherwise we may identify U with a subspace of V . Then the
homeomorphism O(V )/O(V −U)→ L(U, V ) from Remark 2.17 is just the restriction
map, which is easily seen to be (H ×G)-equivariant with respect to the action on
the source via pre- and postcomposition. By Illman’s theorem, O(V ) admits the
structure of an (O(V − U) × O(V ) ×H)-CW-complex; moreover, the isotropy of
any cell of this decomposition has to be contained in GO(V−U)×O(V ),H as H acts
freely on O(V ) by faithfulness of U ⊂ V . Thus, O(V ) is GO(V−U)×O(V ),H -cofibrant,
and hence L(U, V ) ∼= O(V )/O(V − U) is GO(V ),H -cofibrant by another application
of Example 2.6 □

2.2.2. The G-global model structure. The G-global model structure we are actu-
ally after will be obtained from the level model structure by Bousfield localization.

Definition 2.25. A map f : X → Y in G-L-Top is called a G-global fibration
if it is a G-global level fibration and for all H-representations V,W such that V is
faithful the naturality square

X(V ) X(V ⊕W )

Y (V ) Y (V ⊕W )

f(V ) f(V⊕W )

is a homotopy pullback in the GH,G-equivariant model structure on (H ×G)-Top.
A G-orthogonal space X is called static if X → 1 is a G-global fibration, i.e. if

the transition map X(V )→ X(V ⊕W ) is a GH,G-weak equivalence for all V,W as
above.

Theorem 2.26 (See [Bar23, Theorem A.20]). The G-global level model struc-
ture admits a Bousfield localization whose fibrations are the G-global fibrations and
whose fibrant objects are the static orthogonal G-spaces (Definition 2.25). We call
this the G-global model structure and its weak equivalences the G-global weak
equivalences. This model structure is again proper, topological, and cofibrantly
generated. □

Remark 2.27. We refer the reader to [Bar23, Construction A.14] for an explicit
construction of a set of generating acyclic cofibrations. All that we will need later is
that these are maps between cofibrant objects.

Definition 2.28. We write SG-gl for the Dwyer–Kan localization of G-L-Top
at the G-global weak equivalences, and call it the ∞-category of G-global spaces.
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In general, the G-global weak equivalences are a bit inconvenient to describe
due to some pointset level issues, see [Bar23, Definition 3.2]. For nice enough
G-orthogonal spaces there is however a simple description, which we will now recall.

Construction 2.29. Let X be an orthogonal space and let V ∈ L̂ be an inner
product space of countable dimension. We define

X(V ) := colim
U⊂V

finite dimensional

X(U),

where the colimit runs over the poset of finite dimensional subspaces U ⊂ V , with the
evident transition maps. Note that for finite dimensional V , this poset has a terminal
object given by V itself, and so we have a canonical isomorphism X(V ) ∼= X(V ).

If f : V → V ′ is any linear isometry, then the maps U → f(U) ⊂ V ′ for
U ⊂ V finite assemble into a map X(V ) → X(V ′), and as shown as part of

[Sch20, Construction 3.2], this makes X : L̂→ Top into a topologically enriched
functor. Together with the obvious functoriality of X 7→ X in maps of orthogonal
spaces, we therefore obtain a functor

L-Top = Funcont(L,Top)→ Funcont(L̂,Top) =: L̂-Top (2.3)

which is a section of the restriction functor.

Lemma 2.30. The functor (2.3) is topologically enriched.

Proof. Recall that mapping spaces in enriched functor categories are topol-
ogized as a subspace of the product. By the universal property of the latter, the
claim therefore amounts to saying that

mapsL-Top(X,Y )→mapsTop(X(V ), Y (V ))

is continuous for all X,Y ∈ L-Top and V ∈ L̂. Adjoining over and plugging in the
definition of X(V ), this is equivalent to continuity of

X(U)×mapsL-Top(X,Y )→ Y (V )

for all finite-dimensional U ⊂ V . But this map is simply the composite

X(U)×maps(X,Y )
X(U)×evU−−−−−−−−→ X(U)×maps(X(U), Y (U))

ev−−→ Y (U) −→ Y (V ),

and each of these maps is evidently continuous. □

Construction 2.31. By the above lemma, (2.3) lifts to a functor G-L-Top→
G-L̂-Top for every compact Lie group G. If now H is a compact Lie group and V is
an orthogonal H-representation of countable dimension, then postcomposition with
evaluation at V yields a functor evV : G-L-Top→ (H ×G)-Top, X 7→ X(V).

Convention 2.32. From now on we will no longer distinguish notationally
between an orthogonal space and its extension to L̂. In particular, we will denote
evV on objects by X 7→ X(V).

If X is an orthogonal space, then the values of (its extension) at infinite
dimensional inner product spaces are in general not homotopically meaningful as
sequential colimits in Top do not preserve weak homotopy equivalences. We will
now single out a class of orthogonal spaces for which this problem goes away:
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Definition 2.33. An orthogonal space X (possibly equipped with an action
of a compact Lie group) is called closed if for every linear isometric embedding
V →W of finite-dimensional inner product spaces V,W , X(V )→ X(W ) is a closed
embedding.

Lemma 2.34 (See [Bar23, Proposition 3.5]). A map f : X → Y of closed
orthogonal G-spaces is a G-global weak equivalence if and only if the induced map
f(UH) : X(UH)→ Y (UH) is a GH,G-weak equivalence for every compact Lie group
G and any complete H-universe UH , i.e. any countable H-representation into
which any finite-dimensional H-representation embeds. □

There is also a sufficient supply of closed orthogonal G-spaces:

Lemma 2.35. Every cofibrant G-orthogonal space is closed.

Proof. By Lemma 2.23 it suffices to treat the case G = 1, which is in turn
the content of [Sch18, Proposition 1.2.11(iii)]. □

2.2.3. A presheaf model. As the main result of [Sch20], Schwede proved a global
Elmendorf theorem in the form of a chain of Quillen equivalences between the global
model structure on L-Top and a certain model category of enriched presheaves. For
our purposes, the following ∞-categorical version will be more convenient:

Proposition 2.36. Let G be a compact Lie group, and write OG-gl ⊂ SG-gl

for the full subcategory spanned by the objects of the form L(V,−) ×φ G for
compact Lie groups H, continuous group homomorphisms φ : H → G, and faithful
H-representations V . Then the inclusion OG-gl ↪→ SG-gl extends to an equivalence
PSh(OG-gl)

∼−−→ SG-gl.

The proof requires some preparations. We write Sclosed
G-gl for the Dwyer–Kan

localization of the full subcategory of G-L-Top spanned by the closed orthogonal
G-spaces, so that the inclusion induces an equivalence Sclosed

G-gl
∼−−→ SG-gl, with

inverse given by cofibrant replacement.

Lemma 2.37. Let φ : H → G be a homomorphism of compact Lie groups, let
UH be a complete H-universe, and let V be any faithful H-representation. Then
L(V,−)×φ G ∈ SG-gl corepresents the composite

SG-gl
∼−−→ Sclosed

G-gl

(−)φ◦evUH−−−−−−−−→ Spc . (2.4)

Moreover, this functor is cocontinuous.

Proof. It is clear that L(V,−)×φ G is cofibrant and corepresents

G-L-Top
evV−−−→ (H ×G)-Top

(−)φ−−−−→ Top (2.5)

in the enriched sense. Corollary B.8 therefore shows that it corepresents the right
derived functor SG-gl → Spc of (2.5) in the ∞-categorical sense.

To see that this right derived functor agrees with (2.4), let us fix anH-equivariant
linear isometric embedding i : V → UH . It will then suffice to show that for any
cofibrant-fibrant orthogonal G-space X the map X(i)φ : X(V )φ → X(UH)φ is a
weak homotopy equivalence. For this, we pick an exhaustive filtration i(V ) =: U0 ⊂
U1 ⊂ · · · ⊂ UH of U by finite-dimensional subrepresentations: for example, we can
first choose a filtration by arbitrary finite subspaces Vi and then inductively apply
[Sch20, Proposition A.7(i)] to find a finite-dimensional G-subrepresentation Un
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containing Vn+Un−1. By fibrancy ofX, each transition mapX(Un)
φ → X(Un+1)

φ is
a weak homotopy equivalence, and it is moreover a closed embedding by cofibrancy.
Thus, the induced map X(V )φ ∼= X(U0)

φ → colimnX(Un)
φ is again a weak

homotopy equivalence. Moreover, [Sch18, Proposition B.1(ii)] shows that the
natural map from the right-hand side to (colimnX(Un))

φ is a homeomorphism,
finishing the proof that L(V,−)/G corepresents (2.4).

To prove that (2.4) is cocontinuous, it suffices to show that it preserves coprod-
ucts and pushouts. The first statement is clear, while for the second one it suffices
by Lemma 2.15 that evUH

: G-L-Top→ (H ×G)-Top sends any pushout square

A B

C D

i

where i is a cofibration and A,B,C,D are closed to a homotopy pushout in the
GH,G-model structure. By Remark 2.22, i is in particular an h-cofibration, hence so is
i(UH) by [Sch18, Corollary A.30(ii)]. The claim then follows from Lemma 2.14. □

Proof of Proposition 2.36. AsSG-gl is cocomplete and locally small (being
the ∞-category associated to a model category), the inclusion OG-gl ↪→ SG-gl

extends to a left adjoint functor PSh(OG-gl) ↪→ SG-gl, with right adjoint given by
the restricted Yoneda embedding. The previous lemma together with Lemma 2.34
shows that the right adjoint is conservative, so it only remains to show that the left
adjoint PSh(OG-gl) → SG-gl is fully faithful. By [Lur09, Proposition 5.1.6.10] it
suffices for this that the functor Hom(X,−) : SG-gl → Spc is cocontinuous for every
X ∈ OG-gl, which holds by the previous lemma. □

Remark 2.38. Let us compare our category Ogl to (the topological nerve of)
the global indexing category Ogl from Schwede’s global Elmendorf theorem [Sch20].

We write L for the topological monoid L(R∞,R∞) andL-Top for the topological
category of L-spaces. The topological category Ogl is defined as the full subcategory
of L-Top spanned by the orbits L/H for so-called universal subgroups; moreover,
every compact Lie group is isomorphic to a universal subgroup of L by [Sch20,
Proposition 1.5]. The objects L/H are cofibrant-fibrant in the projective global
model structure of [Sch20, Proposition 1.11] and hence Lemmas B.4 and B.6 show
that we may identify Ntop(Ogl) with the full subcategory LOgl of the localization
LSgl of L-Top at the weak equivalences of the global projective model structure.

In [Sch20, Theorem 3.9], Schwede then shows that the functor evR∞ : L-Top→
L-Top induces an equivalence Scof

gl → LSgl. If H is any universal subgroup and V
is any faithful H-representation, then Proposition A.10 of op. cit. shows that we
may identify L(V,R∞)/H ≃ L/H (via restriction along any equivariant embedding
V ↪→ R∞). In particular, evR∞ induces an equivalence Ogl

∼−−→ LOgl ≃ Ntop(Ogl).

2.2.4. Change of group. We will now discuss how the above model structures
relate to each other as the group G varies:

Lemma 2.39. Let α : G→ G′ be a homomorphism of compact Lie groups. Then

α! : G-L-Top ⇄ G′-L-Top :α∗

is a Quillen adjunction with homotopical right adjoint.
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Proof. By [Bar23, Lemma 3.7(vii)], the functor α∗ is homotopical. On
the other hand, Example 2.6 shows that if H is any compact Lie group, then
α∗ : (H ×G′)-Top → (H ×G)-Top is right Quillen for the GH,G- and GH,G′-
model structures; applying this for H = O(V ), we see that α∗ preserves level
fibrations. Similarly, if f : X → Y is even a G′-global fibration, then this shows that

α∗X(V ) α∗X(V ⊕W )

α∗Y (V ) α∗Y (V ⊕W )

α∗f(V ) α∗f(V⊕W )

is a homotopy pullback for all H-representations V,W such that V is faithful, i.e.
α∗f is a G′-global fibration. □

Lemma 2.40. Let α : G→ G′ be an injective homomorphism of compact Lie
groups. Then the adjunction

α∗ : G′-L-Top ⇄ G-L-Top :α∗

is a Quillen adjunction.

Proof. By the previous lemma, the left adjoint α∗ preserves weak equivalences,
while Lemma 2.23 shows that it preserves cofibrations. □

Lemma 2.39 shows that α! admits a left derived functor Lα! : SG-gl → SG′-gl,
obtained by precomposition with a cofibrant replacement. Unfortunately, the cofi-
brant replacement provided by the small object argument is completely intractable
in practice; to get some control over the left derived functor, we will therefore
exhibit a strictly larger class of objects on which the pointset level functor α! is still
homotopical. We begin with a statement for equivariant spaces.

Lemma 2.41. Let G be a compact Lie group and let F be any collection of
closed subgroups of G closed under conjugation. Then any F-cofibrant G-space X
is Hausdorff, and every isotropy group of X is contained in F .

Proof. By Lemma 2.7, the underlying non-equivariant space of X is cofibrant,
hence Hausdorff. For the second statement, note that the collection of all spaces with
isotropy groups contained in F is closed under coproduct, pushout and transfinite
composition along closed embeddings, as well as under passage to subspaces. As
moreover the source and target of any generating cofibration for the F-model
structure have isotropy groups contained in F (here we use the closure under
conjugation), the lemma follows. □

Lemma 2.42. Let α : G→ G′ be a homomorphism of compact Lie groups, and
let H be any other compact Lie groups. Then α! : (H ×G)-Top→ (H ×G′)-Top
sends GH,G-weak equivalences between Hausdorff (H ×G)-spaces with free ker(α)-
action to GH,G′ -weak equivalences.

Proof. Consider G′ as a (H ×G×G′)-space with G′ acting via left multipli-
cation, H acting trivially, and with g ∈ G acting via right multiplication by α(g)−1.
Then α! factors as

(H ×G)-Top
G′×−−−−−−→ (H ×G×G′)-Top

(−)/G−−−−−→ (H ×G′)-Top.
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It is clear that the first functor preserves Hausdorffness and sends GH,G-weak
equivalences to GH,G′×G-weak equivalences. Moreover, if X is ker(α)-free, then
G′ ×X is G-free, as every point of G′ has G-isotropy ker(α). It therefore suffices
to show that the second functor sends GH,G×G′-weak equivalences between G-free
Hausdorff spaces to GH,G′ -weak equivalences.

If X is any G-free space, K ⊂ H is any closed subgroup, and φ : K → G′ is any
homomorphism, then [Sch18, Proposition B.17] shows that the tautological map∐

α : K→G

X(α,φ)/C(imα) −→ (X/G)φ

[x] 7−→ [x]
(2.6)

is a homeomorphism, where the coproduct runs over G-conjugacy classes of continu-
ous group homomorphisms K → G, and C(imα) denotes the centralizer of the image
of α in G. Thus, if f : X → Y is a GH,G-weak equivalence of G-free Hausdorff spaces,

then (f/G)φ splits as a coproduct of the maps f (α,φ)/C(imα). By assumption,
each f (α,φ) is a non-equivariant weak equivalence. As C(imα) ⊂ G acts freely on
X and Y , Lemma C.3 therefore shows that also the quotient f (α,φ)/C(imα) is a
weak homotopy equivalence. □

Proposition 2.43. Let α : G → G′ be any homomorphism of compact Lie
groups, and let f : X → Y be a G-global weak equivalence in G-L-Top such that
X(V ) and V are ker(α)-free and Hausdorff for every V ∈ L. Then α!f is a G′-global
weak equivalence.

Proof. Picking functorial cofibrant replacements in the G-global level model
structure yields a commutative diagram

X ′ Y ′

X Y

f ′

f

where X ′ and Y ′ are cofibrant and the vertical maps are G-global level weak
equivalences. By 2-out-of-3, f ′ is again a G-global weak equivalence, and hence α!f

′

is a G′-global weak equivalence by Lemma 2.39. To complete the proof we will show
that α! sends the vertical maps to G′-global level weak equivalences; it will then
follow by 2-out-of-3, that α!f is a G′-global weak equivalences.

We argue for the left-hand map, the argument for the right-hand one being
analogous. By Lemma 2.24 each X ′(V ) is GO(V ),G-cofibrant, and hence in particular
ker(α)-free and Hausdorff by Lemma 2.41. Applying the previous lemma levelwise
therefore shows that α!(X

′ → X) is a G-global level weak equivalence, as desired. □

In particular, we may compute Lf!(X) for an orthogonal G-space X by resolving
it by a levelwise Hausdorff G-free X ′.

2.2.5. Multiplicative properties. The topological category L admits an enriched
symmetric monoidal structure given by (orthogonal) direct sum; the associativity,
unitality, and symmetry isomorphisms come from the corresponding isomorphisms
for the cocartesian symmetric monoidal structure on the category of R-vector spaces.
This then induces a topologically enriched symmetric monoidal structure on L-Top
via enriched Day convolution; the symmetric monoidal product of this structure is
called the box product and is denoted by ⊠.
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Lemma 2.44. For any compact Lie groups G,H, the box product defines a
homotopical left Quillen bifunctor G-L-Top×H-L-Top→ (G×H)-L-Top.

Proof. The pushout-product axiom for cofibrations is verified in [Bar23,
Lemma A.6], while the preservation of weak equivalences is Corollary 3.10 of op. cit.

For the pushout product axiom for acyclic cofibrations, we will more generally
show that the pushout product of any h-cofibration i (of orthogonal H-spaces) with
any G-global weak equivalence f is a (G ×H)-global weak equivalence. As both
h-cofibrations and weak equivalences are stable under restriction (see Lemma 2.39),
this follows at once by applying [Bar23, Corollary A.10] to trivGi and trivHf . □

Corollary 2.45. For any compact Lie group G, the functor

−⊠− : G-L-Top×G-L-Top→ G-L-Top (2.7)

is homotopical and a left Quillen bifunctor.

Proof. We may factor (2.7) as

G-L-Top×G-L-Top
−⊠−−−−−→ (G×G)-L-Top

∆∗

−−−→ G-L-Top,

where ∆ = (id, id) : G→ G×G is the diagonal embedding. The first functor is a
homotopical left Quillen bifunctor by the previous lemma, while the second one is
homotopical and left Quillen by Lemmas 2.39 and 2.40. □

On the level of model categories, the box product often serves as a better
behaved version of the cartesian product—for example, we will see later that the
correct global version of the (unreduced) suspension spectrum functor is strong
symmetric monoidal on the pointset level for the box product (while it is only lax
symmetric monoidal for the cartesian product), and there is an interesting homotopy
theory of strictly commutative monoids for the box product [Sch18, Chapter 2].
On the level of ∞-categories, however, there is no difference:

Lemma 2.46. There exists a natural G-global weak equivalence X⊠Y → X×Y
for any X,Y ∈ G-L-Top.

Proof. This follows from [Bar23, Proposition 3.9] by restricting along the
homomorphism ∆: G→ G×G as before. □

Corollary 2.47 (See also [Bar23, Lemma 3.7(v)]). If f : X → Y and g : X ′ →
Y ′ are G-global weak equivalences in G-L-Top, then f × g is again a G-global weak
equivalence. □

2.3. Model categorical aspects of the universal property. Our first big
goal is to construct an equivalence

SpcGlo(BG) = PSh(Glo)/BG ≃ SG-gl (2.8)

natural in compact Lie groups. The existence of such an equivalence has various
consequences for the change-of-group adjunctions discussed above—for example, it
implies that for any α : G → G′ the endofunctor Lα!α

∗ of SG′-gl is given by the
cartesian product with Lα!α

∗(1), simply because the analogous statement holds for
SpcGlo. In this subsection, we will establish several such properties, which will turn
out to be crucial ingredients in the proof of the comparison (2.8) in the next section.
We begin with the promised product formula for Lα!α

∗:
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Proposition 2.48. Let α : G → G′ be any homomorphism of compact Lie
groups, let X ∈ SG′-gl arbitrary, and write x : X → 1 for the unique map. Then

Lα!α
∗X

(ε,Lα!α
∗x)−−−−−−−→ X × Lα!α

∗1

is an equivalence in SG′-gl.

The proof will require some preparations:

Lemma 2.49 (Projection formula). Let α : G → G′ be a homomorphism of
compact Lie groups, and let X ∈ G-L-Top, Y ∈ G′-L-Top. Then the map

(α!pr1, ε ◦ α!pr2) : α!(X × α∗Y )→ α!X × Y (2.9)

is an isomorphism in G′-L-Top.

We remark for motivational purposes that (2.9) is just the Beck–Chevalley map

α!(X × α∗Y )
f!(η×id)−−−−−−→ α!(α

∗α!X × α∗Y ) = α!α
∗(α!X × α∗Y )

ε−→ α!X × α∗Y

associated to the identity α∗(−)× α∗Y = α∗(−× Y ). Using our usual model for α!,
we can also describe it explicitly as the map given pointwise by

(G′ ×X × α∗Y )/G −→ (G′ ×X)/G × Y
[g, x, y] 7−→ ([g, x], g.y).

(2.10)

Proof of Lemma 2.49. As all functors in sight are defined levelwise, it suffices
to prove the analogous statement with Top in place of L-Top.

Consider the map α!X × Y → α!(X × α∗Y ), ([g, x], y) 7→ [g, x, g−1.y]. This
is well-defined: any other representative of [g, x] is of the form [gα(h), h−1.x] for
some h ∈ G, and [gα(h), h−1.x, α(h)−1g−1.y] = [g, x, g−1.y] in (G′×X×α∗Y )/G by
definition of the G-action. It is then clear that this map is inverse to (2.10), so it only
remains to establish continuity. As −× Y preserves quotients, we may equivalently
show that the map G′ × X × Y → (G′ × X × α∗Y )/G, (g, x, y) 7→ [g, x, g−1.y] is
continuous, which is clear. □

Lemma 2.50. Let V be a faithful representation of the compact Lie group G.6

Then L(V,−)→ 1 is a cofibrant replacement in the G-global model structure.

Proof. It is clear that L(V,−) is cofibrant. Moreover, if φ : H → G is any
homomorphism of compact Lie groups, and UH is any complete H-universe, then
L(V,−)(UH)φ = L(φ∗V,UH)H is weakly contractible by [Sch18, Proposition 1.1.21],
i.e. L(V,−)→ 1 is a G-global weak equivalence. □

Proof of Proposition 2.48. We may assume without loss of generality that
X is modelled by a cofibrant object of G-L-Top (again denoted by X), which
is then in particular levelwise G-free and Aℓℓℓℓℓℓ-cofibrant. We now fix a faithful G-
representation V and pick functorial cofibrant replacements in G-L-Top to obtain
a commutative diagram

X ′ L(V,−)× α∗X X

Y ′ L(V,−) 1

x′

∼

pr1

∼

∼ ∼

6 Such a representation always exists as a consequence of the Peter–Weyl Theorem, see e.g. [BtD95,

Theorem III.4.1].
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where the horizontal maps are weak equivalences and X ′, Y ′ are cofibrant. In
particular, the horizontal composites still define cofibrant replacements i : X ′ → X
and j : Y ′ → 1 by Lemma 2.50 combined with Corollary 2.47. Appealing to the
corollary once more, products in G′-L-Top are homotopical and hence model
products in the ∞-categorical localization; the claim thus translates to saying that
the left-hand vertical map in the commutative square

α!X
′ α!(L(V,−)× α∗X)

α!Y
′ ×X α!L(V,−)×X

(α!x
′,ε◦α!i) (α!pr1,ε◦α!pr2)

is a G′-global weak equivalence. By Proposition 2.43, the horizontal maps are
G-global weak equivalences, while Lemma 2.49 shows that the right-hand map is
even an isomorphism. The claim therefore follows by 2-out-of-3. □

If f : X → Y is any map in PSh(Glo), then f! : PSh(Glo)/X → PSh(Glo)/Y lifts

to an equivalence SpcGlo(X) = PSh(Glo)/X
∼−−→

(
PSh(Glo)/Y

)
/f = SpcGlo(Y )/f ,

and more generally it induces equivalences SpcGlo(X)/Z
∼−−→ SpcGlo(Y )/f!Z for all

Z ∈ SpcGlo(X). Our next goal is to prove the analogous statement for the change
of group adjunction Lα! ⊣ α∗. We begin with a model categorical version:

Theorem 2.51. Let α : G → G′ be a homomorphism of compact Lie groups
and let B ∈ G-L-Top cofibrant. Then

α! : G-L-Top/B → G′-L-Top/α!B
(2.11)

is the left adjoint in a Quillen equivalence (for the usual slice model structures).

The proof will require some preparations.

Lemma 2.52. Let G,H be compact Lie groups, and let X be a G-free and
Hausdorff (G×H)-space. Then the quotient map η : X → X/G (i.e. the unit of the
adjunction (−)/G ⊣ trivG) is a GH,G-equivariant fibration.

Proof. Let K ⊂ H be any closed subgroup and let φ : K → G be any con-
tinuous group homomorphism. Using the homeomorphism (2.6), we may identify
ηφ with the quotient map Xφ → Xφ/C(imφ) followed by the inclusion of a dis-
joint summand. The latter is clearly a Serre fibration, while the former is so by
Lemma C.1. □

Lemma 2.53. Let G be a compact Lie group, and f : G→ 1 the unique map.
Then the unit η : X → trivG(X/G) is a G-global fibration for every levelwise
Hausdorff and G-free orthogonal G-space X.

Proof. Applying the previous lemma levelwise shows that η is a G-global level
fibration. It therefore only remains to show that the naturality square

X(V ) X(V )/G

X(V ⊕W ) X(V ⊕W )/G

η

η

is a pullback in the GH,G-model structure for every compact Lie group G and all
H-representations V,W such that V is faithful. As noticed above, the horizontal
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maps are GH,G-fibrations, so it will suffice to show that this square is a levelwise
pullback. This is an instance of Lemma C.2. □

Proof of Theorem 2.51. The functor (2.11) is left adjoint to the composite

G′-L-Top/α!B
α∗

−−→ G-L-Top/α∗α!B
η∗−−→ G-L-Top/B (2.12)

where η∗ denotes pullback along the unit η : B → α∗α!B. The unit and counit for
this adjunction are as follows: for X ∈ G-L-Top/B , the unit is the induced map

X

B ×α∗α!B α
∗α!X α∗α!X

B α∗α!B,

η

⌟

η

while the counit is given for an Y → α!B by the composite

α!(B ×α∗α!B f
∗Y )

α!(pr)−−−−−→ α!α
∗Y

ε−→ Y.

Lemma 2.39 immediately implies that (2.11) is left Quillen. It remains to show that
the induced adjunction on homotopy categories is an equivalence.

Write π : G′ → 1 for the unique homomorphism. Then Lπ!Lα! ≃ L(πα)!, so it
will suffice by 2-out-of-3 to prove the theorem for π and πα in lieu of α, i.e. we may
assume that G′ = 1, so that α! = (−)/G. We will then explicitly verify that the
derived unit and counit are isomorphisms in the homotopy category.

We begin by observing that in the composite (2.12), the first functor is ho-
motopical by Lemma 2.39, while the second one is so by Lemma 2.53 and right
properness of the model structure. Thus, for any cofibrant p : X → B (i.e. X is
cofibrant in G-L-Top), the derived unit is already modelled by the underived unit;
we claim that the latter is even an isomorphism, i.e. the square

X trivG(X/G)

B trivG(B/G)

η

η

is a pullback in G-L-Top. This can be checked levelwise; as cofibrant orthogonal
G-spaces are levelwise G-free and Hausdorff, this is another instance of Lemma C.2.

To show that also the derived counit is an isomorphism, we let q : Y → B/G
be any cofibrant-fibrant object; in particular, q is a G′-global fibration and Y is
Hausdorff. We pick a cofibrant replacement Z → B×trivGB/G trivGY in the G-global
model structure, so that the derived counit for Y is modelled by the composite

Z/G −→ (B ×trivGB/G trivGY )/G
pr/G−−−−→ (trivGY )/G

ε−→ Y. (2.13)

As B is G-free, so is B×trivGB/G trivGY ; moreover, the latter is Hausdorff as both B
and trivGY are so. As also the cofibrant object Z is G-free Hausdorff, Lemma 2.42
shows that the leftmost map is a G′-global weak equivalence, and we are reduced to
showing that the composite of the remaining two maps (i.e. the underived counit) is
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a G′-global weak equivalence. We will show that it is even an isomorphism. For
this, note that Lemma 2.49 provides an isomorphism

(B × trivGY )/G
∼=−−→ B/G× Y

[b, y] 7−→ ([b], y)
(2.14)

so that the map (B × trivGY )/G→ Y restricts to the underived counit in question.
The closed embedding B×trivGY/GtrivGY ↪→ B×trivGY induces a closed embedding
on G-orbits by [Sch18, Proposition B.13(iii)], and so (2.14) restricts to a closed
embedding (B ×trivGB/G trivGY )/G ↪→ B/G× Y with image precisely those ([b], y)
such that q(y) = [b], which is homeomorphic to Y via the projection. If follows that
the derived counit is an isomorphism, finishing the proof of the theorem. □

Corollary 2.54. Let α : G→ G′ be any homomorphism of compact Lie groups
and let B ∈ SG-gl arbitrary. Then Lα! : SG-gl → SG′-gl induces an equivalence
(SG-gl)/B

∼−−→ (SG′-gl)/Lα!B .

Specializing to G′ = 1 and B = 1, we see that SG-gl
∼−−→ (Sgl)/(L(V,−)/G) for

any finite faithful G-representation V .

Proof. We may assume without loss of generality that B is the image of a
cofibrant object in G-L-Top. We pick a functorial cofibrant replacement Q→ id
for the G-global model structure on G-L-Top (so that Lα! : SG-gl → SG′-gl is
induced by α! ◦Q) and note that Q lifts to a functorial cofibrant replacement Q′

on G-L-Top/B (sending Y → B to the composite QY → Y → B). We obtain a
commutative triangle

G-L-Top/B G′-L-Top/α!QB

G′-L-Top/α!B

(α!◦Q)/B

α!◦Q′

where the right vertical map is given by postcomposition with the map α!QB → α!B
induced by the cofibrant replacement QB → B. As the latter is a weak equivalence
of cofibrant objects, so is the former, and hence the right-hand vertical map in the
above diagram induces an equivalence after Dwyer–Kan localization. The same
holds for the diagonal composite by the previous theorem, whence also for the top
map by 2-out-of-3. However, by Lemma B.1 the map induced by (α! ◦ Q)/B on
localizations can be identified with the map (Lα!)/B : (SG-gl)/B → (SG′-gl)/Lα!B in
question, finishing the proof. □

Finally, we record the following basechange condition:

Proposition 2.55. Let

A B

C D

g

q
⌟

p

f
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be a pullback in the 1-category of compact Lie groups7 such that p is surjective.
Then the Beck–Chevalley map Lq!g

∗ → f∗Lp! of functors SB-gl → SC-gl is an
equivalence.

Proof. If X ∈ B-L-Top is cofibrant, then it is Hausdorff and B-free the above;
thus, the A-orthogonal space g∗X is Hausdorff, and it is ker(q)-free as g is injective
when restricted to ker(q). It thus follows from Proposition 2.43 that the (derived)
Beck–Chevalley map Lq!g

∗X → f∗Lp!X is already modelled by the underived Beck–
Chevalley map q!g

∗X → f∗p!X on the pointset level. To complete the proof, we
will show that this map is even an isomorphism (without any assumptions on X).

For this note that since p is surjective, p!(−) = (−)/ ker(p) with unit id→ p∗p!
given by the quotient map, and similarly for q. For this choice of adjunction data,
one then directly computes that the Beck–Chevalley map is in fact the identity map
of (g∗X)/ ker(q) = X/g(ker(q)) = X/ ker(p). □

3. The unstable universal properties

The continuous Borel construction (Construction 1.11) allows us to assemble
the ∞-categories SG-gl from the previous section into a global ∞-category:

Construction 3.1. The global ∞-category Ntop(L-Top
♭) sends the object

BG (for a compact Lie group G) to Ntop(G-L-Top), and a 1-morphism of Glo,
corresponding to a homomorphism f : G → G′ of compact Lie groups, to the
restriction functor f∗ : Ntop(G

′-L-Top) → Ntop(G-L-Top). If we equip each
Ntop(G-L-Top) with the G-global weak equivalences, then all these restriction
functors are homotopical (Lemma 2.39), so upon localization we obtain a global
∞-category Sgl together with a global functor γ : Ntop(L-Top

♭)→ Sgl given in
degree G by a localization at the G-global weak equivalences.

Remark 3.2. If G is any compact Lie group, then Lemma B.4 shows that
we can equivalently define Sgl(BG) as the localization SG-gl of the underlying
1-category of G-L-Top, i.e. after forgetting the enrichment. However, while this
suffices to construct the restriction of Sgl to the 1-category of compact Lie groups,
the underlying unenriched categories of our pointset models do not yet assemble
into a simplicially enriched functor Gloop → TOPCAT∆, and so the enrichment
on G-L-Top is necessary to encode some of the higher structure inherent in the
global functoriality of Sgl.

As our first main result we will show:

Theorem 3.3. There exists a unique equivalence Sgl ≃ SpcGlo.

Using the universal property of SpcGlo from Corollary 1.53, this can be restated
as follows, strengthening Theorem A from the introduction:

Theorem 3.4. The global ∞-category Sgl is globally presentable. For any
globally cocomplete global ∞-category D, evaluation at the terminal object defines
an equivalence

FunGlo-cc(Sgl,D)
∼−−→ D.

7 Note that the full subcategory of the category of topological groups spanned by the compact Lie
groups is closed under finite limits because it is closed under finite products as well as passage to
closed subgroups.
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Probably the most natural strategy to prove the theorem would be to first
show that Sgl is globally cocomplete, and then use the universal property of SpcGlo

to obtain the comparison map—however, we do not know how to prove global
cocompleteness of Sgl without invoking the above theorem. Namely, while we have
seen that all restriction functors admit left adjoints, the Beck–Chevalley condition
for these left adjoints involves the extension of Sgl to PSh(Glo), of which we have
no concrete description in terms of the model.

On the other hand, there is also no hope to construct the map directly on the level
of simplicial sets: the functoriality of SpcGlo is defined via cartesian straightening,

while we have no control over the cartesian unstraightening of Ntop(L-Top
♭).

We will therefore employ a different strategy. In §3.1, we will explain how,
given a suitable global ∞-category C with a terminal object, we can assemble the
functors g! : C(BG) ≃ C(BG)/1 → C(1)/g!1 induced by the left adjoint to restriction
along the unique map g : BG→ 1 into a global functor F : C → C(1)/Υ(−) for some
specific Υ: Glo→ C(1) with Υ(BG) = g!1. Corollary 2.54 shows that for C = Sgl

this comparison functor is an equivalence, essentially reducing us to showing that
Υ: Glo→ Sgl is fully faithful. Proving this full faithfulness is the hardest part of
our argument, and occupies all of §3.2.

In §3.3 we then combine these results to prove Theorem 3.3 as well as an F-
global generalization. Building on this, we will prove a similar universal property for
an analogously defined global ∞-category S of equivariant spaces in §3.4. Finally,
we will discuss symmetric monoidal versions of these results in §3.5.

3.1. The comparison map. Throughout this section, we let T be a small
∞-category with a terminal object 1. The reader is welcome to think of T = Glo.

Construction 3.5. Let C : T op → CAT∞ be a T -∞-category, with cartesian
unstraighening p : Unct(C)→ T . As 1 ∈ T is terminal, the constant T -∞-category
const C(1) is left Kan extended from {1}, so the identity of C(1) extends uniquely
to a T -functor π∗ : const C(1) → C; simply by naturality, π∗(A) : C(1) → C(A) is
given by restriction along the unique map a : A → 1 for any fixed A ∈ T . After
unstraightening, we can view π∗ as a map C(1)×T → Unct(C) of cartesian fibrations.

Lemma 3.6. Assume that C factors through the wide subcategory CATR
∞ of

right adjoint functors, i.e. for every f : A→ B in T , the functor f∗ : C(B)→ C(A)
admits a left adjoint f!. Then π

∗ : C(1)× T → Unct(C) admits a relative left adjoint
π!, given on the fiber over A by a! : C(A)→ C(1).

Beware however that π! will typically not preserve cartesian edges (so that it
does not straighten to a T -functor).

Proof. For every A ∈ T , the map induced by π∗ on the fibers over A is
a∗ : C(1) → C(A), and this has a left adjoint a! by assumption. The claim now
follows from [Lur17, Propositions 7.3.2.5 and 7.3.2.6]. □

Construction 3.7. As 1 ∈ T is terminal, the inclusion C(1) ↪→ C(1)×T of the
fiber over 1 is right adjoint to the projection pr : C(1)× T → C(1). Thus, the fully
faithful inclusion i : C(1) ↪→ Unct(C) has a left adjoint λ given by the composite
pr ◦ π! : Unct(C)→ C(1)× T → C(1); in particular, the restriction of λ to the fiber
C(A) over A is given by a!.

Assume now that C has a terminal object, and let s : T → Unct(C) be the
corresponding cartesian section, i.e. s is the unique map of cartesian fibrations such
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that s(1) ∈ C(1) is terminal, or equivalently every s(A) ∈ C(A) is terminal. We then
define Υ: T → C(1) as the composite

T
s−→ Unct(C) λ−−→ C(1).

Example 3.8. The cartesian unstraightening of the T -∞-category C = SpcT is
the pullback Ar(PSh(T ))×PSh(T )T along the target map and the Yoneda embedding
y : T → PSh(T ). The composite const ◦ y : T → Ar(PSh(T )) then lifts to a map
T → Unct(SpcT ) = Ar(PSh(T ))×PSh(T ) T over T , and one directly checks that this
is fiberwise terminal, and hence agrees with the functor s from above.

On the other hand, ev0 : Ar(PSh(T ))×PSh(T )T → PSh(T ) ≃ PSh(T )/1 is easily
seen to be left adjoint to the inclusion of the fiber over 1, and hence agrees with
λ. Thus, for C = SpcT the functor Υ: T → C(1) = PSh(T )/1 simply recovers the
Yoneda embedding, modulo to the canonical identification PSh(T ) ≃ PSh(T )/1.

What makes Construction 3.7 useful is that it only refers to the parametrized
structure of C. In particular, if C is some T -∞-category we want to show is equivalent
to SpcT (like C = Sgl), the construction automatically provides a candidate for
the Yoneda embedding and hence of a map T → C(1) that should extend to an
equivalence SpcT (1) ≃ PSh(T ) ∼−−→ C(1).

Lemma 3.9. Let T and C be as in the proposition. Then λ is a Bousfield
localization such that the unit is pointwise given by cocartesian edges.

Proof. The first statement is clear as λ is left adjoint to the fully faithful
inclusion C(1) ↪→ C. For the identification of the units, let x ∈ C(A) and let
ã : x→ x′ be a cocartesian lift of the unique map a : A→ 1. Then

HomUnct(x′, y) HomUnct(x, y)

HomT (1, 1) HomT (A, 1)

−◦ã

−◦a

is a pullback by definition of cocartesian edges. As both spaces in the bottom row
are contractible, we see that Hom(ã, y) is an equivalence. Letting y vary, this is
precisely the defining property of a unit for our Bousfield localization. □

Remark 3.10. Let C : T op → CATR
∞ admit a terminal object. The previous

lemma immediately implies that Υ(A) = a!1A = a!a
∗1, and an only slightly more

elaborate computation shows that Υ sends the homotopy class of a map f : A→ B
in T to the homotopy class of the composite

a!a
∗1 ∼−−→ b!f!f

∗b∗1
ε−→ b!b

∗1

where the unlabelled equivalence is induced by the unique homotopy bf ≃ a in T .

Example 3.11. Specializing the above to T = Glo and C = Sgl, we ob-
tain a functor Υ: Glo → Sgl sending BG to L(V,−)/G where V is our favourite
finite-dimensional faithful G-representation. Combining Remark 2.38 with the com-
putation of mapping spaces in Ogl from [Kör18, Proposition 2.10 and Remark 2.11]
already shows that HomGlo(BG,BH) and HomSgl

(Υ(BG),Υ(BH)) are abstractly
equivalent. It will be considerably harder to show that in fact the map induced by
Υ is an equivalence.
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We can now state our general criterion that we will use to produce the equivalence
SpcGlo ≃ Sgl:

Theorem 3.12. Let T be a small ∞-category with a terminal object 1, and let
C : T op → CAT∞ be a T -∞-category. Assume the following:

(1) C has a fiberwise finite limits, and every restriction functor f∗ : C(B)→
C(A) admits a left adjoint f!.

(2) For every a : A→ 1 in T , the functor C(A) ≃ C(A)/1 → C(1)/a!1 induced
by a! is an equivalence.

(3) For every f : A→ B in T and every X ∈ C(B) the diagram

f!f
∗1

f!f
∗x←−−−− f!f∗X

ε−→ X

exhibits f!f
∗X as a product, where x : X → 1 denotes the unique map and

ε denotes the counit of f! ⊣ f∗ as usual.
(4) The functor Υ: T → C(1) extends to an equivalence PSh(T )→ C(1).

Then C is equivalent to SpcT (in a necessarily unique way).

For the proof we will need the following ‘basechange condition’ for λ:

Lemma 3.13. Let T and C as above, and let A ∈ T arbitrary. Then:

(1) The unique map π∗
A : T/A ×C(A)→ T/A ×T Unct(C) of cartesian fibrations

over T/A extending the inclusion of {idA} × C(A) admits a relative left
adjoint πA!.

(2) Writing λA for the composite pr ◦ πA!, the diagram

T/A ×T Unct(C) C(A)

Unct(C) C(1)

pr

λA

a!

λ

commutes up to homotopy.

Proof. For the first statement it suffices to apply Lemma 3.6 to the restriction
of C along the forgetful functor T op

/A → T op.

For the second statement, note that [Lur17, Proposition 7.3.2.6] shows that
T/A ×T π! : T/A ×T Unct(C)→ T/A ×C(1) is left adjoint to T/A ×T π∗. On the other
hand, the composite

T/A × C(1)
id×a∗−−−−−→ T/A × C(A)

πA−−−→ T/A ×T Unct(C)

agrees with T/A ×T π∗ as both are maps of cartesian fibrations over T/A and their
straightenings are given at the terminal object idA by a∗ : C(1)→ C(A). Passing to
left adjoints, we see that T/A ×T π! is equivalent to (a! × id) ◦ πA!. The claim now
follows by postcomposing with the projection T/A × C(1)→ C(1). □

Proof of Theorem 3.12. Consider the cartesian fibration ev1 : Ar(C(1))→
C(1) for the functor X 7→ C(1)/X . Pulling back along Υ: T → C(1), we obtain
the cartesian fibration q : Ar(C(1))×C(1) T → T . By the final assumption, this is
equivalent over T to the cartesian unstraightening Ar(PSh(T ))×PSh(T ) T of SpcT .
To complete the proof it will therefore suffice to show that q is also equivalent to
the cartesian unstraightening p : Unct(C)→ T of C.
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We begin by making the unstraightening of Ar(C) : A 7→ Ar(C(A)) explicit.
Cartesian unstraightening commutes with the Cat-tensoring by direct inspection,
hence also with the Cat-cotensoring (as unstraightening is an equivalence). Thus,
the cartesian unstraightening in question is given by Ar

(
Unct(C)

)
×Ar(T ) T . As

[1] → [0] is a localization (which is just a fancy way to say that the 1-simplex is
weakly contractible), the diagonal functor T → Ar(T ) is fully faithful with essential
image the equivalences of T . We conclude that the unstraightening can also be
described as the full subcategory Arfw(Unct(C)) ⊂ Ar(Unct(C)) spanned by the
fiberwise arrows, i.e. those sent to equivalences in T via p.

Recall the cartesian section s : T → Unct(C). We form the pullback

R Arfw(Unct(C))

T Unct(C) T .

r

⌟
ev1

s

=

p

The functor s is fully faithful, with essential image spanned by those (A,X ∈ C(A))
where X is terminal. Thus, the top horizontal arrow is fully faithful, with essential
image given by those (A,X → Y ) with Y ∈ C(A) terminal. Note that these full
subcategories assemble into a subfunctor of Ar(C), so that r : R → T is again a
cartesian fibration, with cartesian edges given by those squares

· ·

· ·

α

β

such that both α and β are cartesian. On the other hand, the source map
ev0 : Arfw(Unct(C)) → Unct(C) is a map of cartesian fibrations (corresponding
to the source map Ar(C)→ C), and it restricts to a (fiberwise) equivalence on the
image of R—namely, it is given fiberwise by fgt : C(A)/1 ∼−−→ C(A). We are thus
reduced to producing an equivalence between r and q.

For this we use that π! : Unct(C)→ C(1)× T is a map over T , so it induces a

map Arfw(π!) : Arfw(Unct(C))→ Arfw(C(1)× T ) fitting into

Ar(C(1))

Arfw(C(1)× T )

Arfw(Unct(C))

T C(1)

C(1)× T

T Unct(C)

ev1

pr

Arfw(π!)

Υ

pr

ev1

=

s

π!

ev1
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where the bottom face commutes by construction of Υ. Passing to pullbacks we then
obtain a map φ : r → q over T , which we claim is an equivalence. Unravelling the
definitions, φ is fiberwise given by a! : C(A)/1 → C(1)/a!1, which is an equivalence by
our second assumption. It therefore only remains to show that φ preserves cartesian
edges. Plugging in the characterization of cartesian edges of R from above, this
amounts to saying that given any commutative square

X Y

s(A) s(B)

ct

fw fw

ct

(3.1)

in Unct(C) such that the horizontal arrows are cartesian, the vertical maps are
fiberwise, and the bottom row is in the essential image of s, then the image of (3.1)
under λ = pr ◦ π! is a pullback in C(1).

For this we note that the image of (3.1) under p : Unct(C)→ T lifts uniquely to
T/B (as [1]× [1] has a terminal object), so that we may view (3.1) as a square in

T/B ×T Unct(C). By Lemma 3.13 it will then suffice to show that the composite

T/B ×T Unct(C) λB−−−→ C(B)
b!−−→ C(1)/b!1

fgt−−→ C(1)

sends this lift to a pullback. However, the last of these functors preserves pullbacks,
while the functor in the middle is even an equivalence by our assumption, so that it
will suffice to show that the image under λB is a pullback. As λBs(B) is terminal,
the claim simplifies to λB(s(A)) ← λB(X) → λB(Y ) being a product diagram
in C(B). Using the characterization of λB as the recipient of a transformation
consisting of cocartesian edges, we identify this as precisely the diagram from our
third assumption, finishing the proof. □

3.2. Understanding Υ. As mentioned above, we want to obtain the equiva-
lence Sgl

∼−−→ Spcgl as an application of Theorem 3.12. Fortunately, we have already
verified the first three assumptions in §2.3, while for the final condition it will suffice
by the global Elmendorf Theorem (Proposition 2.36) to show that Υ defines an
equivalence onto the full subcategory Ogl ⊂ Sgl.

Proving full faithfulness of Υ will be by far the hardest part of our argument. The
key problem is once again that we do not understand the cartesian unstraightening
of Sgl, and the definition of Υ crucially uses this unstraightening. We therefore
have to find a description of the effect of Υ on morphism spaces that avoids talking
about unstraightenings. For this we will use a trick: fixing a compact Lie group H
and varying G we obtain a natural transformation

Υ: HomGlo(BG,BH)→ HomSgl
(Υ(BG),Υ(BH)) (3.2)

of functors Gloop → Spc, and we want to prove this is an equivalence. By the
Yoneda lemma, (3.2) is uniquely characterized by it sending the identity of BH to
the identity of Υ(BH). If we can therefore find some natural equivalence with this
property (for each fixed H), this will show that Υ is fully faithful.

We will achieve this in two steps: we will first use ∞-categorical arguments to
massage the right-hand side so that it does not involve Υ anymore, and then use our
model to explicitly write down a natural equivalence with the required properties.
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3.2.1. Understanding the target. The first part will in fact work in much greater
generality again, so we return to our general setting of a small ∞-category T with a
terminal object and a T -∞-category C : T op → CATR

∞ with a terminal object. The
basic observation is that we have for fixed A,B ∈ T an equivalence

HomC(1)(Υ(A),Υ(B)) = HomC(1)(λs(A),Υ(B)) ∼−−→ HomUnct(C)(s(A),Υ(B)) ∼−−→ HomC(A)(s(A), a
∗Υ(B))

by adjunction and the universal property of cartesian edges. We moreover know
that a∗Υ(B) ≃ a∗b!1, so we altogether obtain an equivalence

HomC(1)(Υ(A),Υ(B)) ∼−−→ HomC(A)(s(A), a
∗b!1).

The hard part will now be to first explain how to make the right-hand side into
a functor T op → Spc for varying A and then to enhance the above pointwise
comparison to a natural equivalence.

Construction 3.14. Let Y ∈ C(1) be any global section, and recall that the
slice T -∞-category C/Y is defined by the pullback

C/Y Ar(C)

1 C.

⌟
ev1

Y

We now write C◦/Y for the full subcategory spanned in degree A by those objects

X → a∗Y for which X is terminal in C(A); in other words, this is the pullback

C◦/Y C/Y

1 C.

⌟
fgt=ev0

1

Proposition 3.15. The T -∞-category C◦/Y is a T -∞-groupoid, and there exists

an equivalence Hom(Υ(−), Y ) ∼−−→ C◦/Y sending a map a!a
∗1 = Υ(A) → Y to the

object in the slice given by its adjunct a∗1→ a∗Y .

Proof. Throughout, we will abbreviate U := Unct(C) for ease of notation. The
adjunction equivalence HomC(1)(λs(−), Y ) ∼−−→ HomU (s(−), Y ) is natural, so it will
suffice to construct an equivalence HomU (s(−), Y ) ∼−−→ C◦/Y given on objects by

factoring a map s(A)→ Y into a fiberwise map followed by a cartesian edge. We
will do so by working on the level of cartesian unstraightenings.

Step 1. Let us describe the cartesian unstraightening of the target first. In the
proof of Theorem 3.12 we explained that the cartesian unstraightening of Ar(C) is
given by Arfw(U), with evaluation maps corresponding to the obvious maps to U .
As unstraightening preserves limits, we conclude that the cartesian unstraighening
of C◦/Y is given by the iterated pullback

T Arfw(U) T ,

U Us ev0 ev1 sY

where sY denotes the unique map of cartesian fibration with sY (1) = Y ∈ C(1) ⊂ U .
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Step 2. On the other hand, we can also describe the cartesian unstraightening
of the source quite easily: taking the usual description of the unstraightening of the
contravariant hom-functor, it is given by the iterated pullback

T Ar(U) 1.

U Us ev0 ev1 Y

Step 3. We will now massage the description from Step 1. For this recall that U
admits a factorization system with epis the fiberwise maps and monos the cartesian
morphisms [Lur09, Example 5.2.8.15op]. In other words, if we write Fact(U) ⊂
Fun([2],U) for the full subcategory spanned by those X → Y → Z where X → Y is
fiberwise and Y → Z is cartesian, then d∗1 : Fun([2],U)→ Fun([1],U) restricts to an
equivalence Fact(U) ∼−−→ Ar(U), see [Lur09, Proposition 5.2.8.17]. Decomposing

[2] ≃ [1] ⨿[0] [1], we then obtain an equivalence Arfw(U) ×U Arct(U) ∼−−→ Ar(U)
over U × U , given on objects by composition, and with inverse given on objects by
factorization.

Write Uct ⊂ U for the wide subcategory spanned by the cartesian edges. Then
the restricted map Uct → T is a right fibration, so it induces an equivalence

Ar(Uct)×Uct {Y } ∼−−→ Ar(T )×T {1} ∼−−→ T,

where both pullbacks are via the target map. On the other hand, left cancellability
of cartesian edges shows that the source agrees with Arct(U)×U {Y }. We then claim
that the resulting equivalence fits into a commutative diagram

Arct(U)×U {Y } T

Ar(Uct) Uct

T T .

pr

∼

sY

ev0

p◦ev0 p

Commutativity of the outer rectangle follows easily from the definitions, and com-
mutativity of the bottom square is tautological; in particular, we can view both
composites Arct(U)×U {Y } → Uct as maps over T into the right fibration Uct → T .
As inclusions of terminal objects are right anodyne, it will then suffice for commuta-
tivity of the top square to show that both paths agree on the terminal object idY ,
where one immediately checks that both are given by Y ∈ C(1) ⊂ Uct.

With this established, we can rewrite the pullback Arfw(U)×U T from Step 1 as

Arfw(U) Fact(U) Fact(U)×U {Y }

U Arct(U) Arct(U)×U {Y }

ev1

d∗2

⌞ ⌞

ev0

Using the equivalence Fact(U) ∼−−→ Ar(U), we then see that the unstraightening of
C◦/Y is equivalent to the limit of

T Ar(U) 1,

U U ,s ev0 ev1 Y
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which is precisely the description of the unstraightening of HomU (s(−), Y ) we
obtained in Step 2.

Step 4. The description of our equivalence on objects follows at once by chasing
through definitions, using that Fun([2],U) ∼−−→ Arfw(U) ×U Arct(U) was given on
objects by factorization. □

3.2.2. A model categorical description. We will now explain how to describe
(Sgl)

◦
/Y in more model categorical terms. Throughout, we let T be a small locally

fibrant simplicial category with a strictly terminal object 1, i.e. such that the Kan
complex maps(A, 1) is terminal for every A ∈ T (as opposed to merely being
contractible); the reader is welcome to set T = Glo. We write T := Ntop(T), which
will then in particular be an ∞-category with terminal object again.

Construction 3.16. Let C : Top → TOPCAT∆ be a simplicially enriched
functor, and let Y ∈ C(1) be arbitrary. As 1 ∈ T is strictly terminal, Y gives
rise to a simplicially enriched transformation const(1) ⇒ C of enriched functors
Top → TOPCAT∆, and we can therefore define C/Y : Top → TOPCAT∆ as the
(strict) pullback

C/Y Ar(C)

const(1) C.

⌟
ev1

Y

Construction 3.17. For topological categories I,C we recall the natural map

Ntop

(
Funcont(I,C)

)
→ Fun

(
Ntop(I), Ntop(C)

)
from Construction 1.11. Specializing to I = [1], we obtain a natural comparison
map Ntop(Ar(C))→ Ar(Ntop(C)) compatible with the evaluation functors.

Construction 3.18. Let C : Top → TOPCAT∆ be a simplicially enriched
functor. Assume we have equipped C(A) for every A ∈ T with a topological model
structure, and assume moreover that all restriction functors C(B) → C(A) are
homotopical, so that we may view Ntop(C) as a functor into marked quasi-categories.
Postcomposing with an enriched functorial fibrant replacement in marked simplicial
sets [Rie14, Theorem 13.5.2], we obtain an enriched transformation Ntop(C)→ C
of Kan-enriched functors Top → QCAT given pointwise by a localization at
the given weak equivalences; after passing to homotopy coherent nerves, we may
equivalently view this as a natural transformation of (∞-categorical) functors
T op → N∆(QCAT) = CAT∞.

Combining this with the previous construction, we obtainNtop(Ar(C))→ Ar(C),
and hence after passing to strict fibers8 Ntop(C/Y )→ C/Y for any Y ∈ C(1).

Proposition 3.19. In the situation of the previous construction, assume in
addition that all model structures are right proper and admit functorial factorizations.
Then the map Ntop(C/Y ) → C/Y is degreewise a localization at the given weak
equivalences. Moreover, if we write C◦

/Y ⊂ C/Y for the full subcategory given
in degree A ∈ T by those X → Y such that X defines a terminal object in the

8 As the Joyal model structure is cartesian, ev1 : Ar(C) → C is a Joyal fibration, so that its pointset
level fiber in simplicial sets models the homotopy fiber; we do not claim that the same holds for
Ntop(Ar(C)) → Ntop(C).
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localization of C(A), then also the induced map Ntop(C
◦
/Y )→ C◦/Y is a localization

(at the same weak equivalences).

Proof. We will only prove the second statement, the proof of the first one being
analogous. By Lemma B.4, the canonical map N

(
(C◦

/Y )(A)0
)
→ Ntop

(
(C◦

/Y )(A)
)

from the nerve of the underlying unenriched category induces an equivalence on
localizations, so it will suffice to show that the canonical mapN(C◦

/Y (A)0)→ C◦/Y (A)
is a localization. For N(C/Y (A)0) → C/Y (A) this is an instance of Lemma B.1;
[Len25a, Proposition A.1.15] then shows that the induced map from the localization
of (C◦

/Y (A)0) to C/Y (A) is fully faithful, and so it only remains to show that every

object of C◦/Y (A) is contained in its essential image. Indeed, any object is equivalent

to the image of some (X → Y ) ∈ C/Y (A), and since C/Y (A)→ C/Y (A) lives over
the localization C(A)→ C(A), X is weakly contractible. □

3.2.3. Full faithfulness of Υ. We now specialize to T = Glo. Proposition 3.15
provides a natural equivalence HomSgl

(Υ(−),Υ(BH)) ∼−−→ (Sgl)
◦
/Υ(BH) sending the

identity of Υ(BH) = h!1 to the unit 1→ h∗h!1 (where h : BH → 1 is the unique map);
to see that Υ induces equivalences HomGlo(BG,BH) ∼−−→ HomGlo(Υ(BG),Υ(BH))
for all G ∈ Glo, it will therefore suffice to give some equivalence HomGlo(−,BH) ∼−−→
(Sgl)

◦
/h!1

sending idBH to the unit. We will do so by using the concrete model of

the right-hand side provided by Proposition 3.19.

Construction 3.20. Fix a faithful H-representation V , so that we may take
Υ(BH) := L(V,−)/H, see Example 3.11. We will now define an SSet-enriched
natural transformation υ : maps(−,BH) → Ntop

(
Funcont(−,L-Top)◦/L(V,−)/H

)
.

For this observe that the left-hand side was defined as the topological nerve of
Funcont(−,BH), and that the enriched functoriality of both source and target of
υ were induced from the topCat-enriched functoriality. It will therefore suffice to
construct a topCat-enriched natural transformation

υtop : Funcont(−,BH)→ Funcont(−,L-Top)◦/L(V,−)/H .

For this we take the unique one sending idBH to the quotient map L(V,−) →
trivH(L(V,−)/H). Explicitly, υtop is given in degree G as the following topological
functor:

(1) A Lie group homomorphism α : G → H is sent to the quotient map
α∗L(V,−)→ trivG(L(V,−)/H).

(2) An element h ∈ H defining a natural transformation α→ β is sent to the
map α∗L(V,−)→ β∗L(V,−) (over L(V,−)/H) given by acting from the
right with h−1.

The topologically enriched natural transformation υ is then simply given in each
degree as the topological nerve of υtop.

Proposition 3.21. The composite

maps(BG,BH)
υ−→ Ntop

(
G-L-Top◦

/trivG(L(V,−)/H)

) loc−−→ (SG-gl)
◦
/trivG(L(V,−)/H)

is an equivalence of ∞-groupoids.

Proof. Throughout, we will abbreviate LV := L(V,−), and we will suppress
the functor trivG from the notation.

We will first prove essential surjectivity. As the right-hand map is a localization
(Proposition 3.19) and its target is an ∞-groupoid, it will suffice to show that any
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object of G-L-Top◦
/(LV /H) can be connected by a zig-zag of maps to an object

in the image of υ. Let f : X → LV /H be any map in G-L-Top such that X is
G-globally weakly contractible. After cofibrant replacement, we may assume that
X is closed (Definition 2.33). If UG is any complete G-universe, then Lemma 2.34
shows that X(UG)idG is contractible, in particular non-empty. Thus, we can find a
G-representation W together with a point x ∈ X(W )G. By the Yoneda lemma we
obtain a G-equivariant map L(W,−)→ X sending idW to x. Note that L(W,−) is
weakly contractible as an O(W )-orthogonal space by Lemma 2.50, hence also as a
G-orthogonal space by Lemma 2.39; thus, we have reduced to the case X = L(W,−).

The map f : L(W,−) → LV /H corresponds to a point [u] ∈ (L(V,W )/H)G.
Splitting this fixed point space via [Sch18, Proposition B.18] as before, we see that
there exists a continuous homomorphism α : G→ H and a representative u that is
G-equivariant as a map α∗V →W . Then −◦ u : L(W,−)→ α∗LV is G-equivariant,
and the diagram

L(W,−) α∗LV

LV /H
f

−◦u

υ(α)

commutes; this completes the proof of essential surjectivity.
For full faithfulness, we recall that υ was defined as the topological nerve of the

enriched functor υtop, so it will suffice to show that for all Lie group homomorphisms
α, β : G⇒ H the composite

mapsFuncont(BG,BH)(α, β)
υtop−−−→mapsG-L-Top◦

/LV /H
(α∗LV , β

∗LV )

≃ HomNtop(G-L-Top◦
/LV /H

)(α
∗LV , β

∗LV )
loc−−→ Hom(SG-gl)/LV /H

(α∗LV , β
∗LV )

is a weak homotopy equivalence. By Lemma 2.53, LV → LV /H is an H-global
fibration, so υ(β) is a G-global fibration by Lemma 2.39. Moreover, as in the proof
of essential surjectivity we can find a G-representation W together with a point
u ∈ L(V,W )α, and enlarging W if necessary, we may assume that W is faithful; the
Yoneda lemma then provides a unique map f : L(W,−) → α∗LV sending idW to
u, which is a cofibrant replacement by Lemma 2.50. By the description of loc on
mapping spaces from Lemma B.6, it will then suffice to show that

maps(α, β)
υtop−−−→maps(α∗LV , β

∗LV )
−◦f−−−→maps(L(W,−), β∗LV )

is a weak homotopy equivalence. Plugging in the definitions, this composite sends
an h ∈ H with β = ch ◦ α to a map L(W,−)→ β∗LV with idW 7→ u.h−1. On the
other hand, L(W,−) → LV /H corepresents (via evaluation at idW ) the enriched
functor sending X to the fiber of X(W )idG over the point [u] ∈ LV /H, so that the
claim is equivalent to showing that the map

{h ∈ H : β = chα} → {v ∈ L(V,W ) : [u] = [v] and g.v = v.β(g) for all g ∈ G}
h 7→ u.h−1 (3.3)

is a weak homotopy equivalence, where both sides carry the subspace topologies.
We will show that this map is even a homeomorphism. The source is compact and
the target is Hausdorff, so it will suffice that (3.3) is bijective. Injectivity is clear
as H acts freely on L(V,W ) by faithfulness of the action on V . For surjectivity we
observe that if [v] = [u], then there exists by definition an h ∈ H with v = u.h−1,
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and it only remains that this h defines an element of the left-hand side whenever v
is a point in the target of (3.3). But indeed, if g ∈ G is arbitrary, then

v.hα(g) = u.α(g)
(∗)
= g.u = g.v.h

(†)
= v.β(g)h,

where (∗) uses that u is an α-fixed point, (†) uses that v belongs to the target of
(3.3), and all other identities follow from v = u.h−1. Using once more that the
H-action is free, we conclude that hα(g) = β(g)h as desired. □

Theorem 3.22. The functor Υ restricts to an equivalence Glo ∼−−→ Ogl ⊂ Sgl.

Proof. We already observed above that Υ(H) ≃ L(V,−)/H for any faithful
H-representation V . It remains to show that the induced map Υ: Hom(BG,BH)→
Hom(Υ(BG),Υ(BH)) is an equivalence for all compact Lie groups G,H. Fixing H
but varying G, we may equivalently show that the composite

HomGlo(−,BH)
Υ−−→ HomSgl

(Υ(−),Υ(BH)) ∼−−→ (Sgl)
◦
/(L(V,−)/H) (3.4)

with the equivalence from Proposition 3.15 is invertible. By the explicit description
of the latter, (3.4) sends idBH to the unit (L(V,−)→ L(V,−)/H) ∈ SH-gl, and by
the Yoneda lemma this uniquely characterizes the transformation. As the composite

HomGlo(−,BH)
υ−−→ Ntop

(
Funcont(−,L-Top)◦/(L(V,−)/H)

) loc−−→ (Sgl)
◦
/(L(V,−)/H)

has the same property, it therefore necessarily agrees with (3.4). The claim now
follows from Proposition 3.21. □

3.3. The universal property of global spaces. Putting all the pieces
together, we can now prove the desired equivalence SpcGlo ≃ Sgl:

Proof of Theorem 3.3. It suffices to verify the assumptions of Theorem 3.12.

(1) Each Sgl(BG) ≃ SG-gl is complete as the underlying ∞-category of a
model category. Moreover, each restriction functor f∗ admits a left adjoint
Lf! by Lemma 2.39.

(2) If G is any compact Lie group and g : G→ 1 denotes the unique map, then
Lg! : SG-gl → (Sgl)/Lg!1 is an equivalence by Corollary 2.54.

(3) The product decomposition of Lf!f
∗X is the content of Proposition 2.48.

(4) By Theorem 3.22, Υ defines an equivalence Glo→ Ogl, and so it extends
to an equivalence PSh(Glo) ∼−−→ Sgl by Proposition 2.36. □

3.3.1. Applications. We are now finally ready to explain how our definition of
Glo relates to various other definitions in the literature:

Remark 3.23. (1) Combing Theorem 3.22 and Remark 2.38, we have
an equivalence Glo ∼−−→ Ntop(Ogl), where Ogl is the model of the global
indexing category from [Sch20]. Unravelling definitions, this equivalence
can be described on the level of homotopy categories as follows: if G ⊂ L is
a universal subgroup, then BG is sent to L/G, and a map BG→ BG′ cor-
responding to a homomorphism f : G→ G′ is sent to − ◦ u : L/G→ L/G′

where u : R∞ → R∞ is any isometric embedding that is G′-equivariant
with respect to the G′-action on the target as a subgroup of L and the one
on the source via restricting the G-action.
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(2) [Rez14,LNP25] work with the topological category Glo′ whose objects
are compact Lie groups and with space of morphisms from H to G given
by the geometric realization of the topological groupoid

maps(H,G)//G : ∆op −→ Top,

[n] 7−→maps(H,G)×Gn

encoding the conjugation action of G on the space of continuous group
homomorphisms maps(H,G) (with compact open topology). By the
main result of [Kör18], this is Dwyer–Kan equivalent to Ogl, and so the
corresponding∞-category is equivalent to Glo. By the explicit construction
of the equivalence in loc. cit. as a zig-zag, we see that the induced map on
homotopy categories can be described analogously to the equivalence from
the previous item. Thus, the composite equivalence Ntop(Glo′) ∼−−→ Glo
is given on homotopy categories by sending a compact Lie group G to BG
and a homomorphism f : G→ G′ to Bf : BG→ BG′.

(3) [GH07] uses a variant of preceeding definition where they instead take
the ‘fat’ realizations of the action groupoid maps(H,G)//G. This is again
equivalent to the previous models by [Kör18, Remark 3.10].

As another application, we can now describe some pullbacks in Glo:

Proposition 3.24. Let

A B

C D

g

q
⌟

p

f

(3.5)

be any pullback square in the 1-category of compact Lie groups such that the
homomorphism p is surjective. Then the corresponding square in Glo is a pullback.

In particular, Glo has finite products, given by products in the 1-category of
compact Lie groups.

A direct proof of this lemma using results from the representation theory of
compact Lie groups can be found in [Rez14, §6.2]. We will give an alternative
homotopy theoretic proof exploiting the above comparison.

Proof. We saw in Proposition 2.55 that the associated Beck–Chevalley map
Lq!g

∗ → f∗Lp! for Sgl is invertible, whence so is the Beck–Chevalley map q!g
∗ →

f∗p! for SpcGlo by Theorem 3.3. Plugging in the terminal object 1 ∈ SpcGlo(BB) =
PSh(Glo)/BB and recalling the definition of the functoriality then precisely says that
the square

BA BB

BC BD

induced by (3.5) is a pullback in PSh(Glo), and hence also in Glo. □

3.3.2. F-global spaces. Fix a collection F of compact Lie groups closed under
isomorphisms. We will now explain how to generalize Theorem 3.3 to give a
description of the universal F -globally presentable F-global ∞-category.
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Definition 3.25. A map f : X → Y of closed orthogonal G-spaces is called a
G-global F-weak equivalence if f(UH) : X(UH)→ Y (UH) is a GH,G-weak equivalence
for every H ∈ F and some (hence any) complete H-universe UH .

A map f : X → Y between general orthogonal G-spaces is called a G-global
F-weak equivalence if in some (hence any) commutative square

X ′ Y ′

X Y

∼

f ′

∼

f

where the vertical maps are G-global equivalences and X ′, Y ′ are closed, the map
f ′ is a G-global F-weak equivalence in the sense defined above.

Remark 3.26. If G = 1, the above are referred to as F-global weak equivalences
in [Sch18, §1.4]. There, the additional assumption is imposed that F be non-empty
and closed under subquotients, in which case F is referred to as a global family.
While the collections F = Aℓℓℓℓℓℓ and F = Fin we care about are in fact global families,
the stability under subquotients is not needed for our purposes.

Lemma 3.27. Let α : G → G′ be any homomorphism of compact Lie groups.
Then α∗ : G′-L-Top→ G-L-Top sends G′-global F -weak equivalences to G-global
F-weak equivalences.

Proof. In light of Lemma 2.39, it suffices to consider the case of G′-global F -
weak equivalences f : X → Y of closed orthogonal G′-spaces. But indeed, if H ∈ F
and UH is any complete H-universe, then α∗f(UH) is a GH,G-weak equivalence by
Example 2.6. □

Construction 3.28. Localizing Ntop(L-Top
♭) in each degree G at the G-global

F-weak equivalences and restricting to GloF , we obtain an F-global ∞-category
SF

gl : GloopF → Cat∞ given in degree G ∈ F by the localization SF
G-gl of G-L-Top

at the G-global F-weak equivalences.

Theorem 3.29. The F-global ∞-category SF
gl is F-globally presentable. For

any F -globally cocomplete F -global∞-category D, evaluation at the terminal object
defines an equivalence

FunGloF -cc(SF
gl ,D)

∼−−→ D.
To reduce this to the case F = Aℓℓℓℓℓℓ treated above we will need:

Lemma 3.30. Let Φ: Sgl
∼−−→ Spcgl be the unique equivalence, and fix any

homomorphism φ : H → G of compact Lie groups. Then the composite

SG-gl
ΦG−−−→∼ PSh(Glo/BG)

evφ−−−→ Spc

is equivalent to

SG-gl
∼−−→ Sclosed

G-gl

(−)φ◦evUH−−−−−−−−→ Spc (3.6)

for any complete H-universe UH .

Proof. Using that Φ is a global functor, and comparing the functoriality on
both sides, it suffices to consider the case where H = G and φ = idH . In this case,
combining Lemmas 2.37 and 2.50 shows that (3.6) is corepresented by the terminal
object. On the other hand, the terminal object of PSh(Glo/BH) is represented by
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idH , so it corepresents evaluation at idH by the Yoneda lemma. Adjoining over, it
will therefore suffice that the left adjoint of ΦH : SH-gl → PSh(Glo/BH) preserves
the terminal object; but as this left adjoint is again an equivalence, this is clear. □

Proof of Theorem 3.29. We may equivalently construct an equivalence
SF

gl
∼−−→ SpcGloF

(which will automatically preserve the terminal object). To
do so, consider once more the unique equivalence Φ: Sgl

∼−−→ SpcGlo and restrict
it to a map of F-global ∞-categories. By construction, we have a localization
fgt : Sgl|GloF → SF

gl , induced by the identity of G-L-Top for varying G. On the

other hand, the inclusion GloF ↪→ Glo induces a map fgt : SpcGlo|GloF → SpcGloF
;

this is again a localization, as each PSh(Glo/BG)→ PSh((GloF )/BG) admits a fully
faithful right adjoint (given by right Kan extension along the fully faithful functor
(GloF )/BG ↪→ Glo/BG). In summary, we have the solid part of the square

Sgl|GloF SpcGlo|GloF

SF
gl SpcGloF

Φ
∼

fgt fgt

?

where both vertical maps are localizations. It will therefore suffice that a map in the
top left corner is inverted by the left-hand vertical functor if and only if its image
under Φ is is inverted by the right-hand vertical map. Plugging in the definition of
the G-global F -weak equivalences, this follows at once from the previous lemma. □

Example 3.31. For F = Fin the global family of finite groups, this in par-
ticular provides a pointset model of the free presentable Fin-global ∞-category.
Another such pointset model (via actions of the ‘universal finite group’) was given in
[CLL25a, Theorem 3.3.2]. We conclude that these pointset models define equivalent
∞-categories, i.e. for finite G the localization of G-L-Top at the G-global Fin-weak
equivalences is modelled by the various pointset models studied in [Len25a, Chap-
ter 1], generalizing the comparison for G = 1 from Corollary 1.5.59 of op. cit.

3.4. The universal property of equivariant spaces. In this subsection, we
will introduce the global ∞-category S of equivariant spaces and prove its universal
property. Let us jump straight to the construction:

Construction 3.32. Localizing Ntop(Top
♭) at the equivariant weak equiva-

lences we obtain a global ∞-category S such that S(BG) is the ∞-category SG

of G-spaces from Example 2.3, and with restrictions f∗ : SG′ → SG given by the
derived functors of restriction at the pointset level. We call S the global ∞-category
of equivariant spaces.

Below we will show that S is the free so-called equivariantly cocomplete global
∞-category. Roughly speaking, the difference between equivariant and global
cocompleteness is that for the former we only require the existence of left adjoints
for restrictions along injective homomorphisms. We will formally define the notion
of equivariant cocompleteness in §3.4.1, where we will also explain how the free
equivariantly cocomplete global ∞-category relates to the free globally cocomplete
global ∞-category SpcGlo. In §3.4.2, we will then similarly study the relationship
between S to Sgl and use this to prove the universal property of S.
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3.4.1. Clefts. The notion of equivariant cocompleteness is an instance of the
more general notion of S-cocompleteness of T -∞-categories for so-called clefts S ⊂ T .
While the reader can safely treat the notion of a cleft as a blackbox, we recall its
definition for completeness:

Definition 3.33 (See [CLL25b, Definition 3.2]). Let T be a small ∞-category.
A cleft is a wide subcategory i : S ↪→ T satisfying all of the following conditions:

(1) S is left-cancellable, i.e. for any composable maps f, g in T such that f
and fg belong to S, also g belongs to S.

(2) Given any f : A → B in S and g : B′ → B in T , there exists a pullback
square in PSh(T ) of the form

i!X i!B
′

i!A i!B,

⌟

i!f
′

g

i!f

where i! : PSh(S) → PSh(T ) denotes left Kan extension along i and we
conflate elements of S and T with their Yoneda image as before.

(3) Given maps f : A → B and g : B → A in T such that gf = idA and fg
belongs to S, then both f and g belong to S.

Remark 3.34. By [CLL25b, Theorem 3.9], a wide subcategory S ⊂ T is a cleft
if and only if left Kan extension along the inclusion exhibits PSh(S) as a fracture
subcategory of PSh(T ) in the sense of [Lur18, Definition 20.1.2.1].

Proposition 3.35. Write Orb ⊂ Glo for the wide subcategory given by the
injective homomorphisms. Then Orb ⊂ Glo is a cleft.

Proof. By [LNP25, Proposition 6.13], Orb is the right class of a factorization
system on Glo. The claim is therefore an instance of [CLL25b, Proposition 3.33]. □

Proposition 3.36 (See [CLL25b, Lemma 3.17]). Let i : S ↪→ T be a cleft. Then
the unique left adjoint S-functor SpcS → i∗(SpcT ) preserving the terminal object is
fully faithful, and its essential image is actually a T -subcategory of SpcT . □

Definition 3.37. We will denote the T -subcategory from the previous proposi-
tion by SpcS▷T and call it the T -∞-category of S-spaces.

The notation ‘S ▷ T ’ is to be read as ‘S extended to T ,’ reflecting that SpcS▷T
is an extension of SpcS to a T -∞-category.

Remark 3.38. By the explicit construction of the left adjoint SpcS → i∗(SpcT )
in [CLL25b, Construction 3.15], SpcS▷T consists in degree A ∈ T precisely of those
presheaves on T/A that are left Kan extended from S/A.

Definition 3.39. Let S ⊂ T be a cleft. A T -∞-category is called S-cocomplete
if it is fiberwise cocomplete and SpcS▷T -cocomplete, and it is called S-presentable
if it is in addition fiberwise presentable. A functor F : C → D of S-cocomplete
T -∞-categories is called S-cocontinuous if it is fiberwise cocontinuous and SpcS▷T -

cocontinuous. We write CATS-ccT ⊂ CATT for the subcategory spanend by the S-

cocomplete T -∞-categories and S-cocontinuous functors. We moreover write PrST ⊂
CATS-ccT for the full subcategory spanned by the S-presentable T -∞-categories.
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Example 3.40. For the minimal cleft S = ι T , the above simplifies to the
corresponding fiberwise notions. On the other hand, for the maximal cleft S = T ,
this recovers the notions of T -cocompleteness and T -presentability. We will employ
both the notations PrTT and PrLT , depending on whether we want to emphasize that
the morphisms are T -cocontinuous functors or left adjoints.

Example 3.41. Specializing Definition 3.39 to the cleft Orb ⊂ Glo from Propo-
sition 3.35 yields the notions of equivariant cocompleteness and equivariant pre-
sentability for global ∞-categories.

Next, we will describe the free S-cocomplete T -∞-category, generalizing the
case S = T considered in Corollary 1.53. For this we first observe:

Remark 3.42 (See [CLL25b, Lemma 4.15]). Let C,D be S-cocomplete T -∞-
categories. Generalizing the case S = T considered in §1.2.3, the full subcategories
of FunT (C,D)(X) spanned by the S-cocontinuous functors C → Fun(X,D) for X ∈
PSh(T ) define a T -subcategory of FunT (C,D), which we denote by FunS-ccT (C,D).

Proposition 3.43 (See [CLL25b, Corollary 4.27]). Let S ⊂ T be a cleft.
The T -∞-category SpcS▷T is S-presentable. Moreover, for every S-cocomplete
T -∞-category D, evaluation at the terminal object yields an equivalence

FunS-ccT (SpcS▷T ,D)
∼−−→ D. □

Remark 3.44. More generally, the free S-cocomplete T -∞-category generated
by a small T -∞-category I is S-presentable, and it can be analogously described as
the essential image of PShS(i

∗I) ↪→ PShT (I), see [CLL25b, Corollary 4.26].

We close this discussion by giving pointwise characterizations of S-cocom-
pleteness and S-cocontinuity. Note that even for S = T these improve on the
characterizations one would obtain by näıvely applying Lemmas 1.45 and 1.46.

Lemma 3.45 (See [CLL25b, Lemma 4.9]). A T -∞-category C is S-cocomplete
if and only if the following three conditions are satisfied:

(1) The T -∞-category C is fiberwise cocomplete.
(2) For every morphism s : A → B ∈ S, the restriction s∗ : C(B) → C(A)

admits a left adjoint s!.
(3) For any pullback

X A

C B

s′
⌟

f ′

s

f

in PSh(T ) with s in S and C ∈ T , the restriction along s′ admits a left
adjoint s′!, and the Beck-Chevalley map s′!f

′∗ → f∗s! is an equivalence.

Remark 3.46. By [CLL25b, Lemma 4.7], the existence of the left adjoint s′!
in (3) of the above lemma follows from (1) and (2). More generally, loc. cit. shows
that under these assumptions a left adjoint exists for restriction along any map f in
the image of PSh(S) with representable target.

Lemma 3.47 (See [CLL25b, Lemma 4.11]). A functor F : C → D of S-cocom-
plete T -∞-categories is S-cocontinuous if and only if it is fiberwise cocontinuous
and the Beck–Chevalley map s!F → Fs! is invertible for every map s in S. □
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3.4.2. Equivariant spaces vs. global spaces. The above already shows that the
free equivariantly cocomplete global ∞-category SpcOrb▷Glo is a full subcategory
of SpcGlo. Thus, to compare it to S, it will suffice to similarly embed S into Sgl,
and then check that the two subcategories match up under the unique equivalence
SpcGlo ≃ Sgl from Theorem 3.3. To address the former, we will now show:

Proposition 3.48. Let G be a compact Lie group. The functor

c : G-Top→ G-L-Top

sending a topological G-space to the associated constant orthogonal G-space is
homotopical and descends to a fully faithful left adjoint SG → SG-gl.

The proof will rely on the following model-categorical observation.

Lemma 3.49. Let V be a faithful G-representation. Then

L(V,−)× c(−) : G-Top→ G-L-Top (3.7)

is left Quillen, and its left derived functor SG → SG-gl is fully faithful.

Proof. It is clear that L(V,−)×c(−) ⊣ evV is an adjunction with unit η : X →
L(V, V ) × X given by the inclusion of idV ∈ L(V, V ). Combining Lemmas 2.24
and 2.5 shows that evV is right Quillen for the G-global level model structure; as the
G-global model structure has the same cofibrations and more acyclic cofibrations
(and hence the same acyclic fibrations and fewer fibrations) as the G-global level
model structure, evV is then also right Quillen for the G-global model structure on
G-L-Top.

For full faithfulness, it will suffice to show that the derived unit is invertible, for
which we fix a fibrant replacement i : L(V,−)→ L. Then L(V,−)×X → L×X is
a G-global weak equivalence for every G-space X by Corollary 2.47, and the target
is fibrant by direct inspection; thus, the derived unit is given by the composite

X
x7→(idV ,x)−−−−−−−−→ L(V, V )×X i(V )×X−−−−−−→ L(V )×X,

and it suffices to show that the G-space L(V ) (where G acts diagonally) is G-
equivariantly weakly contractible. For this, note that L → 1 is a G-global weak
equivalence (by Lemma 2.50) and a G-global fibration (by choice of L), hence also
an acyclic fibration in the G-equivariant level model structure. The claim therefore
follows from the definition of the G-global level weak equivalences. □

Proof of Proposition 3.48. Fix a faithful G-representation V . Combining
Lemma 2.50 with Corollary 2.47, the projection L(V,−)×X → c(X) is a G-global
weak equivalence for any X ∈ G-L-Top. The claim therefore follows immediately
from the previous lemma. □

Remark 3.50. The above proof shows that the right adjoint SG-gl → SG of c
is given as the right derived functor of evV for any faithful G-representation V . As
in the proof of Lemma 3.30 we may equivalently describe this as the left derived
functor of evU for any complete G-universe U .

With this at hand, we can now show:

Theorem 3.51. The global ∞-category S is equivariantly presentable, and the
unique equivariantly cocontinuous functor SpcOrb▷Glo → S preserving the terminal
object is an equivalence.
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Proof. The topological functor c induces a global functor Ntop(Top
♭) →

Ntop(L-Top
♭), which by Proposition 3.48 descends to a fully faithful and levelwise

left adjoint functor c : S→ Sgl. To complete the proof, it will now suffice to show
that the essential image of the composite

Ψ: S
c−→ Sgl

Φ−−→∼ SpcGlo

agrees with SpcOrb▷Glo ⊂ SpcGlo, where Φ denotes the unique equivalence.
To see that Ψ factors through SpcOrb▷Glo, it suffices by Elmendorf’s Theorem

to show that the left adjoint ΨG : SG → SpcGlo(G) maps G/H into SpcOrb(G) for
any compact Lie group G and any closed subgroup H ⊂ G. To this end, let us write
i : H ↪→ G for the inclusion, so that c(G/H) ≃ Li!c(1H) by Proposition 2.43 and
hence ΨG(G/H) = ΦGLi!c(1H) = i!ΦHc(1) = i!1 ∈ SpcOrb▷Glo(G).

For the converse, note that SpcOrb(BG) ≃ PSh(Orb/BG) is generated under
ordinary colimits by the objects (i : H ↪→ G) = i!1H for closed subgroups H ⊂ G,
so that also SpcOrb▷Glo(BG) is generated by the objects i!1H . We have just seen
that ΨG(G/H) ≃ i!1H ; thus, the essential image of the fully faithful left adjoint
ΨG contains a set of generators of SpcOrb▷Glo(BG), so it already has to be all of
SpcOrb▷Glo(BG). □

Combining this with Proposition 3.43 we now get:

Corollary 3.52. For every equivariantly cocomplete global ∞-category D,
evaluation at the terminal object defines an equivalence

FunOrb-cc
Glo (S,D) ∼−−→ D. □

3.5. Symmetric monoidal structures. As our final results in this section,
we will show that Sgl and S admit unique (levelwise) symmetric monoidal structures
such the tensor product preserves global respectively equivariant colimits in each
variable in a sense that will be made precise below, and that the resulting global
symmetric monoidal categories again admit suitable universal properties.

3.5.1. Symmetric monoidal T -∞-categories. We begin by introducing symmetric
monoidal structures in the parametrized setting and discussing some examples.

Definition 3.53. A symmetric monoidal T -∞-category is an object of the
∞-category CMon(CATT ). We refer to the morphisms of this category as symmetric
monoidal T -functors.

Notation 3.54. We will typically denote symmetric monoidal T -∞-categories
by C, D, . . . again. If we want to emphasize the difference between a symmetric
monoidal T -∞-category and its underlying T -∞-category, we will decorate the
former with a superscript ‘⊗’ (e.g. C⊗, D⊗, . . . ).

Remark 3.55. By currying, a symmetric monoidal T -∞-category can be equiv-
alently described as a functor T op → CMon(CAT∞), and we will freely switch
between these two perspectives.

Example 3.56. Let C be a T -∞-category with fiberwise finite products, i.e. such
that C factors through the non-full subcategory CATΠ

∞ ⊂ CAT∞ of ∞-categories
with finite products and functors preserving them. Postcomposing with the functor
(−)× : CATΠ

∞ → CMon(CAT∞) equipping an ∞-category with finite products with
the cartesian symmetric monoidal structure, we may then upgrade C to a symmetric
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monoidal T -∞-category C× : T op → CMon(CAT∞). We will refer to this as the
cartesian T -symmetric monoidal structure on C.

Remark 3.57. As (−)× : CATΠ
∞ → CMon(CAT∞) is fully faithful, it is a

property for a symmetric monoidal T -∞-category C to be cartesian, and this is
moreover equivalent to each individual C(A) ∈ CMon(CAT∞) being cartesian. By
[CHLL25, Remark 2.4.2op], this is in turn equivalent to the unit being terminal
and the tensor product C(A)× C(A)→ C(A) admitting a left adjoint.

Another family of examples comes from a refinement of the continuous Borel
construction. We will begin by explaining how to associate a symmetric monoidal
∞-category to a topological symmetric monoidal category (i.e. a symmetric monoidal
category with a topological enrichment of the underlying category such that the
tensor product is an enriched functor). While this could be done explicitly by
adapting the constructions from [Lur17, §2.1.1], we prefer a more abstract approach.

Construction 3.58. We write topSymMonCat for the 1-category of small
topological symmetric monoidal categories and enriched strong symmetric monoidal
functors. For all C⊗,D⊗ ∈ topSymMonCat we define Fun⊗

cont(C
⊗,D⊗) as the

category of enriched strong symmetric monoidal functors and symmetric monoidal
transformations, with each morphism space maps(F,G) topologized as a subspace
of

∏
c∈C maps(F (c), G(c)) as before. We omit the straightforward verification that

this makes topSymMonCat into a topCat-enriched category, which is moreover
cotensored over topCat, with cotensoring given by sending (K ∈ topCat,C⊗ ∈
topSymMonCat) to Funcont(K,C) with the pointwise symmetric monoidal struc-
ture, and with the evident (enriched) functoriality in K and C⊗. We define the
simplicially enriched category topSymMonCat∆ by transporting the enrichment
along ιNtop as before.

Lemma 3.59. The ∞-category N∆(topSymMonCat∆) is semiadditive, with
products computed in the 1-category of topological categories.

Proof. It is clear that the projections induce even an isomorphism

Fun⊗
cont(C

⊗,D⊗ ×E⊗)
∼=−−→ Fun⊗

cont(C
⊗,D⊗)× Fun⊗

cont(C
⊗,E⊗)

for all topological symmetric monoidal categories C⊗,D⊗,E⊗, and hence exhibit
D⊗ ×E⊗ as a product. Analogously, one sees that 1 (with the unique symmetric
monoidal structure) is terminal.

One directly checks for any C⊗, the map 1 : 1→ C⊗ classifying the symmetric
monoidal unit admits a (unique) symmetric monoidal structure; any other sym-
metric monoidal functor 1→ C⊗ is isomorphic to 1 by the unitality condition for
symmetric monoidal functors, and the unitality condition for symmetric monoidal
transformations implies that this isomorphism is unique. Thus, Fun⊗

cont(1,C
⊗) is

equivalent in the enriched sense (and hence in particular Dwyer–Kan equivalent) to
the terminal category for any C⊗, so that 1 is also initial.

Finally, we will show that for any C⊗,D⊗,E⊗ the map

Fun⊗
cont(C

⊗ ×D⊗,E⊗)→ Fun⊗
cont(C

⊗,E⊗)× Fun⊗
cont(D

⊗,E⊗) (3.8)

induced by the inclusions i1 : C
⊗ → C⊗×D⊗ ← D⊗ : i2 of the units is an equivalence

again, so that i1 and i2 exhibit C⊗×D⊗ as the coproduct, which will then complete
the proof of semiadditivity. For this, let us make the tensor product E× E → E
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into a strong symmetric monoidal functor µ via the associativitiy and symmetry
isomorphisms of E⊗, and consider the composite

Fun⊗
cont(C

⊗,E⊗)× Fun⊗
cont(D

⊗,E⊗)
−×−−−−−→ Fun⊗

cont(C
⊗ ×D⊗,E⊗ ×E⊗)

µ◦−−−−→ Fun⊗
cont(C

⊗ ×D⊗,E⊗). (3.9)

For any F : C⊗ ×D⊗ → E⊗ and any X ∈ C, Y ∈ D we then have isomorphisms

F (X,Y ) ∼= F
(
(X,1)⊗ (1, Y )

) ∼= F (X,1)⊗ F (1, Y )

via the unitality isomorphisms of C⊗ and D⊗ and the symmetric monoidal structure
of F . It is then a routine, but somewhat lengthy argument to check that these
assemble into a symmetric monoidal isomorphism F ∼= µ ◦ (Fi1×Fi2) and that this
isomorphism is natural in F , exhibiting (3.9) as left inverse to (3.8). Similarly, one
uses the unitality isomorphisms to exhibit (3.9) also as right inverse to (3.8). □

Specializing [GGN15, Corollary 2.5] we therefore get:

Corollary 3.60. There exists a unique (dashed) lift in the diagram

N∆(topSymMonCat∆) CMon(Cat∞)

N∆(topCat∆) Cat∞ .

fgt fgt

Ntop
□

Remark 3.61. The explicit construction of (3.9) shows that the codiagonal
E⊗ × E⊗ → E⊗ is given for any E⊗ ∈ Ntop(topSymMonCat∆) by the tensor

product. It follows that the tensor product on Ntop(E
⊗) is given by the composite

Ntop(E)×Ntop(E) ∼−−→ Ntop(E×E)
Ntop(⊗)−−−−−−→ Ntop(E).

In particular, we see that whenever C⊗ is equipped with a collection W of weak
equivalences stable under the tensor product, then the symmetric monoidal ∞-
category Ntop(E

⊗) localizes to a symmetric monoidal enhancement of Ntop(E)[W−1].

We are now ready to upgrade the continuous Borel construction to a functor
Ntop(topSymMonCat∆)→ CMon(CatGlo).

Construction 3.62. Restricting the cotensoring of topSymMonCat, we
obtain an enriched functor topSymMonCat∆ → Fun(Glo, topSymMonCat∆),
given on objects by sending C⊗ to Funcont(−,C⊗). The composite

N∆(topSymMonCat∆)→ N∆

(
Fun(Glo, topSymMonCat∆)

)
→ Fun

(
Glo, N∆(topSymMonCat∆)

)
→ Fun

(
Glo,CMon(Cat∞)

)
with the natural comparison map and the lift of Ntop from Corollary 3.60 then
provides a lift of the continuous Borel construction. We will again denote this lift

on objects by C⊗ 7→ Ntop(C
⊗,♭).

3.5.2. The parametrized Lurie tensor product. Below, we will typically not be
interested in general symmetric monoidal structures, but instead only with those
where the tensor product preserves certain parametrized colimits separately in each
variable. We begin by formally defining this notion:
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Definition 3.63. Let S ⊂ T be a cleft and let C1, C2,D be S-cocomplete
T -∞-categories. A functor C1 ×C2 → D is called S-cocontinuous in each variable or
S-bilinear if for every A ∈ T and X1 ∈ C1(A), X2 ∈ C2(A) the two composites

{X1} × π∗
AC2 ↪−→ π∗

AC1 × π∗
AC2

π∗
AF−−−−→ π∗

AD

π∗
AC1 × {X2} ↪−→ π∗

AC1 × π∗
AC2

π∗
AF−−−−→ π∗

AD

preserve (T/A ×T S)-colimits in the usual sense. Analogously, we define what it
means for C1 × · · · × Cn → D to be S-cocontinuous in each variable (S-multilinear).

Remark 3.64. Applying Lemma 1.34, one easily sees that F : C1 × C2 → D is
S-bilinear if and only if each individual functor C1(A)× C2(A)→ D(A) preserves
ordinary colimits in each variable and we moreover have projection formulæ in the
sense that the Beck–Chevalley maps

f!F (f
∗X1,−)→ F (X1, f!(−)) and f!F (−, f∗X2)→ F (f!(−), X2)

associated to the naturality squares

C2(B) D(B) C1(B) D(A)

C2(A) D(A) C1(A) D(A)

F (X1,−)

f∗ f∗

F (−,X2)

f∗ f∗

F (f∗X1,−) F (−,f∗X2)

are equivalences for every f : A→ B in S, X1 ∈ C1(B), and X2 ∈ C2(A).

Remark 3.65. Spelling out the definitions, the first Beck–Chevalley map from
the previous remark is given as the composite

f!F (f
∗X1, X2)

f!F (f∗X1,η)−−−−−−−−→ f!F (f
∗X1, f

∗f!X2) ≃ f!f∗F (X1, f!X2)
ε−→ F (X1, f!X2),

and in particular we see that it upgrades (in a preferred way) to a natural transfor-
mation of functors C1(B)× C2(A)→ D(B) (whereas the original construction is a
priori only natural in the second variable). Similarly, one shows that also the other
Beck–Chevalley map ‘is’ natural in both variables.

Remark 3.66. By [MW22, Lemma 2.6.1.3], the T -∞-categories FunS-ccT (Ci,D)
for i = 1, 2 are again S-cocomplete (with the inclusion into FunT (Ci,D) being
S-cocontinuous), and we can equivalently characterize S-bilinear maps C1 ×C2 → D
as those that adjoin to an S-cocontinuous map C1 → FunS-cc(C2,D) or equivalently
C2 → FunS-cc(C1,D).

Consider now the cartesian symmetric monoidal structure CAT×
T → Fin∗ on

the (very large) ∞-category CATT . We define a subcategory CATS-cc,⊗T whose
objects are the S-cocomplete T -∞-categories, and such that the maps (C1, . . . , Cn)→
(D1, . . . ,Dm) over an α : ⟨n⟩ → ⟨m⟩ in Fin∗ are those maps such that each component∏

i∈α−1(j) Ci → Dj is S-cocontinuous in each variable.

Proposition 3.67 (See [MW22, Corollary 2.6.2.5 and Remark 2.6.2.6]). The

composite CATS-cc,⊗T ↪→ CAT×
T → Fin∗ is the cocartesian fibration for a symmetric

monoidal structure on CATS-ccT with unit SpcS▷T . □

We will refer to the tensor product of this symmetric monoidal structure as the
parametrized Lurie tensor product.
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Remark 3.68. By [MW22, Remark 2.6.2.7], CATS-cc,⊗T ↪→ CAT×
T is lax

symmetric monoidal, and the induced functor CAlg(CATS-cc,⊗T ) ↪→ CAlg(CAT×
T )

defines an equivalence onto the subcategory whose objects are the S-cocomplete
symmetric monoidal T -∞-categories such that the tensor product preserves S-
colimits in each variable separately, and whose morphisms are the S-cocontinuous
strong symmetric monoidal functors.

Remark 3.69. It follows from Remark 3.66 that the symmetric monoidal
structure afforded by the parametrized Lurie tensor product is closed, with internal
homs given by FunS-cc(−,−).

Recall that the usual Lurie tensor product on CATcc
∞ restricts to a symmetric

monoidal product on PrL; the next goal will be to show the parametrized analogue
of this result. Our proof will proceed by reducing to the case T = S which was
already handled by Martini and Wolf; we therefore begin by showing:

Lemma 3.70. Let i : S ↪→ T be a cleft. Then the strong symmetric monoidal
functor i∗ : CAT×

T → CAT×
S restricts to a strong symmetric monoidal functor

CATS-cc,⊗T → CATS-cc,⊗S .

Proof. This proof is an elaboration on [CLL25b, Remark 4.23]. Unravelling
definitions, the lemma amounts to proving the following:

(1) The unique S-cocontinuous T -functor SpcS → i∗(SpcS▷T ) preserving the
terminal object is an equivalence.

(2) For any C1, C2 ∈ CATS-ccT , ‘the’ universal S-bilinear map β : C1 × C2 → D
forgets to the universal S-bilinear map i∗C1 × i∗C2 → i∗D.

The first statement is clear, while for the second statement it will suffice to show
that for any S-cocomplete S-∞-category D the induced map

− ◦ i∗β : FunS-bilinearS (i∗C1 × i∗C2, E)→ FunS-ccS (i∗D, E)

is an equivalence. By [CLL25b, Construction 4.21 and Corollary 4.22], the
equivalence FunT (D, i∗E)

∼−−→ i∗FunS(i
∗D, E) obtained as the total mate of the

obvious equivalence i∗D × i∗(−) ∼= i∗(D × −) restricts to FunS-ccT (D, i∗E) ∼−−→
i∗Fun

S-cc
S (i∗D, E), and evaluating at the terminal presheaf 1 ∈ PSh(T ) yields a nat-

ural equivalence FunT (D, i∗E) ∼−−→ FunS(i
∗D, E) restricting to FunS-ccT (D, i∗E) ∼−−→

FunS(i
∗D, E). On the other hand, applying this observation twice, Remark 3.66

shows that also the equivalence FunS(i
∗C1× i∗C2, E) ∼−−→ FunT (C1×C2, i∗E) restricts

to subcategories of S-bilinear functors. In summary, we obtain a commutative square

FunS-bilinearS (i∗C1 × i∗C2, E) FunS-ccS (i∗D, E)

FunS-bilinearT (C1 × C2, i∗E) FunS-ccT (D, i∗E)

−◦i∗β

∼ ∼

−◦β

The bottom map is invertible by the defining property of β, whence so is the upper
map by 2-out-of-3, as desired. □

Proposition 3.71. The symmetric monoidal structure on CATS-ccT given by
the parametrized Lurie tensor product restricts to a symmetric monoidal structure
on the full subcategory PrST .
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Proof. It is clear that PrST contains the unit. To see that it is closed under
the tensor product, note that a fiberwise cocomplete T -∞-category E is fiberwise
presentable if and only if each E(A) is presentable; in particular, an S-cocomplete T -
∞-category is S-presentable if and only its underlying S-∞-category is S-presentable.
It will therefore suffice to show that for any C,D ∈ PrST the S-∞-category i∗(C ⊗D)
is S-presentable. By the previous lemma, i∗(C ⊗ D) ≃ (i∗C)⊗ (i∗D), which is then
indeed S-presentable by [MW22, Proposition 2.6.2.9]. □

3.5.3. Symmetric monoidal structures on equivariant and global spaces. As the

unit of CATS-cc,⊗T , SpcS▷T admits a unique symmetric monoidal structure with unit
given by the terminal object. We will now explicitly describe this structure:

Proposition 3.72. Let S ⊂ T be a cleft. Then SpcS▷T has fiberwise finite
products, and the inclusion SpcS▷T ↪→ SpcT preserves fiberwise finite products.
Moreover, the cartesian symmetric monoidal structure (Example 3.56) on SpcS▷T is
S-presentably symmetric monoidal.

Proof. It is clear that SpcT has fiberwise finite products. To see that the
same holds more for generally for SpcS▷T , it will then suffice to show that the
latter is closed under fiberwise finite products in SpcT . For this we recall from
[CLL25b, Lemma 3.16] that the functors (i!)/A : PSh(S)/A → PSh(T )/A induced
by left Kan extension along i : S ↪→ T assemble into an S-left adjoint SpcS → i∗SpcT .
Clearly, each (i!)/A preserves the terminal object idA (so that its image in particular
is given by SpcS▷T (A)), while [CLL25b, Lemma 3.14] shows that it preserves binary
products. Thus, SpcS▷T has fiberwise finite products.

It only remains to prove that the tensor product preserves S-colimits in each
variable separately. It is clear that each SpcS▷T (A) ≃ PSh(S)/A is cartesian closed,
so it remains to verify the projection formula f!(X × f∗Y ) ∼−−→ f!X × Y for all
f : A→ B in S, X ∈ SpcS▷T (A), and Y ∈ SpcS▷T (B). Since this only depends on
the underlying S-∞-category, we may assume without loss of generality that T = S,
so that SpcS▷T = SpcS = PSh(S)/−. Unravelling definitions, the Beck–Chevalley
map is then simply given by the equivalence X ×A (A×B Y ) ∼−−→ X ×B Y from the
pasting law for pullback squares. □

[Lur17, Corollary 3.2.1.9] therefore specializes to the following:

Corollary 3.73. The S-presentably symmetric monoidal T -∞-category Spc×S▷T
is the initial object of CAlg(CATS-cc,⊗T ). □

As our last results in this section, we want to describe the cartesian symmetric
monoidal structures on Sgl and S in terms of the underlying model, which in light
of the previous corollary will then in particular yield a corresponding description of

the initial objects of CAlg(CATGlo-cc,⊗
Glo ) and CAlg(CATOrb-cc,⊗

Glo ), respectively.

Construction 3.74. Applying Construction 3.62 to the cartesian symmetric
monoidal structures on C = Top and localizing as before yields symmetric monoidal
global ∞-categories S⊗. Similarly, Corollary 2.45 shows that the box product of
orthogonal spaces induces a symmetric monoidal structure on Sgl.

Proposition 3.75. Both S⊗
gl and S⊗ are cartesian.

Proof. It is clear from the definitions that the unit of S is terminal and that
the derived functors SG ×SG → SG of the product functors admit left adjoints
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(namely, the derived functor of the diagonal) for every G. Thus, S⊗ is cartesian by
Remark 3.57. The statement for S⊗

gl follows in the same way using Lemma 2.46. □

Combining Corollary 3.73 with Theorems 3.3 and 3.51 we therefore get:

Corollary 3.76. The globally presentably symmetric monoidal global ∞-

category S⊗
gl is the initial object of CAlg(CATGlo-cc,⊗

Glo ). □

Corollary 3.77. The equivariantly presentably symmetric monoidal global
∞-category S⊗ is the initial object of CAlg(CATOrb-cc,⊗

Glo ). □

4. Basepoints

In this section we will establish universal properties for global ∞-categories of
pointed global or equivariant spaces.

4.1. Pointed T -∞-categories. We begin by setting up the abstract theory.

Definition 4.1. A T -∞-category C is called pointed if it factors through the
non-full subcategory CAT0

∞ ⊂ CAT∞ of∞-categories with zero objects and functors
preserving zero objects.

Any T -∞-category with a terminal object admits a universal map from a pointed
T -∞-category:

Lemma 4.2 (See [CLL25a, Corollary 4.1.9]). Let D be a T -∞-category with
a terminal object. Then the forgetful map fgt : D∗ → D from the (levelwise) slice
under the terminal object has the following universal property: for any pointed
T -∞-category C we have an equivalence

Fun0(C, fgt) : Fun0(C,D∗)
∼−−→ Fun0(C,D),

where Fun0(C, E) ⊂ Fun(C, E) denotes the full subcategory spanned in degree A ∈ T
by those functors C → Fun(A, E) preserving the terminal object. □

For T -cocomplete C, there is also a universal left adjoint to a pointed cocomplete
T -∞-category. We begin with the non-parametrized statement; while we expect this
to be well-known, we weren’t able to find a proof in this generality in the literature.

Proposition 4.3. Let C be a cocomplete ∞-category with a terminal object.
Then fgt : C∗ → C admits a left adjoint (−)+, and this enjoys the following universal
property: for any pointed cocompleteD, restriction along (−)+ defines an equivalence

Funcc(C∗,D) ∼−−→ Funcc(C,D).

Proof. It is clear that the forgetful functor admits a left adjoint, given by
taking coproduct with the terminal object. To complete the proof, it will then
suffice to show that restriction along (−)+ defines a bijection

π0 HomCATcc
∞
(C∗,D) ∼−−→ π0 HomCATcc

∞
(C,D); (4.1)

the corresponding equivalence of functor categories will then follow by replacing D
by Fun(K,D) for varying ∞-categories K.
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To prove that (4.1) is injective, let us define Sqcof(C) ⊂ Fun([1]× [1], C) as the
full subcategory spanned by all pushout squares of the form

A B

1 C
⌜

and similarly define Sqcof(D). Note that the functors Sqcof(C)→ C and Sqcof(D)→
D restricting to the top row are equivalences.

If we view the counit ε of the adjunction (−)+ ⊣ fgt as a functor C → Ar(C),
apply Ar on both sides, and restrict along C∗ ↪→ Ar(C), we obtain a functor
C∗ → Fun([1]× [1], C) sending 1→ X to the naturality square

1+ X+

1 X.

ε ε (4.2)

This functor factors through Sqcof(C); postcomposing with G then yields a functor

G′ : C∗ → Sqcof(D) such that ev1,1 ◦G′ ≃ G. On the other hand, the restriction of
G′ to the top row only depends on G ◦ (−)+ by construction, so (4.1) is injective.

For surjectivity, let F : C → D arbitrary and define G : C∗ → D as the composite

C∗ = C1/
F−−→ DF (1)/

p!−−→ D0/
∼−−→ D,

where p! is left adjoint to precomposition with p : F (1)→ 0, i.e. it is given by taking
cofibers. This composite is then clearly cocontinuous. We now consider the diagram

C C1/

D DF (1)/ D0/

(−)+

F F

i! p!

where the bottom left arrow is left adjoint to the forgetful functor. The left-hand
square commutes as F preserves pushouts (so that Ar(F ) : Ar(C)→ Ar(D) preserves
ev0-cocartesian edges), and the bottom composite is left adjoint, hence also inverse
to the forgetful map fgt : D0/

∼−−→ D. We conclude that

G ◦ (−)+ = fgt−1 ◦ p! ◦ F ◦ (−)+ ≃ fgt−1 ◦ p! ◦ i! ◦ F ≃ F,

so G is the desired preimage. □

Proposition 4.4. Let S ⊂ T be a cleft, and let C be an S-cocomplete T -∞-
category with a terminal object. Then C∗ is S-cocomplete and the forgetful functor
fgt : C∗ → C admits a T -left adjoint (−)+ enjoying the following universal property:
for any pointed S-cocomplete D, restriction along (−)+ defines an equivalence

FunS-ccT (C∗,D) ∼−−→ FunS-ccT (C,D).

Proof. It is clear that the forgetful functor admits a pointwise left adjoint
(given by coproduct with the terminal object), and the Beck–Chevalley condition
follows from fiberwise cocompleteness.
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To show that C∗ is S-cocomplete, we apply Lemma 3.45. First note that the
composite

PSh(T )op
C−−→ CAT1

∞
(−)∗−−−−→ CAT∗

∞ ⊂ CAT∞,

where CAT1
∞ ⊂ CAT∞ denotes the subcategory of ∞-categories with a terminal

object and functors preserving terminal objects, is limit-preserving (as (−)∗ is a
right adjoint). Thus, this composite describes the limit extension of C∗. Given any
Y ∈ PSh(T ) and (f : X → Y ) ∈ SpcS▷T (Y ), we may therefore identify f∗ : C∗(Y )→
C∗(X) with f∗ : C(Y )1/ → C(X)1/ which has a left adjoint given by the composite

C(X)1/
f!−−→ C(Y )f!1/

ε!−−→ C(Y )1/.

To verify the Beck–Chevalley condition, consider a pullback

A′ B′

A B

t′

s′ s

t

in PSh(T ) with s ∈ SpcS▷T (B). Then the Beck–Chevalley map s′!t
′∗ → t∗s! is a

natural transformation of cocontinuous functors C(B′)→ C(A); we may therefore
check invertibility after applying the equivalence from the previous proposition, i.e.
after precomposing with (−)+ : C(B)→ C(A). However, as Beck–Chevalley maps
compose, this fits into a commutative diagram

s′!t
∗(−)+ s′!(−)+t∗ (−)+s′!t∗

t∗s!(−)+ t∗(−)+s! (−)+t∗s!,

∼

BC!(−)+

BC!t
∗

(−)+BC!

t∗BC!
∼

where the unlabelled equivalences come from (−)+ being a T -functor. The two
horizontal Beck–Chevalley maps are equivalences since (−)+ is a left adjoint, as is
the right-hand vertical map since C is S-cocomplete. Thus, also the left-hand vertical
map is an equivalence by 2-out-of-3, finishing the proof that C∗ is S-cocomplete.

Finally, we will show that the restriction along (−)+ defines an equivalence
HomCATS-cc

T
(C∗,D) ∼−−→ HomCATS-cc

T
(C,D); the corresponding claim for parametrized

functor categories will then follow by replacing D by Fun(A × [n],D) for varying
A ∈ T , n ≥ 0.

Applying the previous proposition levelwise, we see that restriction defines
an equivalence HomCATι T -cc

T
(C∗,D) ∼−−→ HomCATι T -cc

T
(C,D); to complete the proof

it will therefore suffice to show that a fiberwise cocontinuous F : C∗ → D is S-
cocontinuous if and only if the composite C → C∗ → D is so. This follows from
Lemma 3.47: Fix B ∈ PSh(T ) and (s : A→ B) ∈ SpcS▷T (B); arguing as before, we
may check invertibility of the Beck–Chevalley map BC! : s!F → Fs! after precom-
posing with (−)+, and we may identify BC!(−)+ up to conjugation by equivalences
with the Beck–Chevalley map for the composite F ◦(−)+ : C → D. The claim follows
immediately. □

Corollary 4.5. The T -∞-category SpcS▷T,∗ is S-presentable, and for any
S-cocomplete pointed T -∞-category C, evaluation at 1+ defines an equivalence

FunS-ccT (SpcS▷T,∗, C)
∼−−→ C.
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Proof. By the previous proposition, SpcS▷T,∗ is S-cocomplete, and it is clear
that each SpcS▷T,∗(A) ≃ PSh(T/A)idA/ is presentable. Finally, combining the
previous proposition with Corollary 1.53 verifies the universal property. □

We can also give a different construction of the initial S-cocontinuous functor
with pointed target using the Lurie tensor product:

Proposition 4.6. Let C be any S-cocomplete T -∞-category. Then the levelwise
tensor product Spc∗ ⊗ C is again S-cocomplete, the map C → Spc∗ ⊗ C induced
by (−)+ : Spc → Spc∗ is S-cocontinuous, and it moreover admits the following
universal property: for every pointed S-cocomplete T -∞-category D, restriction
defines an equivalence

FunS-ccT (Spc∗ ⊗ C,D)
∼−−→ FunS-ccT (C,D).

Proof. In light of Proposition 4.4, it will be enough to construct an equivalence
Spc∗ ⊗ C

∼−−→ C∗ under C. For this, we consider the commutative diagram

Spc⊗ C Spc∗ ⊗ C

Spc⊗ C∗ Spc∗ ⊗ C∗

with horizontal maps induced by (−)+ : Spc → Spc∗ and vertical maps induced
by (−)+ : C → C∗. We claim that the right-hand vertical map and the bottom
horizontal map are equivalences; this will then complete the proof of the corollary.

To see that the bottom horizontal map is an equivalence, it suffices to show that
Spc⊗D → Spc∗ ⊗D is invertible for every (non-parametrized) pointed cocomplete
D, or equivalently that the induced map between corepresented functors on CATcc

∞
is an equivalence. By the defining property of the tensor product, the latter amounts
to saying that we have an equivalence

− ◦ (−)+ : Hom(Spc∗,Fun
cc(D, E)) ∼−−→ Hom(Spc,Funcc(D, E)) (4.3)

for any cocomplete E . By [CLL25a, Corollary 4.1.10op], the full subcategory of
Fun(D, E) spanned by the functors preserving the initial object is pointed, whence
so is the smaller subcategory Funcc(D, E) as it still contains the initial object. Thus,
applying the Proposition 4.4 for S = T = 1 shows that (4.3) is an equivalence.

For the vertical map, we similarly compare corepresented functors on fiberwise
cocomplete ∞-categories. Arguing as above, this reduces us to invertibility of

Hom(C∗,Funcc(Spc∗,−) ◦ D)→ Hom(C,Funcc(Spc∗,−) ◦ D),

and applying the above levelwise shows that Funcc(Spc∗,−) ◦ D is pointed. The
claim therefore follows from the special case S = ι T of the proposition. □

We will now apply this to global ∞-categories of equivariant and global spaces.

Construction 4.7. Localizing Ntop(L-Top
♭
∗) in each degree G at the (under-

lying) G-global weak equivalences yields a global ∞-category Sgl,∗. Analogously,
we define S∗ by localizing Ntop(Top

♭
∗) in each degree G at the (underlying) G-

equivariant weak equivalences.
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Corollary 4.8. The global ∞-category Sgl,∗ is pointed and globally pre-

sentable. For every pointed globally cocomplete D, evaluation at c(S0) defines an
equivalence

FunGlo-cc
Glo (Sgl,∗,D)

∼−−→ D.

Proof. It is clear that Sgl,∗ has a zero object, so that there is a unique global
functor Sgl,∗ → (Sgl)∗ over Sgl, and applying Lemma B.1op levelwise shows that
this map is an equivalence. Combining this with Theorem 3.3, we then get an
equivalence (Spcgl)∗ ≃ Sgl,∗ sending 1+ to c(S0). The claim now follows from
Proposition 4.4. □

In the same way we deduce from Corollary 3.52:

Corollary 4.9. The global ∞-category S∗ is pointed and equivariantly pre-
sentable. For every pointed equivariantly cocomplete D, evaluation at S0 defines an
equivalence

FunOrb-cc
Glo (S∗,D)

∼−−→ D. □

4.2. Model categorical properties. We devote this subsection to discussing
some model categorical properties of based equivariant and global spaces, which will
be used both in the next subsection to construct symmetric monoidal structures on
S∗ and Sgl,∗ as well as in setting up the stable theory in Part II.

Let us begin by recalling a couple of generalities: for any model category C
and any A ∈ C, the slices CA/ and C/A inherit model structures such that weak
equivalences, fibrations, and cofibrations are created by the forgetful functor to C.
Moreover, CA/ and C/A inherit properties like properness or cofibrant generation
from C by [Hir21]. Similarly, if C is topological, then so are the slices C/A and CA/
as the tensoring or cotensoring, respectively, are preserved by the forgetful functor.
Let us spell this out for one of the model structures above, leaving the analogous
results for other model categories implicit:

Corollary 4.10. The category G-L-Top∗ of pointed orthogonal G-spaces
admits a model structure in which a map is a weak equivalence, fibration, or
cofibration if and only if it is so in G-L-Top. This model structure is proper,
topological, and cofibrantly generated. □

4.2.1. Homotopy colimits. In §2.1.2 we saw that pushouts along h-cofibrations
compute homotopy pushouts in equivariant spaces. The analogous statement in the
based setting is not quite true, even for the trivial group: for every based space X,
the map 1→ X is an h-cofibration in Top∗, but wedge sums of weak equivalences
in Top∗ are not always weak equivalences. We therefore introduce:

Definition 4.11. Let G be a compact Lie group. A map in G-Top∗ or
G-L-Top is called an unbased h-cofibration if it is a cofibration in G-Top or
G-L-Top, respectively. We call an object X well-based if the unique map 1→ X is
an unbased h-cofibration.

Lemma 4.12. Let G be a compact Lie group, and let

A B

C D

i

f

⌜
(4.4)
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be any pushout in G-L-Top∗ such that i is an unbased h-cofibration. Then (4.4) is
a homotopy pushout in the G-global model structure.

The analogous statement holds for homotopy pushouts in the F -model structure
on G-Top∗ for any collection F of closed subgroups.

Proof. The second statement follows immediately from the corresponding
unbased statement (Lemma 2.14) as weak equivalences, cofibrations, and pushouts
are created by the forgetful functor to G-Top.

For the first statement, we then factor f into a level cofibration A → C0

followed by a G-global level weak equivalence. Then i(V ) is an h-cofibration in
(O(V )×G)-Top by [Sch18, Corollary A.30(ii)], so applying the second claim
levelwise shows that the induced map B ⨿A C0 → B ⨿A C = D is even a G-global
level weak equivalence, so that (4.4) is a homotopy pushout as claimed. □

Lemma 4.13. Let G and F be as before. Let (Xi)i∈I be a small collection of
based G-spaces, such that for every i ∈ I the object Xi is well-based. Then the
maps Xj →

∨
i∈I Xi exhibit

∨
i∈I Xi as a coproduct in the underlying ∞-category.

Moreover, the analogous statement for orthogonal G-spaces holds.

Proof. We will prove the equivariant statement, the proof of the global one
being analogous.

Pick for every i ∈ I a cofibrant replacement X ′
i → Xi. The claim amounts to

saying that the induced map
∨
i∈I X

′
i →

∨
i∈I Xi is an F-weak equivalence, which

can be checked after forgetting the basepoint. The map in question is then the
induced map on pushouts

1
∐
i∈I 1

∐
i∈I X

′
i

1
∐
i∈I 1

∐
i∈I Xi.

= =

By assumption the bottom right horizontal map is a coproduct of h-cofibrations,
hence itself an h-cofibration; thus, the previous lemma shows that the pushout of the
bottom row computes the homotopy pushout. Similarly, the pushout of the top row
computes the homotopy pushout as the top right map is a cofibration. The claim
follows as

∐
i∈I X

′
i →

∐
i∈I Xi is an F-weak equivalence by direct inspection. □

4.2.2. Change of group. Next, we come to our usual discussion of functoriality
as the group G varies:

Lemma 4.14. Let α : G→ G′ be a homomorphism of compact Lie groups. Then

α! : G-L-Top∗ ⇄ G′-L-Top∗ :α∗

is a Quillen adjunction with homotopical right adjoint. If α is injective, then also

α∗ : G′-L-Top∗ ⇄ G-L-Top∗ :α∗

is a Quillen adjunction.

Proof. As α∗ commutes with the functors forgetting the basepoint, and since
weak equivalences, cofibrations, and fibrations are created by the forgetful func-
tor, this is immediate from the corresponding unbased statements recorded as
Lemmas 2.39 and 2.40. □
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Similarly, Lemmas 2.5 and 2.7 have based analogues; again, we will not make
them explicit, but instead simply refer to the unbased statements whenever we need
the based versions.

4.2.3. Multiplicative properties. Finally, let us discuss how the smash product
of based spaces interacts with equivariant model structures.

Lemma 4.15. Let G be a compact Lie group, and let F1,F2 be families of closed
subgroups. Then

− ∧− : (G-Top∗)F1
× (G-Top∗)F2

→ (G-Top∗)F1∩F2
. (4.5)

is a left Quillen bifunctor for the model structures as indiciated.

Proof. Write F1×F2 for the family of closed subgroups K ⊂ G×G such that
there exist H1 ∈ F1, H2 ∈ F2 with K ⊂ H1 ×H2. Then (4.5) factors as

(G-Top∗)F1
× (G-Top∗)F2

−∧−−−−−→
(
(G×G)-Top∗

)
F1×F2

∆∗

−−−→ (G-Top∗)F1∩F2
,

where the second functor is left Quillen by Lemma 2.7. We are therefore reduced to
showing that the first functor is a left Quillen bifunctor.

It suffices to verify the pushout product axiom for the generating (acyclic)
cofibrations, which are of the form (Gi/Hi×fi)+ for generating (acyclic) cofibrations
f of Top∗ and Hi ∈ Fi. The pushout product is then given by

(G1/H1 × f1)+ □ (G2/H2 × f2)+ ∼=
(
(G1 ×G2)/(H1 ×H2)× (f1 □ f2)

)
+.

As Top is a cartesian model category, f1 □ f2 is a cofibration, acyclic if at least one
of f1, f2 is so. As (G1 × G2)/(H1 ×H2) is (F1 × F2)-cofibrant by definition and
since the (F1 ×F2)-model structure is topological, the claim follows. □

Proposition 4.16. Let G be a compact Lie group and let F1,F2 be two families
of closed subgroups of G. If X is F1-cofibrant, then X ∧ − sends (F1 ∩ F2)-weak
equivalences between well-based G-spaces to F2-weak equivalences.

Proof. Let f : Y → Y ′ be an (F1 ∩ F2)-weak equivalence of well-based G-
spaces. We note that (X ∧ f)H agrees up to homeomorphism with XH ∧ fH for
any H ⊂ G. If H ∈ F2 ∖ F1, then X

H = 0, so that (X ∧ f)H is a homeomorphism;
on the other hand, if H ∈ F1 ∩ F2, then X

H ∧ fH is a weak equivalence as fH is a
weak equivalence of well-based spaces and XH is well-based. □

The following seemingly random result will later turn out to be crucial in setting
up the model structures for G-global stable homotopy theory:

Corollary 4.17. Let G,H be compact Lie groups, and let N ⊂ H be a closed
normal subgroup. We write F1 for the family of closed subgroups of G×H that
intersect 1×N trivially and F2 for the family of graph subgroups for homomorphisms
H ′ → G whose kernel is contained in N .

If X is cofibrant in the F1-model structure, then X ∧H − sends (GH,G ∩ GG,H)-
weak equivalences between F2-cofibrant based (G × H)-spaces to G-equivariant
weak equivalences.

As the most important special case, for N = H this says says that for any GH,G-
cofibrant X, the functor X ∧H − sends (GH,G ∩ GG,H)-weak equivalences between
GG,H -cofibrant objects to G-weak equivalences. The extra flexibility afforded by the
choice of normal subgroup N will be useful for a reduction argument later.
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Proof. The family GH,G∩GG,H consists precisely of those groups that intersect
1 ×H and G × 1 trivially. If H ′ ⊂ H and φ : H ′ → G is a homomorphism, then
ΓH′,φ∩ (G×1) = 1; moreover, if ker(φ) ⊂ N , then ΓH′,φ∩ (1×H) ⊂ 1×N , whence
ΓH′,φ ∩ (1×H) = ΓH′,φ ∩ (1×N). We conclude that F1 ∩ F2 ⊂ GH,G ∩ GG,H , so
that any (GH,G ∩ GG,H)-weak equivalence is also an (F1 ∩ F2)-weak equivalence (in
fact, it is not hard to show by similar arguments that F1 ∩ F2 = GH,G ∩ GG,H).
Thus, if X is F1-cofibrant and f : Y → Y ′ is a (GH,G ∩ GG,H)-weak equivalence
of F2-cofibrant objects, then the previous proposition in particular shows that
X ∧ f is an F2-weak equivalence between F2-cofibrant based (G×H)-spaces. Since
(−)/H : ((G×H)-Top∗)F2

→ (G-Top∗)Aℓℓ is left Quillen by Lemma 2.5, Ken
Brown’s Lemma then shows that X ∧H f = (X ∧ f)/H is a G-weak equivalence as
claimed. □

Now we turn to the analogue of the smash product in the global situation.

Construction 4.18. For every X,Y ∈ L-Top we define X □∧ Y as the cofiber
of the pushout-product map X ∨ Y ∼= (X ⊠ 1)⨿1⊠1 (1⊠ Y )→ (X ⊠ Y ). We omit
the straight-forward but lengthy verification that this becomes an enriched functor
preserving colimits in each variable via the universal property of the cofiber, and that
the symmetry, unitality, and associativity isomorphisms for the box product on ⊠
then similarly induce isomorphisms exhibiting □∧ as the symmetric monoidal product
of a closed topologically enriched symmetric monoidal structure on L-Top∗ with unit
c(S0). Moreover, the left adjoint (−)+ : L-Top→ L-Top∗ of the forgetful functor
acquires the structure of a strong symmetric monoidal functor with unit isomorphism
the unique one and with structure isomorphisms (X+)□∧ (Y+)→ (X ⊠ Y )+ inverse
to the map induced by X ⊠ Y → (X+)⊠ (Y+)→ (X+)□∧ (Y+).

Lemma 4.19. For any compact Lie groups G and H,

−□∧ − : G-L-Top∗ ×H-L-Top∗ → (G×H)-L-Top∗

is a left Quillen bifunctor.

Arguing as before, we then in particular see that it also defines a left Quillen
bifunctor G-L-Top∗ ×G-L-Top∗ → G-L-Top∗ for any compact Lie group G.

Proof. The pushout product axiom can be checked on generating (acyclic)
cofibration. As these can be obtained from the generating (acyclic) cofibrations of
the corresponding unbased model structure by adding disjoint basepoints, this then
follows from the pushout-product axiom for the box product (Lemma 2.44). □

Definition 4.20. A (based) G-global space X ∈ G-L-Top∗ is called quasi-
cofibrant if it is a restriction of a cofibrant (based) orthogonal G′-space along some

α : G → G′. We write G-L-Topqcof and G-L-Topqcof
∗ for the full subcategory of

the quasi-cofibrant (based) orthogonal G-spaces.

Proposition 4.21. The functor □∧ restricts to a homotopical functor

G-L-Topqcof
∗ ×G-L-Topqcof

∗ → G-L-Topqcof
∗

Proof. If X and Y are quasi-cofibrant, then we find α : G→ G1 and β : G→
G2 together with cofibrant X ′ ∈ G1-L-Top∗ and Y ′ ∈ G2-L-Top∗ such that X =
α∗X ′ and Y = β∗Y ′. Then the based orthogonal G-space X □∧ Y is the restriction
of the based orthogonal (G1 ×G2)-space X

′ □∧ Y ′ along (α, β) : G→ G1 ×G2. As
X ′ □∧ Y ′ is cofibrant by Lemma 4.19, we conclude that X □∧ Y is quasi-cofibrant.
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Similarly, we deduce from Lemma 2.44 that for X and Y as above the top
horizontal map in the pushout square

X ∨ Y X ⊠ Y

1 X □∧ Y
⌜

defining X □∧ Y is a restriction of a (G1 ×G2)-cofibration along (α, β), and hence
in particular an h-cofibration. Thus, Lemma 4.12 shows that this square is also
a homotopy pushout. Given now G-global weak equivalences f : X1 → X2 and
g : Y1 → Y2 of quasi-cofibrant based G-spaces, the map f ⊠ g is a G-global weak
equivalence by Corollary 2.45, as is f ∨ g by Lemma 4.13. We conclude that also
the induced map on homotopy pushouts f □∧ g is a G-global weak equivalence. □

Finally, let us discuss the model-categorical properties of the (co)tensoring of
G-L-Top∗ over G-Top∗:

Lemma 4.22. The levelwise smash product G-Top∗×G-L-Top∗ → G-L-Top∗
is a left Quillen bifunctor for the Aℓℓℓℓℓℓ-model structure on G-Top∗ and the G-global
model structure on G-L-Top∗.

Proof. Adjoining over, we may equivalently show that the cotensoring over
G-Top is a right Quillen bifunctor, which can be checked after forgetting the
basepoint. Adjoining back, it therefore suffices to prove that the cartesian product
G-Top×G-L-Top→ G-L-Top is a left Quillen bifunctor.

For the pushout-product axiom for cofibrations, it then suffices to treat the
case of the generating cofibrations, which by the same reasoning as before reduces
to showing that X := G/K × L(V,−)×φ G is a cofibrant orthogonal G-space for
every closed subgroup K ⊂ G, any homomorphism φ : H → G, and any faithful
H-representation V . However, if we write i : K → G for the inclusion, then X is
isomorphic to i!i

∗(L(V,−) ×φ G), so the claim follows as both i! and i∗ are left
Quillen by Lemmas 2.40 and 2.39. With this established, the pushout product for
acyclic cofibrations is then an instance of [Bar23, Corollary A.10]. □

Corollary 4.23. If X ∈ G-Top∗ is Aℓℓℓℓℓℓ-cofibrant, then X ∧ − : G-L-Top∗ →
G-L-Top∗ preserves G-global weak equivalences between well-based orthogonal
G-spaces.

Proof. By the previous lemma, X ∧ − preserves G-global weak equivalences
between cofibrant objects. Picking functorial cofibrant replacements in the G-global
level model structure, it will therefore suffice to show that X ∧− preserves G-global
level weak equivalence between well-based objects. This follows at once by applying
Proposition 4.16 levelwise. □

Lemma 4.24. Let X be a finite based G-CW-complex. Then the cotensoring

maps∗(X,−) : G-L-Top∗ → G-L-Top∗ (4.6)

preserves G-global weak equivalences.

Proof. Applying Lemma 4.15 levelwise shows that (4.6) is right Quillen for the
G-global level model structure, hence it preserves G-global level weak equivalences
by Ken Brown’s Lemma. Taking functorial cofibrant replacements in the G-global
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level model structure, we are therefore reduced to proving that (4.6) preserves G-
global weak equivalences between cofibrant pointed orthogonal G-spaces. Note that
any cofibrant pointed orthogonal G-space X is in particular closed: by Lemma 2.40,
1 → X is a cofibration in L-Top, and 1 = L(0,−) is cofibrant, so that X is
cofibrant in L-Top and hence closed by Lemma 2.35. Thus, it suffices to prove
that maps∗(X,−) preserves G-global weak equivalences between closed pointed
orthogonal G-spaces.

For this, we fix a compact Lie group H and a complete H-universe UH . Then

maps∗(X,−) : (G×H)-Top∗ → (G×H)-Top∗ (4.7)

preserves sequential colimits along closed embeddings, so choosing a cofinal se-
quence in the poset of finite-dimensional subrepresentations of UH , we see that
maps∗(X,Y (UG)) ∼= maps∗(X,Y )(UG) natural in Y ∈ G-L-Top∗. It therefore
suffices that (4.7) preserves GH,G-weak equivalences, which again follows from
Lemma 4.15 and Ken Brown’s Lemma. □

4.3. Symmetric monoidal universal properties. In this subsection, we
will explain how one can use the smash products studied above to upgrade Sgl,∗
and S∗ to symmetric monoidal global ∞-categories, and we will moreover prove
that these satisfy pointed analogues of the universal properties established in §3.5.

4.3.1. Idempotent algebras and smashing localizations. We begin by more gen-
erally studying symmetric monoidal structures on SpcS▷T,∗ for any cleft S ⊂ T .
Our goal will be to show that there is in fact a unique S-presentably T -symmetric
monoidal structure with unit 1+, and that this yields the initial pointed symmetric
monoidal T -∞-category such that the tensor product is S-bilinear. The most con-
venient way to prove this result is via the framework of idempotent algebras and
smashing localizations, and we begin by recalling the relevant general theory.

Definition 4.25. Let C be a symmetric monoidal ∞-category with unit 1. An
idempotent algebra consists of an object A ∈ C together with a map a : 1→ X such
that the map a⊗A is an equivalence.

Definition 4.26. Let C be a symmetric monoidal∞-category, and let a : 1→ A
be idempotent. An object B ∈ C is called an A-module if the map a⊗B : 1⊗B →
A⊗B is an equivalence.

Remark 4.27. Given any idempotent algebra a : 1→ A, [Lur17, Proposition
4.8.2.9] shows that A admits a unique commutative algebra structure with unit given
by a. Similarly, Proposition 4.8.2.10 of loc. cit. shows that the forgetful functor
LModA(C)→ C is fully faithful with essential image given by the A-modules in the
sense of the previous definition, justifying the terminology.

As a direct consequence of the preceeding remark we have, see also [Lur17,
Proposition 4.8.2.4]:

Corollary 4.28. Let a : 1→ A be idempotent. Then the inclusion of the full
subcategory spanned by the A-modules admits a left adjoint given by A⊗−, with
unit induced by a. □

Definition 4.29. We call a Bousfield localization L : C ⇄ D : i a smashing
localization if there exists an idempotent algebra (A, a) such that the essential image
of the fully faithful right adjoint i consists precisely of the A-modules.
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Remark 4.30. By Corollary 4.28, L ≃ A⊗− and a : 1→ A can be recovered
as the unit 1→ iL(1). In particular, the idempotent algebra (A, a) is unique.

Finally, we record:

Lemma 4.31 (See [CSY21, Proposition 5.1.7]). Let (A, a) be an idempotent
algebra, viewed as an object of CAlg(C). If B ∈ CAlg(C) is arbitrary, then
HomCAlg(C)(A,B) is empty or contractible, and there exists a map A → B of
commutative algebras if and only if (the underlying object of) B is an A-module.
In particular, A is the initial commutative algebra that is also an A-module. □

4.3.2. Smashing localizations of PrST . We will now specialize the above discussion

to the case where C = CATS-ccT or C = PrST for a cleft S ⊂ T , both equipped with
the parametrized Lurie tensor product from §3.5.2.

Convention 4.32. By the universal property of the unit SpcS▷T , a morphism
SpcS▷T → C in one of these categories is described by the image X of the terminal
object; thus, we will typically denote idempotent algebras by (C, X).

The following result will often allow us to reduce to the case T = S:

Lemma 4.33. Let i : S ↪→ T be a cleft, let C ∈ CATS-ccT , and let X be a global

section. Then (C, X) is an idempotent in CATS-ccT if and only if the restriction

(i∗C, i∗X) is an idempotent in CATS-ccS . Moreover, in this case a D ∈ CATS-ccT is a
C-module if and only if i∗D is an i∗C-module.

Proof. This follows at once from Lemma 3.70 since the restriction functor
i∗ : CATT → CATS is conservative. □

Lemma 4.34. Let (C, X) be an idempotent in CATS-ccT . Then D ∈ CATS-ccT is a
C-module if and only if evaluation at X defines an equivalence

evX : FunS-ccT (C,D) ∼−−→ D. (4.8)

Proof. By Remark 3.69, the symmetric monoidal structure on CATS-ccT af-
forded by the parametrized Lurie tensor product is closed, with internal homs
given by FunS-cc. Thus, the fully faithful functor fgt : LModC(CAT

S-cc
T )→ CATS-ccT

admits a right adjoint such that the counit is given for any D by the map (4.8). The
claim now follows since the essential image of any fully faithful left adjoint consists
precisely of those objects for which the counit is invertible. □

Let us now specialize the above to the setting of pointed T -∞-categories:

Proposition 4.35. The pair (SpcS▷T,∗, 1+) defines an idempotent algebra in
PrST , and hence also in CATS-ccT . An S-cocomplete T -∞-category C is a SpcS▷T,∗-
module if and only if it is pointed.

Proof. By Corollary 4.5, SpcS▷T,∗ is S-presentable. To see that it is idem-
potent and to characterize its modules, recall that SpcS▷T,∗ ≃ Spc∗ ⊗ SpcS▷T by

Proposition 4.6. By [MW22, Proposition 2.6.3.7], the functor −⊗SpcS : Pr
L → PrLS

can be upgraded to a strong symmetric monoidal functor; as (Spc∗, S
0) is an idempo-

tent algebra [Lur17, Proposition 4.8.2.11], so is its image (SpcS,∗, S
0). Lemma 4.33

then implies that also (SpcS▷T,∗, S
0) is idempotent.

Combining Lemma 4.34 with Proposition 4.4 already shows that every pointed
S-cocomplete T -∞-category is a SpcS▷T,∗-module. For the converse, it will suffice
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to show that FunS-ccT (SpcS▷T,∗,D) is pointed for any S-cocomplete D. By [CLL25a,

Corollary 4.1.10op], the full subcategory of FunT (Spc
op
S▷T,∗,D) spanned by the

functors preserving the initial object is pointed; as FunS-ccT (SpcS▷T,∗,D) is a smaller
subcategory still containing the initial object, it is then necessarily also pointed. □

Lemma 4.31 therefore specializes to the following:

Corollary 4.36. There exists a unique S-presentably symmetric monoidal
structure on SpcS▷T,∗ with unit 1+. Moreover, this defines the initial object of

CAlg(CATS-cc,0T ). □

4.3.3. Symmetric monoidal structures for global and equivariant based spaces.
We will now describe the symmetric monoidal structure from the corollary in model
categorical terms for T = Glo and S ∈ {Orb,Glo}.

Construction 4.37. We write Ntop(L-Top
♭,qcof
∗ ) ⊂ Ntop(L-Top

♭
∗) for the

full subcategory given in degree G by the quasi-cofibrant orthogonal G-spaces
(Definition 4.20). By Proposition 4.21, the box smash product □∧ then restricts to a
symmetric monoidal structure on this subcategory and it is moreover homotopical.

Thus, we may derive to a yield a symmetric monoidal global ∞-category Sqcof,⊗
gl,∗ .

Similarly, we define Scof,⊗
∗ by localizing the full subcategory of Ntop(Top

♭)
given in each degree by the Aℓℓℓℓℓℓ-cofibrant spaces, equipped with the smash product.

Lemma 4.38. The inclusions induce equivalences of global ∞-categories

Sqcof
gl,∗

∼−−→ Sgl,∗ and Scof
∗

∼−−→ S∗.

Proof. If we fix a compact Lie group G, then an inverse is induced by cofibrant
replacement in the G-global and G-equivariant model structure, respectively. □

As an upshot, we can uniquely extend the symmetric monoidal structures from
Construction 4.37, yielding symmetric monoidal global ∞-categories S⊗

gl,∗ and S⊗
∗ .

Theorem 4.39. The pointed symmetric monoidal global ∞-category S⊗
gl,∗ is

globally presentably symmetric monoidal, and it is initial in CAlg(CATGlo-cc,0
Glo ).

Proof. In light of Corollaries 4.8 and 4.36 it only remains to show that this is
a globally presentably symmetric monoidal ∞-category with unit c(S0).

The claim about the unit is clear; moreover, we already know that the underlying
global ∞-category Sgl,∗ ≃ Sgl,∗ is globally presentable, and that for every G

−□∧ − : SG-gl,∗ ×SG-gl,∗ → SG-gl,∗

preserves colimits in each variable as it can be identified with the left derived functor
of the left Quillen bifunctor −□∧− : G-L-Top×G-L-Top→ G-L-Top. Observe now
that the symmetric monoidal functor (−)+ : L-Top→ L-Top∗ induces a homotopi-
cal symmetric monoidal global functor Ntop(L-Top

⊠,♭,qcof)→ Ntop(L-Top
□∧,♭,qcof
∗ ),

and hence localizes to a symmetric monoidal global functor S⊗
gl → S⊗

gl,∗. Thus, we
in particular have a commutative square as depicted on the left:

Sgl ×Sgl Sgl Sgl ×Sgl Sgl

Sgl,∗ ×Sgl,∗ Sgl,∗ Sgl,∗ ×Sgl,∗ Sgl,∗.

(−)+×(−)+

−⊠−

(−)+ (−)+×(−)+

−⊠−

(−)+

−□∧− −⊗−
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On the other hand, by the universal property of Sgl → Sgl,∗ as the initial globally

cocontinuous map with a pointed target and since S⊗
gl is globally presentably

symmetric monoidal (Corollary 3.76), there exists a unique bifunctor−⊗− preserving
global colimits in each variable and making the diagram on the right commute. Using
that the initial globally cocontinuous functor Sgl → Sgl,∗ is also the initial fiberwise
cocontinuous functor (see Proposition 4.4), −⊗− is then also uniquely characterized
by preserving fiberwise colimits in each variable and making the diagram commute.
Thus, −□∧− is equivalent to −⊗−, and hence in particular preserves global colimits
in each variable. □

Analogously one shows:

Corollary 4.40. The pointed symmetric monoidal global ∞-category S⊗
∗ is

equivariantly presentably symmetric monoidal, and it defines an initial object of
CAlg(CATOrb-cc,0

Glo ). □



PART II

The stable story

In this second part we will study equivariant and global spectra and show that
they can be organized into global ∞-categories Sp and Spgl, respectively. As our
main results, we will show that these global ∞-categories admit universal properties
as the free equivariantly or globally cocomplete ∞-categories satisfying a genuine
refinement of stability, that we call representation stability.

5. Representation stability

In this section we introduce the notion of representation stability for equivari-
antly or globally cocomplete pointed global ∞-categories. We will moreover show
(Corollary 5.26) that any globally cocomplete C admits an initial globally cocon-
tionus functor to a representation stable globally cocomplete global∞-category, and
similarly in the equivariantly cocomplete case. These two notions of stabilization will
however differ in general, with the globally cocomplete case being more subtle. In
particular, stabilization in the equivariant setting will later turn out to be a pointwise
procedure, while the global version is a genuinely parametrized phenomenon.

5.1. R-stability. The notion of representation stability is a special case of a
more general concept, which we will introduce in this subsection. For this we will
first need to talk about the canonical tensoring over pointed parametrized spaces:

Lemma 5.1. Let S ⊂ T be any cleft, and let C be any pointed S-cocomplete
T -∞-category. Then there exists a unique S-bilinear bifunctor

−⊗− : SpcS▷T,∗ × C → C (5.1)

such that 1+ ⊗− is the identity of C.

Proof. Passing to adjuncts, the claim translates to saying that there is a
unique S-cocontinuous T -functor θ : C → FunS-ccT (SpcS▷T,∗, C) such that postcom-
posing with ev1+ : FunS-ccT (SpcS▷T,∗, C)→ C recovers the identity. But ev1+ is an
equivalence by Proposition 4.4, so this is obvious. □

Remark 5.2. The above uniqueness argument did not use S-cocontinuity of
θ. In other words, the tensor product is also uniquely characterized by preserving
S-colimits in the first variable and satisfying 1+ ⊗− = idC .

Remark 5.3. Using the theory of smashing localizations, one can upgrade the
canonical tensoring to an Spc⊗S▷T,∗-module structure in a unique way; for our present
purposes, the above less coherent version will however be sufficient.

Example 5.4. If S = T = Glo, then we have an equivalence Sgl,∗ ≃ SpcGlo,∗
sending S0 to 1+. The canonical tensoring of a pointed globally cocomplete global
∞-category may therefore equivalently viewed as a bifunctor −⊗− : Sgl,∗ × C → C

75
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preserving global colimits in each variable separately and such that S0 ⊗− = idC .
The canonical tensoring of Sgl,∗ over itself is then given by the symmetric monoidal
product from Theorem 4.39, i.e. by the derived box smash product.

Example 5.5. Analogously to the previous example, the canonical tensoring of
the pointed equivariantly presentable global ∞-category S∗ may be identified with
the derived smash product from Corollary 4.40.

Example 5.6. Let C be S-cocomplete and pointed, and let K be any T -∞-
category. Then FunT (K, C) is again S-cocomplete and pointed, and the composite

SpcS▷T,∗ × FunT (K, C)
constK×id−−−−−−−→ FunT (K, SpcS▷T,∗)× FunT (K, C)

≃ FunT (K, SpcS▷T,∗ × C)
FunT (K,−⊗−)
−−−−−−−−−−→ FunT (K, C)

is S-bilinear and restricts to the identity on {1+} × FunT (K, C), so it agrees with
the canonical tensoring of FunT (K, C). Put more informally, the canonical tensoring
on a functor category is pointwise.

Example 5.7. Let C be a T -cocomplete and pointed T -∞-category, let A ∈ T
arbitrary, and let fgt : T/A → T denote the forgetful functor. Then fgt∗C and
fgt∗SpcT,∗ are T/A-cocomplete pointed T/A-∞-categories by direct inspection. More-

over, [Mar21, Remark 3.7.2] shows that the unique left adjoint SpcT/A
→ fgt∗SpcT

preserving the terminal object is an equivalence, so passing to pointed objects
levelwise provides an equivalence SpcT/A,∗ ≃ fgt∗SpcT,∗ preserving 1+. Thus, we

may identify the canonical tensoring of fgt∗C with

SpcT/A,∗ × fgt∗C ≃ fgt∗
(
SpcT,∗ × C

) fgt∗(−⊗−)−−−−−−−−→ fgt∗C.

For later use we note the following naturality property of the tensoring:

Lemma 5.8. Let C,D be pointed S-cocomplete T -∞-categories, and let X be a
global section of SpcS▷T,∗. Then the two T -functors

FunS-cc(X ⊗−,D),FunS-cc(C, X ⊗−) : FunS-cc(C,D) ⇒ FunS-cc(C,D)
are naturally equivalent.

In particular, passing to underlying ∞-categories this says that F (X ⊗−) ≃
X ⊗ F (−) naturally in F ∈ FunS-cc(C,D).

Proof. The adjunct of

FunS-cc(C,D)
Fun(−⊗−,D)
−−−−−−−−−→ FunS-bilinear(SpcS▷T,∗×C,D) ≃ FunS-cc

(
SpcS▷T,∗,Fun

S-cc(C,D)
)

defines an S-bilinear functor Θ: SpcS▷T,∗ × FunS-cc(C,D) → FunS-cc(C,D). By a
straight-forward naturality argument, the restriction of Θ to a global section X
is given by FunS-cc(X ⊗ −,D); in particular, Θ(id,−) is the identity. Thus, Θ
necessarily agrees with the tensoring of FunS-cc(C,D) from Example 5.6, and the
claim follows by restricting both tensorings to {X} × FunS-cc(C,D). □

We are now ready to define the notion of R-stability:

Definition 5.9. Let R ⊂ SpcS▷T,∗ be a full subcategory. We say that a pointed
S-cocomplete T -∞-category C is R-stable if for every A ∈ T and X ∈ R(A) the
functor X ⊗− : C(A)→ C(A) induced by the canonical tensoring is an equivalence.



5. REPRESENTATION STABILITY 77

Example 5.10. Let S ⊂ T be any cleft, and let R ⊂ SpcS▷T,∗ be the full

subcategory spanned by the global section S0 = 1+. Then every S-cocomplete
T -∞-category is R-stable.

Example 5.11. Let T be any small∞-category, and let S = ι T be the minimal
cleft, so that SpcS▷T,∗ is constant with value Spc∗. We can then take R to be the full

subcategory spanned in each degree by the circle S1, in which case an S-cocomplete
(i.e., fiberwise cocomplete) T -∞-category C is R-stable if and only if it is fiberwise
stable in the sense that each C(A) is a stable ∞-category (note that all restriction
functors are automatically exact as they are cocontinuous).

Example 5.12. Let T = Glo and S = Orb. We take R = RepSph to be the full
subcategory of SpcS▷T,∗ corresponding under the equivalence from Corollary 4.9 to
the full subcategory of S∗ given in each degree G by the representation spheres, i.e.
the 1-point compactifications of G-representations. We call a pointed equivariantly
cocomplete global ∞-category C representation stable if it is RepSph-stable. Note
that if C is actually globally cocomplete, this is equivalent to being RepSph′-stable,
where RepSph′ ⊂ SpcGlo,∗ denotes the image of RepSph under the unique sym-
metric monoidal equivariantly cocontinuous functor SpcOrb▷Glo,∗ → SpcGlo,∗ or,
equivalently, the image of the representation spheres under the composite

S∗
c−→ Sgl,∗

∼−−→ SpcGlo,∗

of the functor sending a G-space to the constant orthogonal G-space and the
equivalence from Corollary 4.8.

Variant 5.13. For any non-empty collection F of compact Lie groups, we
obtain an analogous notion of representation stability for (equivariantly or globally
cocomplete) F -global∞-categories by restricting the previous example. For F = Fin,
these notions have been studied by Linskens in [Lin24]. By the main result of
[HL24], this agrees with the notion of equivariant stability for GloFin-∞-categories
from [CLL25a,CLL25b] defined via ‘abstract Wirthmüller isomorphisms.’

Remark 5.14. Let R ⊂ SpcT,∗ arbitrary. The notion of R-stability is compati-
ble with slicing the indexing category in the following sense: Write fgt : T/A → T
for the forgetful functor and RA for the image of fgt∗R under the equivalence
fgt∗SpcT,∗ ≃ SpcT/A,∗ induced by the unique equivalence fgt∗SpcT ≃ SpcT/A

. If C
is T -cocomplete and R-stable, then Example 5.7 shows that fgt∗C is RA-stable.

Definition 5.15. We write PrS,R-ex
T ⊂ PrST and CATS-cc,R-ex

T ⊂ CATS-ccT for
the full subcategories spanned by the R-stable T -∞-categories.

5.2. Colimits of cocomplete parametrized ∞-categories. Fix a cleft
S ⊂ T . As the main result of this section, we want to prove that the inclusion

CATS-cc,R-ex
T ↪→ CATS-ccT admits a left adjoint (giving rise to R-stabilizations) for

any small R ⊂ SpcS▷T,∗, and that this adjunction restricts to the presentable case.
The key step in this proof will be the construction of the R-stabilization of SpcS▷T ,

which will be as a certain colimit in CAlg(PrST ). To see that this has the correct

universal property in CATS-ccT requires understanding the relation between colimits

in PrST and CATS-ccT , to which the present subsection is devoted.
We begin with the following more general statement about parametrized ∞-

categories with all colimits of certain prescribed shapes, which for T = 1 is a special
case of [Lur17, Lemma 4.8.4.2]:
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Lemma 5.16. Let U ⊂ CatT be small. Then the ∞-category CatU-cc
T of U-

cocomplete small T -∞-categories and U-cocontinuous functors has small colimits,
and for any small diagram C• : I → CatU-cc

T and any D ∈ CatU-cc
T the induced map

FunU-cc
T (colimI C•,D)→ limIop Fun

U-cc
T (C•,D) (5.2)

is invertible.

Proof. Fix any small diagram C• : I → CatU-cc
T and an extension to a colimit

diagram I▷ → CatT . Writing ∞ for the terminal object of I▷, it follows that for
any U-cocomplete D, the induced equivalence

HomCatT (C∞,D)
∼−−→ limIop HomCatT (C•,D)

then restricts to an equivalence between the union of those path components of
the left-hand side given by functors F : C → D such that each Ci → C → D is
U-cocontinuous and limIop HomCatU-cc

T
(C•,D). On the other hand, [MW22, Propo-

sition A.4.2 and Remark A.4.3] yield a map C∞ → C′∞ to a small U-cocomplete
T -∞-category such that HomCatU-cc

T
(C′∞,D)→ HomCatT (C∞,D) defines an equiva-

lence of the union of the same set of path components. This provides the desired
colimit.

To see that (5.2) is an equivalence, it suffices by the (non-parametrized) Yoneda
lemma, that the induced map on Hom(K,−) is an equivalence for every K ∈ CatT .
However, this induced map may be identified with the equivalence

HomCatU-cc
T

(colimI C•,Fun(K,D)) ∼−−→ limIop HomCatU-cc
T

(C•,Fun(K,D)). □

Applying this in a larger universe we get:

Corollary 5.17. The very large ∞-category CATS-ccT has all large colimits,

and for any diagram C• : I → CATS-ccT and D ∈ CATS-ccT the induced map

FunS-ccT (colimI C•,D)→ limIop Fun
S-cc
T (C•,D)

is invertible. □

Proposition 5.18. The full subcategory PrST ⊂ CATS-ccT is closed under small

colimits. In particular, PrST is cocomplete.

The proof will require some preparations. The basic idea will be to factor any
small diagram I → PrST through a levelwise Indκ-cocompletion functor from (small)

T -∞-categories with ‘κ-small S-colimits’ to PrST . For this to make sense, we have
to put some assumptions on κ:

Definition 5.19. A regular cardinal κ is (S, T )-regular if for every pullback

X A

C B

f ′

⌟
s′ s

f

(5.3)

in PSh(T ) such that A,B,C are representable and s is a map in S (so that X ∈
PSh(S) by the definition of a cleft), X can be written as a κ-small colimit in PSh(S)
of representables.
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Note that there is only a set’s worth of pullback squares of the form (5.3) (up
to isomorphism), so there always exists an (S, T )-regular κ. Moreover, if µ > κ
is regular and κ is (S, T )-regular, then so is µ; thus, there exist arbitrarily large
(S, T )-regular cardinals.

Definition 5.20. Let κ be (S, T )-regular. We say a T -∞-category C has κ-
small S-colimits if it has U-colimits for U the union of constant κ-small categories
and the Yoneda images of all maps s′ as in (5.3).

Lemma 5.21. Let C ∈ PrST and let κ be (S, T )-regular such that each C(A) is
κ-compactly generated and each restriction preserves κ-compact objects. Denote
by Cκ ⊂ C the full T -subcategory given in degree A ∈ T by the κ-compact objects.
Then Cκ has κ-small S-colimits, and for any D ∈ CATS-ccT , restriction along the
inclusion defines an equivalence

FunS-cc(C,D) ∼−−→ Funκ-small S-cc(Cκ,D).

Proof. It follows directly from the assumptions that restriction along Cκ ↪→ C
defines an equivalence Funfib κ-filt cc

T (C,D) ∼−−→ FunT (Cκ,D). Moreover, Cκ has
fiberwise κ-small colimits, and applying [Lur09, Example 5.3.6.8] pointwise, we
see that a functor C → Fun(A,D) preserves fiberwise colimits if and only if its
restriction to Cκ preserves fiberwise κ-small colimits.

As each of the left adjoints s! : C(A)→ C(B) preserves κ-compact objects (its
right adjoint admits another right adjoint, so it is in particular κ-accessible), we see
that each s∗ : Cκ(B) → Cκ(A) for s : A → B in S admits a left adjoint. We claim
that also s′! : C(X) → C(C) for s′ as in (5.3) restricts to Cκ(X) → Cκ(C) (beware
that the left-hand side is a priori different from C(X)κ); with this established the
Beck–Chevalley condition for Cκ will follow from the one for C, i.e. Cκ will have
κ-small S-colimits.

To prove the claim, write X ≃ colimiXi as a κ-small colimit of representables
in PSh(S), so that s∗ agrees up to equivalence with (s∗i )i∈I : C(C)→ limIop C(X•)
for some cocone (si)i∈I . By [HY17, Theorem B], this then admits a left adjoint
given on objects by sending an object (yi)i∈I ∈ limIop C(X•) to the colimit of a
certain diagram i 7→ si!(yi). If each yi is κ-compact, then so is each si!(yi) by the
above, whence so is their colimit as I is κ-small. This completes the proof of the
claim, and hence of Cκ having κ-small S-colimits.

It only remains to show that a functor F : C → Fun(A,D) for S-cocomplete
D satisfies the Beck–Chevalley condition with respect to the maps s : A → B in
S if and only if this holds for the composite Fi : Cκ → Fun(A,D). This follows
at once by observing that the collection of X ∈ C(A) such that s!FX

∼−−→ Fs!X
is closed under (κ-filtered) colimits and contains Cκ(A), as Cκ ↪→ C satisfies the
Beck–Chevalley condition by construction of the left adjoints for Cκ. □

Lemma 5.22. Let κ be (S, T )-regular, and let C be a T -∞-category with κ-small
S-colimits. Then Indκ ◦ C is S-cocomplete, and the inclusion C ↪→ Indκ ◦ C preserves
κ-small S-colimits.

Proof. It is clear that Indκ ◦ C is fiberwise cocomplete and that the inclusion
preserves fiberwise κ-small colimits. Moreover, for every s : A → B in S, the
restriction Indκ C(B)→ Indκ C(A) admits a left adjoint, and the inclusion satisfies
the Beck–Chevalley condition with respect to this adjoints.
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We now again apply [HY17, Theorem B] to see that for any s′ : X → C in
PSh(S) such that X is a κ-small colimit colimI X• of representables, the restriction
C(B)→ (Indκ ◦ C)(X) admits a left adjoint; beware that the target will be typically
different from Indκ(C(X)). We now claim that the square

C(X) (Indκ ◦ C)(X)

C(C) (Indκ ◦ C)(C)

s′∗ s′∗

is vertically left adjointable. As the horizontal maps are fully faithful, this amounts
to saying that s′!◦incl factors through the bottom inclusion. Applying the description
of s′! from [HY17] again shows that s′! ◦ incl sends a y ∈ C(X) with components
yi ∈ C(Xi) to the colimit of some I-indexed diagram i 7→ s′i!yi. By the above, each
s′i!yi is contained the image of the bottom inclusion; the claim follows as the latter
is closed under κ-small colimits.

To complete the proof, it then only remains to show that the Beck–Chevalley
map s′!f

′∗ → f∗s! of functors Indκ C(A)→ Indκ C(C) is invertible for any pullback
(5.3). As both source and target preserve (κ-filtered) colimits, it suffices to check this
after precomposing with C(A) ↪→ Indκ C(A). Using that Beck–Chevalley compose,
this follows from the previous paragraph and the assumption that C have κ-small
S-colimits. □

Proof of Proposition 5.18. Let C• : I → PrST ⊂ CATS-ccT be a small dia-
gram, and pick an (S, T )-regular κ > ℵ0 such that each Ci(A) is κ-compactly gener-
ated and all restrictions Ci(B)→ Ci(A) as well as all transition maps Ci(A)→ Cj(A)
preserve κ-compact objects. We then obtain a subfunctor Cκ• : I → Catκ-small cc

T ,
which admits a colimit D by Lemma 5.16. By the previous lemma, Indκ ◦D is
S-cocomplete, and as D is small, it is even fiberwise presentable, i.e. S-presentable.
Moreover, D is fiberwise idempotent complete (as it has sequential colimits by as-
sumption on κ), so D ↪→ Indκ ◦D induces an equivalence onto (Indκ ◦D)κ. Applying
Lemma 5.21 twice then shows that Indκ ◦ D is a colimit of Indκ ◦ Cκ• ≃ C•, finishing
the proof. □

5.3. Existence of R-stabilizations. In this subsection we will finally show
that the subcategory of R-stable categories is a smashing localization of the ∞-
category of S-cocomplete, pointed T -∞-categories. To this end, we will more
generally study the process of inverting a collection of objects in an S-cocomplete
symmetric monoidal T -∞-category. We begin with the presheaf case:

Remark 5.23. By [MW22, Remarks 2.6.2.6 and 2.6.2.7], the lax symmetric

monoidal functor (CATS-ccT )⊗ ↪→ CAT×
T admits a strong symmetric monoidal left ad-

joint, which then lifts to a left adjoint PS▷T (−)⊗ : CAlg(CATT )→ CAlg(CATS-ccT )
of the forgetful functor. By Remark 3.44, the functor PS▷T (−)⊗ restricts to

CMon(CatT )→ CAlg(PrST ).

Lemma 5.24. Let X ∈ CMon(SPCT ), and let f : X → Xgrp be its (pointwise)
group completion. Then

P(f)∗ : LModPS▷T (Xgrp)⊗(CAT
S-cc
T )→ LModPS▷T (X)⊗(CAT

S-cc
T ) (5.4)
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is fully faithful, and its essential image consists precisely of those PS▷T (X)⊗-modules
M such that for every A ∈ T and x ∈ X(A) the action map x · − :M(A)→M(A)
is invertible.

Proof. By definition, eachX(A)→ Xgrp(A) is an epimorphism in CMon(SPC),
so that X → Xgrp is an epimorphism in CMon(SPCT ) ≃ Fun

(
T op,CMon(SPC)

)
.

As left adjoints preserve epimorphisms, we conclude that also P(f) := PS▷T (f)⊗ is
an epimorphism, so that (5.4) is fully faithful by [Rob15, Proposition 2.4].

To characterize its essential image, it remains to show that a PS▷T (X)⊗-module
structure on a givenM lifts to a PS▷T (Xgrp)⊗-module structure if and only if each
x ∈ X(A) acts invertibly. For this we note that since the symmetric monoidal

structure on CATS-ccT is closed, it in particular admits endomorphism objects in the
sense of [Lur17, §4.7.1]. Thus, the composition on FunS-cc(M,M), i.e. the map
adjunct to

M⊗ FunS-cc(M,M)⊗ FunS-cc(M,M)
ev⊗id−−−−→M⊗ FunS-cc(M,M)

ev−→M,

refines to an associative algebra structure, and the adjunct µ̃ of any µ : PS▷T (X)⊗⊗
M→M that is part of a module structure refines to a map of associative algebras.
By [Lur17, Corollary 4.7.1.40], lifting such a structure to PS▷T (Xgrp)⊗ then amounts

to solving the extension problem in Alg(CATS-ccT ) depicted on the left in the following
diagram:

PS▷T (X)⊗ FunS-cc(M,M) X ιFunS-cc(M,M).

PS▷T (Xgrp)⊗ Xgrp

P(f)⊗

µ̃

f

µ̃|X

By adjunction, this is equivalent to solving the extension problem on the right
in Alg(SPCT ) = Fun(T op,Mon(SPC)). As group completions in CMon(SPC) and
Mon(SPC) agree (both are given by the loop space of the bar construction), the
extension exists if and only if X has image in the units with respect to the algebra
structure. By direct inspection, the multiplication of the algebra structure is
given in degree A by sending elements corresponding to (suitably cocontinuous)
endomorphisms of π∗

AM to their composite, i.e. the units precisely correspond to
automorphisms of π∗

AM. Further unravelling definitions, X → FunS-cc(M,M) is
given in degree A by sending x ∈ X(A) to the map corresponding to

π∗
AM≃ 1× π∗

AM
x×id−−−−→ π∗

AX × π∗
AM→ π∗

AM,

where the last map comes from the module structure. This is invertible if and only if
it is so after evaluating at each f : B → A in T/A, i.e. if and only f∗x acts invertibly
onM(B). The lemma follows. □

Theorem 5.25. Let C ∈ CAlg(CATS-ccT ), let X ∈ CMon(SPCT ), and let
I : X → C be a map in CMon(CATT ).

(1) There exists a map F : C → D in CAlg(CATS-ccT ) such that FI : X → D
lands in the tensor-invertible objects, and which is universal in the sense
that for any E ∈ CAlg(CATS-ccT ) the induced map

− ◦ F : HomCATS-cc
T

(D, E)→ HomCATS-cc
T

(C, E)
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is the inclusion of the components consisting of all G : C → E such that
GI factors through the invertible objects.

(2) If C is S-presentable and X is small, then D is S-presentable.

(3) If C is idempotent, then so is D. Moreover, anM∈ CAlg(CATS-ccT ) is a D-
module if and only if it is a C-module and the map I(x)·− :M(A)→M(A)
given by the C-module structure is an equivalence for every A ∈ T and
x ∈ X(A).

Proof. Consider the pushout

PS▷T (X)⊗ PS▷T (Xgrp)⊗

C D

P(f)⊗

Ĩ

⌜

(5.5)

in CAlg(CATS-ccT ), where the left-hand vertical map is adjunct to S and the hor-
izontal map is induced by a group completion. We may then identify for any
E ∈ CAlg(CATS-ccT ) the map Hom(D, E)→ Hom(C, E) with the projection

Hom(PS▷T (Xgrp)⊗, E)×Hom(PS▷T (X)⊗,E) Hom(C, E)→ Hom(C, E),

which by adjunction is the inclusion of those path components of symmetric monoidal
S-cocontinuous G : C → E such that GI factors through invertible objects.

For the second claim we observe that the assumptions on X and C guarantee
that all objects in (5.5) except possibly the bottom right one are S-presentable.

As CAlg(PrST ) ⊂ CAlg(CATS-ccT ) is closed under small colimits as a consequence of
Proposition 5.18, we conclude that also D is S-presentable.

For the final claim, we first observe that D is a C-algebra, hence in particular
a C-module. Thus SpcS▷T ⊗ D → C ⊗ D is an equivalence, and it will suffice for
idempotency that

HomCAlg(CATS-cc
T )(D ⊗D, E)

∼−−→ HomCAlg(CATS-cc
T )(C ⊗ D, E) (5.6)

for any C-algebra E . Since the symmetric monoidal product is the coproduct on
CAlg(CATS-ccT ), we may view (5.6) as a map

Hom(D, E)×Hom(D, E)→ Hom(C, E)×Hom(D, E).

As C is idempotent and E was assumed to be a C-algebra, Hom(C, E) ≃ 1 by
Lemma 4.31. By the universal property of D, we then have Hom(D, E) ≃ 1 if the
composite X → C → E lands in the invertible objects, and Hom(D, E) ≃ ∅ otherwise.
Thus, either both sides (5.6) are initial, or both sides are terminal; in any case, any
map between them is an equivalence.

It remains to prove the characterization of D-modules. Clearly, any D-module
M is also a C-module and its underlying PS▷T (X)⊗-module lifts to PS▷T (Xgrp)⊗,
i.e. X acts invertibly by the previous lemma. For the converse, we compute for a
C-moduleM

D⊗M ≃ D⊗CM≃ (PS▷T (Xgrp)⊗PS▷T (X) C)⊗CM≃ PS▷T (Xgrp)⊗PS▷T (X)M,

where the first equivalence is idempotency of C, the second one uses that (5.5)

exhibits D as the coproduct in CAlg(CATS-ccT )PS▷T (X)⊗/ ≃ CAlg(LModPS▷T (X)⊗),
while the last equivalence follows from [Lur17, Propositions 4.4.3.14 and 4.4.3.16].
If X acts invertibly onM, then the counit PS▷T (Xgrp)⊗ ⊗PS▷T (X)⊗ M→M is an
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equivalence of PS▷T (X)⊗-modules by another application of the previous lemma, so

that D⊗M ≃M abstractly in CATS-ccT . As the left-hand side is a D-module, so is
the right-hand side, finishing the proof. □

Corollary 5.26. Let R ⊂ SpcS▷T,∗ small. Then CATS-cc,R-ex
T ↪→ CATS-ccT

admits a left adjoint restricting to PrST → PrS,R-ex
T , and both of these adjunctions are

smashing localizations. In particular, there exists for any pointed S-presentable C
an R-stabilization, i.e. an S-cocontinuous Σ∞ : C → SpRS▷T (C) to an S-presentable
R-stable T -∞-category, such that for any S-cocomplete R-stable D

FunS-cc(Σ∞,D) : FunS-cc(SpRS▷T (C),D)
∼−−→ FunS-cc(C,D).

Proof. Note that if X,Y ∈ R(A) act invertibly, then so does X ⊗ Y . We may
therefore assume that R is a symmetric monoidal subcategory, and the first claim
follows by applying Theorem 5.25 to ιR ↪→ SpcS▷T,∗. The second claim is then an
instance of Lemma 4.34. □

Thanks to the abstract theory we obtain several further universal properties of
this construction:

Corollary 5.27. There exists a unique S-presentably symmetric monoidal
structure on SpRS▷T := SpRS▷T (SpcS▷T,∗) with unit S := Σ∞(1+), and this makes it
into the initial R-stable S-presentably symmetric monoidal T -∞-category.

Proof. Existence and uniqueness of the symmetric monoidal refinement were
recalled in Remark 4.27, and this is initial by Lemma 4.31. □

Corollary 5.28. For any S-presentably symmetric monoidal D, the restriction

Hom(Σ∞,D) : HomCAlg(PrST )(Sp
R
S▷T ,D)→ HomCAlg(PrST )(SpcS▷T,∗,D)

is the inclusion of the components consisting of those S-cocontinuous symmetric
monoidal functors that send the objects of R to invertible objects.

Proof. As part of Theorem 5.25 we constructed an S-presentably symmetric
monoidal structure with the correct universal property. This then necessarily agrees
with the structure from the previous corollary. □

6. The universal property of equivariant spectra

In this section we will recall the model of G-equivariant stable homotopy theory
in terms of orthogonal spectra with G-action, and we will show that for varying G
the resulting ∞-categories SpG of (genuine) G-spectra naturally assemble into the
free representation stable and equivariantly cocomplete global ∞-category.

6.1. A reminder on (equivariant) orthogonal spectra. We begin by
recalling the coordinate-free description of orthogonal spectra:

Construction 6.1. We write O for the following Top∗-enriched category: the
objects of O are the finite dimensional inner product spaces, and the pointed space
of maps V →W is given as the 1-point compactification of the total space of the
R-vector bundle

{(A,w) ∈ L(V,W )×W : ⟨Av,w⟩ = 0 for all v ∈ V } pr−−→ L(V,W ),

where L(V,W ) denotes the space of linear isometric embeddings as before; this
receives a natural quotient map from the fiberwise 1-point compactification, so we
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will denote points in O(V,W ) by [A,w] where w ∈ SW =W ∪{∞} and ⟨w,AV ⟩ = 0
for w ̸=∞. The composition law is then given by

O(V,W ) ∧O(U, V ) −→ O(U,W )

[B,w] ∧ [A, v] 7−→ [BA,Bv + w].

Definition 6.2. We write OrthSp for the (Top∗-enriched) category of Top∗-
enriched functors O→ Top∗ and natural transformations between them. An object
of OrthSp is called an orthogonal spectrum.

Construction 6.3. If i : U → V is a linear isometric embedding and X is
any orthogonal spectrum, then we obtain a map SV−i(U) ∧X(U)→ X(V ) as the
adjunct of the composite

SV−i(U) −→ O(U, V )
X−−→maps(X(U), X(V ))

v 7−→ [i, v];

we will refer to this as the structure map of X. We will be particularly interested in
the case of a direct summand inclusion V → V ⊕W , in which case we can write
the structure map as σV,W : SW ∧X(V )→ X(V ⊕W ). It is easy to check that this
map is (O(V )×O(W ))-equivariant with respect to the evident O(W )-action on SW

and the actions via functoriality of X.

Remark 6.4. The category O has a skeleton given by the vector spaces Rn
equipped with the standard scalar products, so it is enough to specify an orthogonal
spectrum on the full subcategory spanned by them. Similarly, it is not hard to show
that any morphism Rm → Rn in O is given up to conjugation by automorphisms
by a composite Rm → Rm+1 → · · ·Rn, where each Rk → Rk+1 is of the form
[incl, (0, . . . , 0, x)] for some x ∈ R ∪ {∞}.

It follows that we may equivalently describe an orthogonal spectrum as a se-
quence Xm = X(Rm) of based O(m)-spaces for all m ≥ 0, together with maps
S1 ∧Xm → Xm+1 satisfying some compatibility conditions. This is the classical ‘co-
ordinatized’ description of orthogonal spectra; as we will never need this description,
we simply refer the reader to [Sch18, Remark 3.1.6] for details.

For later use, let us describe the morphism spaces in O in concrete terms:

Lemma 6.5. Let V,W be finite-dimensional inner product spaces.

(1) If dim(V ) > dim(W ), then O(V,W ) = 0.
(2) If V =W , then O(V, V ) = O(V )+.
(3) If V ⊂W , then there exists a left O(W )- and right O(V )-equivariant home-

omorphism O(V,W ) ∼= O(W )+ ∧O(W−V ) S
W−V , where on the right-hand

side O(W ) and O(V ) act via left and right multiplication on O(W ), while
they act on the left-hand side via post- and precomposition, respectively.

Proof. The first two statements are clear from the definitions. For the third
statement, one easily checks that

O(W )+ ∧O(W−V ) S
W−V −→ O(V,W )

[A,w] 7−→ [A|V , Aw]

is well-defined and an equivariant homeomorphism, also cf. [Sch18, Construc-
tion 3.1.1]. □



6. THE UNIVERSAL PROPERTY OF EQUIVARIANT SPECTRA 85

Proposition 6.6. Let G,H be compact Lie, let V be an H-representation, and
let U be a G-representation. Then O(V,U) admits the structure of a finite based
(G×H)-CW-complex. Moreover, if K ⊂ H acts faithfully on V , then K acts freely
on O(V,U) outside the basepoint.

Proof. The claim is clear if O(V,U) = 0, so we may assume there exists an
isometric embedding V → U , which allows us to identify V with a vector subspace
of U , equipped with the restricted inner product. By the previous lemma, we may
then identify O(V,U) ∼= O(U)+ ∧O(U−V ) S

U−V as (G × H)-spaces. By Illman’s

triangulation theorem, O(U) is a
(
G×O(U − V )×H

)
-CW-complex and SU−V is

an O(U − V )-CW-complex. In any such structure, ∞ is a 0-cell (being an isolated
O(U − V )-fixed point), so that O(U)+ ∧ SU−V inherits the structure of a based
(G × O(U − V ) × H)-CW-complex, ultimately giving O(V,U) the structure of a
based (G×H)-CW-complex; moreover, this is finite by compactness.

To see that K acts freely outside the basepoint on O(U)+ ∧O(U−V ) S
U−V , it

will suffice to show that it acts freely on O(U)/O(U − V ). For this let A ∈ O(U)
arbitrary and let k ∈ K. As K acts faithfully on V by assumption, there exists a
v ∈ V such that k−1.v ≠ v, and hence (k.A)(v) = A(k−1.v) ̸= A(v) by injectivity of
A. Acting with any element of O(U − V ) does not change the values of A on V , so
that k.A and A define distinct classes in O(U)/O(U − V ), as claimed. □

6.1.1. G-equivariant stable homotopy theory of orthogonal G-spectra. For any
compact Lie group G, we write G-OrthSp for the (Top∗-enriched) category of
continuous G-objects in OrthSp, and we will refer to its objects as orthogonal
G-spectra. We will want to view them through the lens of a suitable notion of
G-equivariant weak equivalences, which we will introduce now.

Construction 6.7. Let H be any compact Lie group and let V be an H-
representation. If ρ : H → O(V ) is the corresponding homomorphism, then com-
posing with the identification O(V )+ ∼= O(V, V ) from Lemma 6.5 yields a natural
H-action on X(V ) for any orthogonal spectrum X. In particular, if X was already
an orthogonal G-spectrum, then this H-action commutes with the G-action, making
X(V ) into a (G×H)-space. We will be particularly interested in the case where
H ⊂ G is a closed subgroup, in which case we will usually view X(V ) as an H-space
via the diagonal action.

Construction 6.8. Fix once and for all a complete G-universe UG and write
s(UG) for the poset of finite dimensional subrepresentations of UG. We then define
for every closed subgroup H ⊂ G, n ≥ 0, and every G-orthogonal spectrum X its
n-th H-equivariant homotopy set via

πHn (X) := colim
V ∈s(UG)

[SV⊕Rn

, X(V )]H∗

where [−,−]H∗ denotes based H-equivariant homotopy classes of maps and the
transition map for V ⊂W is given by the composite

[SV⊕Rn

, X(V )]H∗
σ̃−−→ [SV⊕Rn

,ΩW−VX(W )]H∗
∼= [SW−V ∧SV⊕Rn

, X(W )]H∗
∼= [SW⊕Rn

, X(W )]H∗

of the adjunct structure map, the adjunction isomorphism, and the isomorphism
SW−V ∧ SV⊕Rn ∼= SW⊕Rn

given by compactifying the evident isomorphism of real
vector spaces (W − V )⊕ (V ⊕ Rn) ∼=W ⊕ Rn.
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If n < 0, then we define πHn (X) as the analogous colimit

colim
V ∈s(UG)

[SV , X(V ⊕ R−n)].

Both of these become functors in X via postcomposition.

Remark 6.9. Note that πHn is independent of the choice of universe up to
isomorphism. In particular, since any complete G-universe UG is also a complete
H-universe for any H ⊂ G by [Sch18, Remark 1.1.13], we could as well have
defined πHn as a colimit over a complete H-universe. In other words, we also get a
natural isomorphism πHn (X) ∼= πHn (resGHX) for any orthogonal G-spectrum X with
underlying orthogonal H-spectrum resGHX.

Definition 6.10. A map f : X → Y in G-OrthSp is called a G-equivariant
weak equivalence if the induced map πHn (X)→ πHn (Y ) is bijective for every n ∈ Z
and H ⊂ G.

Definition 6.11. The ∞-category SpG of G-equivariant spectra is the Dwyer–
Kan localization of G-OrthSp at the G-equivariant weak equivalences.

Our next goal is to show that SpG is a compactly generated stable ∞-category
and that the smash product of orthogonal spectra derives to a closed symmetric
monoidal structure. While these ∞-categorical statements are of course already
recorded in the literature, we spend some time to review the model categorical
underpinnings as several of the intermediate results as well as the general strategies
will be needed later to get the G-global theory off the ground.

We therefore begin by describing our reference model structure on orthogonal
G-spectra.

Definition 6.12. A map f : X → Y in G-OrthSp is called an G-equivariant
level fibration if for every finite-dimensional inner product space V , f(V ) : X(V )→
Y (V ) is a fibration in the GG,O(V )-equivariant model structure, i.e. if f(V )H is
a Serre fibration for every closed subgroup H ⊂ G and every continuous group
homomorphism H → O(V ). Analogously, we define the G-equivariant level weak
equivalences as those f such that f(V ) is a GG,O(V )-weak equivalence for all finite-
dimensional inner product spaces V .

A map is called a G-equivariant cofibration if it has the left lifting property
against all maps that are simultaneously G-equivariant level fibrations and G-
equivariant level weak equivalences.

Definition 6.13. A map f : X → Y is called a G-equivariant fibration if
it is a G-equivariant level fibration and for all closed subgroups H ⊂ G and H-
representations V,W , the naturality square

X(V ) ΩWX(V ⊕W )

Y (V ) ΩWY (V ⊕W )

σ̃

f(V ) ΩW f(V⊕W )

σ̃

for the adjunct structure maps is a homotopy pullback in H-Top∗.
An orthogonal G-spectrum X is called a G-Ω-spectrum if the unique map X → 0

is a G-equivariant fibration, i.e. the adjunct structure map X(V )→ ΩWX(V ⊕W )
is an H-equivariant weak equivalence for each closed subgroup H ⊂ G and all
H-representations V,W .
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If we want the fibrations to be part of a cofibrantly generated model structure,
we have to characterize them via a lifting property. For the level fibrations this is
rather straightforward, while the following set of maps will turn out to detect the
homotopy pullback condition:

Construction 6.14. Let H ⊂ G be any closed subgroup and let V be any
H-representation. Then it follows from the enriched Yoneda lemma that the Top∗-
enriched functor

G-OrthSp −→ Top∗

X 7−→ X(V )H

is corepresented by O(V,−)∧HG+ via evaluation at [idV , 0; 1] ∈
(
O(V,−)∧HG+

)
H .

If W is any further H-representation, then the functor X 7→
(
ΩWX(V ⊕W )

)
H

is similarly corepresented by
(
O(V ⊕W,−) ∧ SW

)
∧H G+ via evaluation at V ⊕W

and restriction along

SW −→
(
O(V ⊕W,V ⊕W ) ∧ SW

)
∧H G+

w 7−→ [idV⊕W , 0;w; 1].

It follows from the enriched Yoneda lemma, that there exists a unique map

κH,GV,W :
(
O(V ⊕W,−) ∧ SW

)
∧H G+ → O(V,−) ∧H G+

such that maps(κH,GV,W , X) corresponds under the chosen identifications with the

H-fixed points of the adjunct structure map X(V )→ ΩWX(V ⊕W ).

Note that by construction an orthogonal G-spectrum X is a G-Ω-spectrum

if and only if it is local (in the enriched sense) with respect to the maps κH,GV,W .
Detecting the pullback condition in the unenriched sense will merely require a slight
modification:

Construction 6.15. We use the mapping cylinder to factor each κH,GV,W as

(O(V ⊕W,−) ∧ SW
)
∧H G+ ↪

λH,G
V,W−−−−→ Z ∼−−→ O(V,−) ∧H G+

and we define the set KG to consist of all the pushout product maps

(O(V ⊕W,−) ∧ SW
)
∧H G+ ∧ ∂Dn

+ Z ∧ ∂Dn
+

(O(V ⊕W,−) ∧ SW
)
∧H G+ ∧Dn

+ P

Z ∧Dn
+

λH,G
V,W∧∂Dn

+

λH,G
V,W∧Dn

+

⌜

λH,G
V,W

□incl

where n ≥ 0, H is a closed subgroup of G, and V,W run through (representatives
of isomorphisms classes of) H-representations.

Theorem 6.16. The G-equivariant weak equivalences, cofibrations, and fibra-
tions are part of a stable, proper, and topological model structure on G-OrthSp.
This model structure is cofibrantly generated with generating cofibrations

I = {O(V,−) ∧H G+ ∧ (∂Dn ↪→ Dn)+ : H ⊂ G,V an H-representation,n ≥ 0}
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and generating acyclic cofibrations

J = {O(V,−)∧HG+∧(∂Dn ↪→Dn)+ :H ⊂ G,V an H-representation,n ≥ 0}∪KG.

We call this the G-equivariant model structure.

Proof. All of these statements apart from the description of the generating
(acyclic) cofibrations are part of [DHL+23, Theorem 1.37]. The description of the
generating (acyclic) cofibrations is then noted in the beginning of part (iv) of the
proof of loc. cit. □

Lemma 6.17. The adjunction

Σ∞ := O(0,−) ∧ − : G-Top∗ ⇄ G-OrthSp : Ω∞ := ev0

is a Quillen adjunction.

Proof. It is clear that the left adjoint sends generating (acyclic) cofibrations
to generating (acyclic) cofibrations, so it is left Quillen. □

6.1.2. Homotopy pushouts. Similarly to various model structures considered
before, the equivariant model structure on orthogonal G-spectra has rather few
cofibrations, so that it is often hard to get concrete control over the factorization of a
given map into a cofibration followed by a weak equivalence. In order to nevertheless
be able to compute homotopy pushouts we introduce:

Definition 6.18. A map f : X → Y in G-OrthSp is called an unbased level
h-cofibration if each f(V ) : X(V )→ Y (V ) is an h-cofibration in (O(V )×G)-Top.

Lemma 6.19. Pushouts along unbased level h-cofibrations are homotopy pushouts
in the G-equivariant model structure.

Proof. Consider a pushout as depicted on the left, where i is an unbased level
h-cofibration, and pick a factorization of f as a cofibration j followed by a level
weak equivalence g, leading to the iterated pushout depicted on the right:

A B A X B

C D C Y D.

f

⌜
i

⌜

j

i

⌜
i′

g

∼

h

If H ⊂ G and V is any H-representation, then i(V ) is in particular an h-cofibration
in H-Top, whence so is i′(V ). As g(V ) is an H-equivariant weak equivalence, so is
h(V ) by Lemma 4.12, i.e. h is again a G-equivariant level weak equivalence. This in
particular shows that the original square is a homotopy pushout. □

6.1.3. Stability. For G = 1, the above is a model of ordinary stable homotopy
theory, and in particular the corresponding ∞-category Sp is stable in the sense
that the suspension-loop adjunction is an equivalence. For general G, SpG satisfies
the following genuine version of stability (which will later precisely correspond to
representation stability of a certain global ∞-category Sp of equivariant spectra):

Proposition 6.20 (See [MM02, Proposition III.3.9 and Theorem III.3.11]). Let
V be any G-representation. Then the endofunctors SV ∧ − and ΩV of G-OrthSp
preserve G-equivariant weak equivalences, and the induced endofunctors of SpG are
mutually inverse equivalences. □
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Corollary 6.21. The ∞-category SpG is stable.

Proof. As the underlying ∞-category of a model category, SpG is complete
and cocomplete, with the localization preserving initial and final objects. Thus,
SpG is pointed. Observe now that the ∞-categorical suspension functor on SpG is
induced by the suspension functor on the pointset level (e.g. since the left Quillen
bifunctor Top∗ ×G-OrthSp→ G-OrthSp describing the tensoring descends to
a functor Spc∗×SpG → SpG preserving colimits in each variable and restricting
to the identity on {S0} × SpG, and there is only one such functor). Thus, the
claim follows by specializing the previous proposition to the 1-dimensional trivial
G-representation. □

In particular, SpG is additive. Since each of the functors πHn : SpG → Sets
preserves finite products by direct inspection, it therefore admits a unique lift to
Ab (which would of course also be easy to describe directly).

Proposition 6.22. The stable ∞-category SpG is compactly generated by
the collection of suspension spectra Σ∞G/H+ for all closed subgroups H ⊂ G. In
particular, it is presentable.

Proof. By [Lur17, Proposition 1.4.4.1 and Corollary 1.4.4.2] it only remains to
show that the spectra Σ∞G/H+ form a set of compact generators in the triangulated
sense, which is an instance of [DHL+23, Corollary 1.59]. □

6.1.4. Functoriality. In order to be able to later assemble the individual ∞-
categories SpG into a global ∞-category Sp, we should once more discuss their
relationship as the group G varies.

Proposition 6.23 (See [DHL+23, Theorem 1.66(ii)]). Let f : G → G′ be a
homomorphism of compact Lie groups. Then

f∗ : G′-OrthSp ⇄ G-OrthSp : f∗

is a Quillen adjunction for the equivariant model structures, and hence in particular
induces an adjunction Lf∗ : SpG′ ⇄ SpG :Rf∗. □

Proposition 6.24. Let i : G→ G′ be an injective homomorphism of compact
Lie groups. Then

i! : G-OrthSp ⇄ G′-OrthSp : i∗

is a Quillen adjunction in which both adjoints are homotopical. In particular, they
descend to an adjunction i! : SpG ⇄ SpG′ : i∗.

Proof. [DHL+23, Theorem 1.66(i)] shows that i∗ is homotopical right Quillen,
while i! is homotopical by [Sch18, Corollary 3.2.21]. □

Warning 6.25. In contrast to all other models of equivariant or global homotopy
theory considered in this paper, restriction along a non-injective homomorphism
f : G→ G′ does not send G′-equivariant weak equivalences to G-equivariant ones.
Accordingly, some care will be needed in the next subsection to construct the global
∞-category Sp.
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6.1.5. Smash product symmetric monoidal structure. Next, we recall the usual
smash product of orthogonal spectra.

Construction 6.26. The indexing category O for orthogonal spectra admits
a Top∗-enriched symmetric monoidal structure given on objects by direct sum and
on morphisms by

O(V1,W1) ∧O(V2,W2) −→ O(V1 ⊕ V2,W1 ⊕W2)[
[A1, w1], [A2, w2]] 7−→ [A1 ⊕A2, (w1, w2)]

(with the convention that (∞, w2) =∞ and (w1,∞) =∞). The unit is given by the
zero representation, and the associativity, unitality, and symmetry isomorphisms are
induced from the ones for the cocartesian symmetric monoidal structure on R-vector
spaces. By enriched Day convolution, this gives us a closed and Top∗-enriched
symmetric monoidal structure on OrthSp, which we call the smash product. The
internal homs are given by F (X,Y )(V ) = maps(shVX,Y ) where shV is given by
restriction along V ⊕− : O→ O, and the functoriality of F (X,Y ) in V is via the
functoriality of −⊕− in the first variable.

Pulling through G-actions, we then more generally get the analogous structure
on G-OrthSp for every compact Lie group G.

Proposition 6.27 (See [DHL+23, Proposition 1.43]). The smash product
defines a left Quillen bifunctor G-OrthSp×G-OrthSp→ G-OrthSp with respect
to the equivariant model structures. □

As a consequence, we see that smashing with a cofibrant orthogonal G-spectrum
preserves weak equivalences between cofibrant orthogonal G-spectra. However, the
smash product is actually homotopical under significantly weaker assumptions. In
order to state this result, we will first need some terminology.

Construction 6.28. Let O≤n ⊂ O denote the full subcategory spanned by the
inner product spaces of dimension ≤ n, and write OrthSp≤n for the category of
Top∗-enriched functors O≤n → Top∗. Then the restriction OrthSp→ OrthSp≤n
admits a left adjoint i! via enriched left Kan extension. We write skn := i!i

∗, which
comes with a natural transformation ε : skn → idOrthSp given by the counit of the
adjunction. We lift skn and ε to G-OrthSp by pulling through the G-actions as
before.

Definition 6.29. Given an orthogonal G-spectrum X and an n ≥ 0, the n-th
latching map LnX → X(Rn) is the map ε(Rn) : skn−1(X)(Rn)→ X(Rn). We say
that X is flat if the n-th latching map is a cofibration in the Aℓℓℓℓℓℓ-model structure
on (O(n)×G)-Top∗ for every n ≥ 0.

Example 6.30. Every orthogonal G-spectrum that is cofibrant in the equivariant
model structure is flat. This follows at once from the characterization of the G-
equivariant cofibrations in [DHL+23, Definition 1.29], see also Remark 1.38 of op.
cit.

Theorem 6.31 (Stolz). If X is a flat orthogonal G-spectrum, then the functor
X∧− : G-OrthSp→ G-OrthSp preserves G-equivariant weak equivalences. More-
over, for any orthogonal G-spectrum Y the functor − ∧ Y preserves G-equivariant
weak equivalences between flat orthogonal G-spectra.
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Proof. For a published account of the first statement see [Sch18, Theorem
3.5.10]. For the second statement, we let X1 → X2 be any G-equivariant weak
equivalence between flat orthogonal G-spectra and we pick a cofibrant replacement
Y ′ → Y . Then all maps in the induced square

X1 ∧ Y ′ X2 ∧ Y ′

X1 ∧ Y X2 ∧ Y

except possibly the bottom one are G-equivariant weak equivalences by the first part;
thus, also the bottom map is a G-equivariant weak equivalence by 2-out-of-3. □

6.2. The universal property of equivariant spectra. As the main result
of this section, we will now describe the free representation stable equivariantly

presentable global ∞-category SpRepSph
Orb▷Glo in terms of the ∞-categories SpG of

equivariant spectra. We begin by explaining how the latter assemble into a global
∞-category:

Construction 6.32. Consider the full subcategory of Ntop(OrthSp♭) given
in degree G by the cofibrant orthogonal G-spectra. By Proposition 6.23, this is
indeed a global subcategory and all restriction functors preserve equivariant weak
equivalences when restricted to this subcategory. We may therefore Dwyer–Kan
localize, yielding a global ∞-category Sp.

By Lemma B.5, we may equivalently define Sp on 0-cells and 1-cells after for-
getting the topological enrichment. Combining this with the existence of (functorial)
cofibrant replacements, we therefore arrive at the following incoherent description of
Sp: it sends an object BG ∈ Glo to the ∞-category SpG of G-equivariant spectra
and a functor BG→ BG′ corresponding to a homomorphism f : G→ G′ to the left
derived functor Lf∗ : SpG′ → SpG.

Lemma 6.33. The global ∞-category Sp is fiberwise presentable.

Proof. By Proposition 6.22 each SpG is presentable, while Proposition 6.23
shows that all restriction functors are left adjoints. □

Below we will prove:

Theorem 6.34. The global ∞-category Sp is the free equivariantly cocomplete
and representation stable global ∞-category generated by the global section S, i.e.
for any other such C evaluation at S defines an equivalence

FunOrb-cc
Glo (Sp, C) ∼−−→ C.

Our argument will proceed by instead establishing a universal property for a
certain symmetric monoidal refinement Sp and then appealing to the general theory
established in the previous section.

To construct the symmetric monoidal structure, recall first that by Proposi-

tion 6.27 the symmetric monoidal structure on Ntop(OrthSp♭) induced by the smash
product restricts to the full subcategory of cofibrant objects, and this restricted
tensor product preserves weak equivalences in each variable. This then upgrades
Sp to a symmetric monoidal global ∞-category Sp⊗ such that each individual
SpG is presentably symmetric monoidal. We will now explain how to assemble the
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suspension spectrum functors LΣ∞ : SG,∗ → SpG into a global symmetric monoidal
functor:

Construction 6.35. The topologically enriched symmetric monoidal func-

tor Σ∞ : Top∗ → OrthSp induces a symmetric monoidal functor Ntop(Top
♭
∗) →

Ntop(OrthSp♭). By Lemma 6.17, this restricts to a homotopical functor between
the corresponding subcategories of cofibrant objects and hence induces

LΣ∞ : S⊗
∗ ≃ (Scof

∗ )⊗ → Sp⊗.

As a direct consequence of work of Gepner–Meier, this construction enjoys the
following ‘pointwise’ universal property:

Proposition 6.36. Let f : T → Glo be any functor, and let C⊗ be a fiberwise
presentably symmetric monoidal T -∞-category. Then the map

HomFun(T op,CAlg(PrL))(f
∗Sp⊗, C⊗)→ HomFun(T op,CAlg(PrL))(f

∗S⊗
∗ , C⊗)

induced by LΣ∞ is an inclusion of path-components, and its image consists precisely
of those functors that send representation spheres to invertible objects.

Proof. For any compact Lie group G, [GM23, Proposition C.9] shows that

LΣ∞ : S⊗
G,∗ → Sp⊗G is the initial example of a map in CAlg(PrL) inverting repre-

sentation spheres, i.e. it exhibits Sp⊗G as a left adjoint object with respect to the
functor i : PrL → Ar(CAlg(PrL)) sending a symmetric monoidal ∞-category to the
inclusion of the full subcategory of tensor invertible objects. Thus, f∗LΣ∞ exhibits
f∗Sp⊗ as a left adjoint object with respect to Fun(T op, i), which is exactly the
statement of the proposition. □

It remains to understand how the above pointwise stabilization interacts with
the notion of equivariant cocompleteness.

Lemma 6.37. Let i : G → G′ be an injective homomorphism of compact Lie
groups. Then i∗ : SpG′ → SpG admits a left adjoint i!, and the Beck–Chevalley
map i!LΣ

∞ → LΣ∞Li! of functors SG,∗ → SpG′ is an equivalence.

Proof. Proposition 6.24 shows that we have a homotopical Quillen adjunction
i! : G-OrthSp ⇄ G′-OrthSp : i∗, proving the existence of the left adjoint i! of
i∗ = Li∗ : SpG′ → SpG. Since also i! : G-Top∗ → G′-Top and the suspension
spectrum functors are left Quillen (see Lemmas 4.14 and 6.17, respectively), it
then suffices to observe for the Beck–Chevalley condition that the underived Beck–
Chevalley map i!Σ

∞ → Σ∞i! is an isomorphism. □

Proposition 6.38. The symmetric monoidal global ∞-category Sp⊗ is equiv-
ariantly presentably symmetric monoidal.

Proof. Combining Proposition 6.36 for Orb ↪→ Glo with [Cno23, Proposi-
tion 2.46] shows that Sp⊗|Orb is Orb-presentably symmetric monoidal. Factoring
a general map in Glo as a surjective homomorphism followed by a subgroup in-
clusion and appealing to Proposition 3.24, it then only remains to verify that the
Beck–Chevalley map j!q

∗ → p∗i! is an equivalence for any pullback

H ′ G′

H G

j

q
⌟

p

i
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in the 1-category of compact Lie groups, where i is the inclusion of a subgroup and
p is surjective. As both source and target of the Beck–Chevalley map are left adjoint
functors of presentable stable ∞-categories, it suffices to check the Beck–Chevalley
condition on the compact generators from Proposition 6.22, and hence in particular
after precomposing with LΣ∞. As Beck–Chevalley maps compose, we then have a
commutative diagram of Beck–Chevalley maps

j!q
∗LΣ∞ j!LΣ

∞q∗ LΣ∞j!q
∗

p∗i!LΣ! p∗LΣ∞i! LΣ∞p∗i!,

∼

BC!◦LΣ∞

BC!

LΣ∞BC!

BC!
∼

where all unlabelled equivalences are given by naturality. We want to show that the
left-hand certical map is an equivalence. By the previous lemma (and using that both
i and j are maps in Glo as opposed to PSh(Glo), by virtue of the explicit description
of the pullback), the horizontal Beck–Chevalley maps are equivalences, and so is
the right-hand vertical map by Corollary 4.9. The claim follows by 2-out-of-3. □

Proposition 6.39. The symmetric monoidal functor LΣ∞ : S⊗
∗ → Sp⊗ is

equivariantly cocontinuous. Moreover, if C⊗ is equivariantly presentably symmetric
monoidal, then a fiberwise cocontinuous symmetric monoidal functor F : Sp⊗ → C⊗
is equivariantly cocontinuous if and only if F ◦ LΣ∞

+ : S⊗
∗ → C⊗ is so.

Proof. To see that LΣ∞ is equivariantly cocontinuous, we observe that each
LΣ∞ : SG,∗ → SpG is cocontinuous (being the left derived functor of a left Quillen
functor), while the Beck–Chevalley condition for left adjoints to restrictions along
injective homomorphisms is the content of Lemma 6.37. This completes the proof
of the first statement and the ‘only if’ part of the second one.

To prove the remaining direction, we left F : Sp⊗ → C⊗ be a fiberwise cocontin-
uous symmetric monoidal functor such that F ◦ LΣ∞ is equivariantly cocontinuous;
we have to show that the Beck–Chevalley map i!F → Fi! is invertible for every
injective i : G→ G′. Note that the presentably symmetric monoidal ∞-categories
C(G) and C(G′) are stable as they receive symmetric monoidal left adjoints from
presentably symmetric monoidal stable ∞-categories (namely, FG and F ′

G); thus,
the Beck–Chevalley condition follows by exactly the same reduction argument as in
the proof of the previous proposition. □

Proof of Theorem 6.34. Applying Proposition 6.36 for f = id shows that
LΣ∞ : S⊗

∗ → Sp⊗ is the initial example of a map in Fun(Gloop,CAlg(PrL)) with
source S⊗

∗ and inverting all representation spheres. Combining this with Propo-
sitions 6.38 and 6.39 shows that it is also the initial such map in CAlg(PrOrb

Glo ).
Thus, Corollary 5.28 implies that there is an equivalence SpRepSph

Orb▷Glo ≃ Sp under
SpcOrb▷Glo,∗ ≃ S∗ (in fact, the corollary even provides a symmetric monoidal equiva-
lence). The claim then follows from the defining universal property of SpRepSph

Orb▷Glo. □

In the same way one deduces from Corollary 5.27:

Corollary 6.40. The global ∞-category Sp admits a unique equivariantly
presentably symmetric monoidal structure with unit S, and this is the symmetric
monoidal structure induced by the smash product constructed above. Moreover,
the resulting global symmetric monoidal ∞-category is the initial equivariantly
presentably symmetric monoidal representation stable global ∞-category. □
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7. The universal property of global spectra

In this section, we will prove the universal property of global stable homotopy
theory. In more detail, we explain in §7.1 how looking at orthogonal G-spectra
through a finer notion of weak equivalence than the G-equivariant weak equivalences
considered in the previous section gives rise to a G-global model structure, which for
G = 1 recovers Schwede’s global model structure [Sch18]. In §7.2 we introduce an
alternative model of G-global stable homotopy theory using orthogonal spectrum
objects in orthogonal G-spaces, which will be crucial for establishing the universal
property; the proof that these two models are indeed equivalent occupies all of §7.3.
In §7.4 we show that the ∞-categories SpG-gl of G-global spectra assemble into a
representation stable globally presentable global ∞-category Spgl, and in §7.5 we
finally prove that this is in fact the universal such category.

7.1. The G-global model structure on orthogonal G-spectra. In this
subsection we will introduce our reference model of G-global stable homotopy
theory in terms of a G-global model structure on orthogonal G-spectra, generalizing
Schwede’s global model structure on orthogonal spectra [Sch18, Theorem 4.3.17].
The G-global model structure we consider here was first constructed in the master’s
thesis of Vincent Grande [Gra21]; as this thesis is not publicly available, we will
give a new proof of the existence of this model structure for the reader’s convenience.

7.1.1. The G-global level model structure. We again start with a suitable level
model structure:

Proposition 7.1. Let G be a compact Lie group. There exists a (unique) model
structure on G-OrthSp in which a map f : X → Y is a weak equivalence or fibration
if and only if for every finite-dimensional inner product space V , f(V ) : X(V ) →
Y (V ) is a weak equivalence or fibration, respectively, in the GO(V ),G-equivariant

model structure9 on (O(V )×G)-Top. We call this the G-global level model
structure and its weak equivalences the G-global level weak equivalences. If
f : X → Y is any cofibration in the model structure, then f(V ) is in particular a
GO(V ),G-cofibration for every inner product space V , and likewise for the acyclic
cofibrations.

Moroever, the G-global level model structure is proper, topological, and cofi-
brantly generated with generating cofibrations

I = {O(V,−) ∧φ G+ ∧ (∂Dn ↪→ Dn)+ : V ∈ O, H ⊂ O(V ), φ : H → G, n ≥ 0}

and generating acyclic cofibrations

J = {O(V,−) ∧φ G+ ∧ (Dn ↪→ Dn × I)+ : V ∈ O, H ⊂ O(V ), φ : H → G, n ≥ 0}.

For the proof of the proposition we will need:

Lemma 7.2. Let V,W be finite dimensional inner product spaces. Then

O(V,W ) ∧O(V ) − : (O(V )×G)-Top∗ → (O(W )×G)-Top∗

is left Quillen for the GO(V ),G-model structure on the source and the GO(W ),G-model
structure on the target.

9 We emphasize that this is different from the GG,O(V )-model structure used to the define the
G-equivariant level weak equivalences.
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Proof. It is clear that this functor is a left adjoint. By the explicit de-
scription of the generating (acyclic) cofibrations, it will then suffice to show that
O(V,W ) ∧O(V ) (O(V )×G)+/ΓH,φ ∼= O(V,W ) ∧φ G+ is cofibrant in the GO(W ),G-
model structure on (O(W )×G)-Top∗ for any H ⊂ O(V ) and φ : H → G.

By Proposition 6.6, O(V,W ) is an (O(W )×H)-CW complex with free H-action
outside the basepoint, hence cofibrant in the GO(W ),H -model structure. To complete
the proof it then suffices to observe that

− ∧φ G+ = φ! : (O(W )×H)-Top∗ → (O(W )×G)-Top∗

is left Quillen for the graph model structures by Example 2.6. □

Proof of Proposition 7.1. Observe first that if f is a generating cofibration,
then f(V ) is a GO(V ),G-cofibration by the previous lemma. As evaluation at V is
cocontinuous, we then see that the same holds more generally whenever f is a retract
of a relative I-cell complex; in particular, once we have set up the model structure,
this will prove that cofibrations are levelwise cofibrations. In the same way, we see
that retracts of relative J-cell complexes are levelwise acyclic cofibrations.

For existence of the model structure, we want to apply the Crans–Kan transfer
criterion [Hir03, Theorem 11.3.2] for

G-OrthSp
(evV )V−−−−−→

∏
V

(O(V )×G)-Top (7.1)

where the product runs over a set of isomorphism classes of finite-dimensional
inner product spaces (e.g. just over the standard Rn’s), and we equip the factor
(O(V )×G)-Top with the GO(V ),G-model structure. Note that (7.1) is right adjoint
to the functor sending a family of maps fV to the coproduct

∨
V O(V,−)∧O(V )(fV )+.

Moreover, the target of (7.1) is cofibrantly generated, with a set of generating
(acyclic) cofibrations given by those tuples (fV )V where one fV is a generating
(acyclic) cofibration while all other are the identity of the initial object. Thus, with
respect to the standard choices of generating (acyclic) cofibrations for orthogonal
G-spaces, the images of generating cofibrations or generating acyclic cofibrations of∏
V (O(V )×G)-Top are precisely the sets I and J from the theorem statement.

It then remains to show:

(1) The set I permits the small object argument (i.e. the source of any map
in I is small with respect to transfinite compositions of relative I-cell
complexes).

(2) The set J permits the small object argument.
(3) Any relative J-cell complex is a G-global level weak equivalence.

We begin by proving (1); the proof of (2) will then be completely analogous. By
construction, any map in I is of the form O(V,−) ∧O(V ) i for some inner product
space V and some generating cofibration i of the GO(V ),G-equivariant model structure
from Proposition 2.2. By direct inspection, the source of any such i is small with
respect to transfinite compositions of closed embeddings. On the other hand,
O(V,−) ∧O(V ) − is left adjoint to evV , and the latter is cocontinuous and sends
relative I-cell complexes to closed embeddings as a consequence of the previous
lemma. Thus, the source of O(V,−) ∧O(V ) i is small with respect to transfinite
composition of I-cell complexes as claimed.

For the proof of (3) on the other hand, it suffices to observe once more that
evaluation at any V sends maps in J to GO(V ),G-acyclic cofibrations. This completes
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the proof that the model structure exists and is cofibrantly generated by I and J ;
moreover, as announced in the beginning, we have also shown that cofibrations are in
particular levelwise cofibrations. Properness is therefore immediate from properness
of the GO(V ),G-model structure. Similarly, we conclude that the cotensoring over
Top is a right Quillen bifunctor, i.e. the model structure is topological. □

For later use we record:

Lemma 7.3. Every orthogonal G-spectrum that is cofibrant in the G-global
level model structure is flat in the sense of Definition 6.29.

Proof. Consider the class F of flat cofibrations, i.e. maps f : X → Y such
that the induced map X(Rn) ⨿LnX LnY → Y (Rn) is an (O(n) × G)-equivariant
cofibration for all n ≥ 0, where LnX,LnY denote the nth latching objects of X
and Y as defined in Definition 6.29. We will show that F contains all G-global
cofibrations, which will then in particular imply the lemma.

For this we observe that F is closed under pushout, transfinite composition, and
retracts: for example, using that both evaluation at Rn and the restriction functor
i∗ from the previous construction also have right adjoints, one can identify F with
the class of maps having the right lifting property against a certain class of maps.
It therefore suffices to show that the generating cofibrations are contained in F.

AsO≤n−1 ↪→ O≤n is fully faithful, the counit ε : skn−1X → X is an isomorphism
if X is left Kan extended from O≤n−1 and in particular for X = O(V,−)∧φG+∧K+

with dim(V ) < n. Thus, also the latching map is an isomorphism; we conclude that
for the generating cofibration

X = O(V,−) ∧φ G+ ∧ ∂Dm ↪→ O(V,−) ∧φ G+ ∧Dm = Y,

the map X(Rn)⨿LnX LnY → Y (Rn) is an isomorphism, and hence in particular an
equivariant cofibration, whenever n > dim(V ). If n ≤ dim(V ) on the other hand,
then skn−1O(V,−) = 0, and hence Ln

(
O(V,−) ∧H G+ ∧K

)
= 0. For X → Y the

generating cofibration from before, we can then identify X(Rn)⨿LnX LnY → Y (Rn)
with O(V,Rn) ∧φ G+ ∧ (∂Dm ↪→ Dm). If n < dim(V ), both sides are zero, so this
is even an isomorphism; on the other hand, for n = dim(V ), this can be further
identified via Lemma 6.5 with (O(n)×G)+/ΓH,φ ∧ (∂Dm ↪→ Dm)+, which is one
of the generating cofibrations. □

7.1.2. The G-global model structure. The model structure we are actually after
will be obtained from the G-global level model structure by Bousfield localization.
We can describe both the local objects and the weak equivalences of this localization
explicitly:

Definition 7.4. An orthogonal G-spectrum X is called a G-global Ω-spectrum
if for every compact Lie group H, and all H-representations V,W such that V
is faithful, the adjoint structure map X(V ) → ΩWX(V ⊕ W ) is a GH,G-weak
equivalence.

Definition 7.5. A map f : X → Y of orthogonal G-spectra is called a G-global
weak equivalence if φ∗f : φ∗X → φ∗Y is an H-equivariant weak equivalence for
every compact Lie group H and every Lie group homomorphism φ : H → G.

Remark 7.6. Factoring φ as the composite H
(id,φ)−−−−→ H ×G pr−−→ G and using

that equivariant weak equivalences are preserved by restriction along injective
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homomorphisms (Proposition 6.24), we see that a map is a G-global weak equivalence
if and only if it is a (G×H)-equivariant weak equivalence with respect to the trivial
H-action for every compact Lie group H.

Lemma 7.7. Any G-global level weak equivalence is in particular a G-global
weak equivalence.

Proof. Let H be any compact Lie group. By [BtD95, Theorem 4.1], there
exists a faithful H-representation V , which we may assume without loss of generality
to be a subrepresentation of the chosen complete H-universe UH . Then the subposet
of s(UH) of all subrepresentations containing V is cofinal, whence so is the (larger)
subposet of all faithful subrepresentations. To complete the proof it then suffices to
observe that if f : X → Y is any G-global level weak equivalence andW a faithful H-
representation classified by some ρ : H → O(W ), then (φ∗f)(W ) is an H-equivariant

weak equivalence as (φ∗f)(W )K = f(W )φρ
−1|ρ(K) for any K ⊂ H. □

Theorem 7.8. The G-global level model structure on G-OrthSp admits a
Bousfield localization whose weak equivalences are precisely the G-global weak
equivalences and whose fibrant objects are precisely the G-global Ω-spectra. The
resulting model category is again proper, topological, and cofibrantly generated with
generating cofibrations I and generating acyclic cofibrations J ∪ Z, where I and J
are the generating (acyclic) cofibrations for the G-global level model structure from
Proposition 7.1 and the set Z is described in Construction 7.9 below. Moreover,
pushouts along unbased level h-cofibrations are homotopy pushouts.

Construction 7.9. Recall the map κH,HV,W from Construction 6.14 together
with its factorizations as a cofibration λH,HV,W followed by a homotopy equivalence via
the mapping cyclinder. We define Z as the set given by the pushout products of

the inclusions ∂Dn ↪→ Dn with the maps φ!λ
H,H
V,W for all compact Lie groups H, H-

representations V,W where V is faithful, and all continuous group homomorphisms
φ : H → G.

The following will be the key non-formal ingredient for the proof of Theorem 7.8:

Proposition 7.10. Let φ : H → G be a homomorphism of compact Lie groups,
and let V,W be H-representations such that V is faithful as a ker(φ)-representation.

Then φ!κ
H,H
V,W is a G-global weak equivalence.

For setting up the model structure, we will only need the special case where all
of H acts faithfully; the other extreme where ker(φ) = 1 (meaning that there is no
condition on the representation V ) will become relevant in §7.3.

Proof. In light of Remark 7.6 we have to show that φ!κ
H,H
V,W is a (G×K)-weak

equivalence for any compact Lie group K (acting trivially on both sides). Viewing
V and W as (H ×K)-representations via the trivial K-action, and replacing φ by
φ× idK : H×K → G×K, we may then assume that K = 1; in other words, we only

have to show that φ!κ
H,H
V,W : φ!

(
O(V ⊕W,−

)
∧ SW )→ φ!O(V,−) is a G-equivariant

weak equivalence.
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For this pick a cofibrant replacement p : E → (G×H)/ΓH,φ in the (GH,G ∩ GG,H)-
model structure on (G×H)-Top, and consider the induced commutative square

(O(V ⊕W,−) ∧ SW ) ∧H E+ O(V,−) ∧H E+

(O(V ⊕W,−) ∧ SW ) ∧H (G×H)+/ΓH,φ O(V,−) ∧H (G×H)+/ΓH,φ.

κH,H
V,W∧HE+

κH,H
V,W∧H(G×H)+/ΓH,φ

The bottom map agrees up to isomorphism with φ!κ
H,H
V,W ; thus, it will suffice by

2-out-of-3 that the other three maps are G-equivariant weak equivalences. For the
top map this is an instance of [Sch18, Proposition 3.2.20] as E is both G-free and

H-free by (GH,G∩GG,H)-cofibrancy while κH,HV,W is an H-equivariant weak equivalence
as it agrees up to level weak equivalence with a generating acyclic cofibration.

We will now show that the right-hand vertical map is a G-equivariant weak
equivalence; an analogous argument will then show that the same holds for the
left-hand vertical map, completing the proof. For this, we first note that for any
G′ ⊂ G, any G′-subrepresentation of UG is contained in a G-subrepresentation
by [Sch20, Proposition A.7(i)]. It will therefore suffice that O(V,U) ∧H p+ is a
G-equivariant weak equivalence for every G-representation U , for which we will
verify the assumptions of Corollary 4.17 with N = ker(φ). By definition, p+ is
a (GH,G ∩ GG,H)-weak equivalence. Moreover, ΓH,φ belongs to the family F2 of
graph subgroups for homomorphisms with kernel contained in N = ker(φ), so that
(G ×H)+/ΓH,φ is F2-cofibrant, while E is even (GH,G ∩ GG,H)-cofibrant. Finally,
Proposition 6.6 shows that O(V,U) is a based (G × H)-CW-complex with free
N -action outside the basepoint, i.e. it is F1-cofibrant, where F1 denotes the family
of subgroups intersecting N = ker(φ) trivially. □

Proposition 7.11. Every map in the set Z from Construction 7.9 is a G-global
weak equivalence.

Proof. We will first show that each of the maps λ
(φ)
V,W := φ!(λ

H,H
V,W ) is a G-

global weak equivalence. Recall that the map λH,HV,W was defined by factoring κH,HV,W

into a cofibration followed by a homotopy equivalence using the mapping cylinder
construction; write z for the other map in this factorization. Then φ!z is again a

homotopy equivalence as φ! is a topologically enriched left adjoint, while φ!(κ
H,H
V,W )

is a G-global weak equivalence by the previous proposition; thus, λ
(φ)
V,W is a G-global

weak equivalence by 2-out-of-3.
To complete the proof, it will suffice to show that the pushout product of

λ
(φ)
V,W with any generating cofibration of Top∗ is a G-global weak equivalence. We

will prove this more generally for any G-global weak equivalence f : X → Y in
place of λ

(φ)
V,W . Restricting along any continuous group homomorphism ψ : K → G

(and replacing G by K), we may equivalently show the analogous statement for
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G-equivariant weak equivalences. For this we consider the defining pushout square

X ∧ ∂Dn
+ X ∧Dn

+

Y ∧ ∂Dn
+ P

Y ∧Dn
+

f∧∂Dn
+

⌜ f∧Dn
+

g

The left-hand vertical map f ∧∂Dn
+ is a G-equivariant weak equivalence by [MM02,

Theorem III.3.11]. On the other hand, evaluated at V ∈ O, the top horizontal map
is a pushout in (O(V )×G)-Top of the h-cofibration X(V )× ∂Dn ↪→ X(V )×Dn;
thus, the top map is an unbased level h-cofibration, and the pushout square is
a homotopy pushout. We conclude that g is a G-equivariant weak equivalence.
On the other hand, also f ∧ Dn

+ is again a G-equivariant weak equivalence by
[MM02, Theorem III.3.11] (or simply because it agrees up to homotopy equivalence
with f), hence so is the pushout-product map P → Y ∧Dn

+ by 2-out-of-3. □

Proof of Theorem 7.8. We consider the functor

(shV φ∗)H,V,φ : G-OrthSp→
∏
H,V,φ

H-OrthSp, (7.2)

where the product runs over all compact Lie groups H, faithful H-representations
V (both up to isomorphism), and Lie group homomorphisms φ : H → G. We equip
the product on the right with the product of the H-equivariant model structures,
giving it the structure of a cofibrantly generated model category with generating
(acyclic) cofibrations given by those tuples (fH,V,φ) such that all but one fH,V,φ are
the identity of the zero object, while the one non-trivial fH,V,φ is one of the standard
generating (acyclic) cofibration. We will denote the resulting sets of generating
(acyclic) cofibrations by IΠ and JΠ, respectively.

If V is any H-representation, then shV ≃ SV ∧ − by [Sch18, Proposition 3.1.25],
so Proposition 6.20 shows that shV preserves and reflects H-equivariant weak
equivalences. Thus, a map of orthogonal G-spectra is a G-global weak equivalence
if and only if (7.2) sends it to a weak equivalence in the product model structure.

On the other hand, a simple direct computation shows that the left adjoint∨
H,V,φ φ!

(
O(V,−) ∧ (−)

)
of (7.2) sends IΠ to the putative generating cofibrations

I of the G-global model structure, while JΠ gets sent to the putative generating
acyclic cofibrations J ∪ Z. Thus, to prove that the desired Bousfield localization
exists and is cofibrantly generated by the sets I and J ∪ Z, it will suffice to verify
the assumptions of the Crans–Kan transfer criterion once more. The proof that the
sets I and J ∪ Z admit the small object argument is analogous to the case of the
level model structure. To see that any relative (J ∪ Z)-cell complex is a G-global
weak equivalence, observe first that any map in J is even a G-global level weak
equivalence while any map in Z is a G-global weak equivalence by the previous
proposition. As any map in J ∪ Z is in particular an unbased level h-cofibration,
Lemma 6.19 shows that any pushout of a map in J ∪ Z is again a G-global weak
equivalence. Since any such pushout is moreover in particular levelwise a closed
embedding, any transfinite composition of them commutes with the formation of
equivariant stable homotopy groups, and hence is again a G-global weak equivalence.
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This completes the proof that there exists a Bousfield localization with the
prescribed weak equivalences and cofibrantly generated by I and J ∪ Z. Moreover,
it follows directly from the construction as a transferred model structure that the
fibrant objects of this model structure are precisely the G-global Ω-spectra.

Finally, the model structure is right proper and topological as this holds for
the H-equivariant model structures, while Lemma 6.19 together with [Len25a,
Proposition A.2.15] implies that the model structure is left proper and that pushouts
along unbased level h-cofibrations are homotopy pushouts. □

Remark 7.12. For G = 1, the above model structure has the same generating
(acyclic) cofibrations as—and hence agrees with—the Aℓℓℓℓℓℓ-global model structure
from [Sch18, Theorem 4.3.17].

Definition 7.13. We define the ∞-category of G-global spectra SpG-gl as the
∞-categorical localization of G-OrthSp at the G-global weak equivalences.

7.1.3. Functoriality. Once again, we will be interested in the functoriality of
the above model categories as the group G varies.

Lemma 7.14. Let α : G→ G′ be a homomorphism of compact Lie groups. Then

α! : G-OrthSpG-global ⇄ G′-OrthSpG′-global :α
∗

is a Quillen adjunction with homotopical right adjoint.

Proof. It is clear from the definitions that α∗ preserves weak equivalences,
while the construction as a transferred model structure in the proof of Theorem 7.8
makes it clear that α∗ also preserves fibrations. □

Lemma 7.15. Let α : G→ G′ be an injective homomorphism of compact Lie
groups. Then

α∗ : G′-OrthSpG′-global ⇄ G-OrthSpG-global :α∗

is a Quillen adjunction.

Proof. Thanks to the previous lemma, it only remains to show that α∗ pre-
serves (level) cofibrations, or equivalently that α∗ preserves level acyclic fibrations.
This follows at once by applying Example 2.8 levelwise. □

Lemma 7.16. Let α : G→ G′ be an injective homomorphism of compact Lie
groups. Then α! : G-OrthSpG-global → G′-OrthSpG′-global is homotopical.

Proof. Let f : X → Y be a G-global weak equivalence, and let H be any
compact Lie group. Then trivHα!f agrees up to conjugating by isomorphisms
with (α × H)!trivHf , and the latter is a (G′ × H)-equivariant weak equivalence
by Proposition 6.24. Letting H vary, this implies via Remark 7.6 that α!f is a
G′-global weak equivalence. □

7.1.4. Multiplicative properties. The same pointset level construction as in the
G-equivariant setting gives us a smash product on orthogonal G-spectra. Again this
interacts nicely with the model structure:

Proposition 7.17. Let X be any flat orthogonal G-spectrum. Then X ∧ −
preserves G-global weak equivalences. Moreover, for any Y , the functor − ∧ Y
preserves G-global weak equivalences between flat orthogonal G-spectra.
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Proof. Let f be a G-global weak equivalence. For the first statement, we have
to show that φ∗(X ∧ f) = φ∗(X) ∧ φ∗(f) is an H-equivariant weak equivalence for
every φ : H → G. As φ∗(X) is again flat by [Sch18, Remark 3.5.8], this follows at
once from the first part of Theorem 6.31. The second part of the proposition follows
in the same way from the second part of Theorem 6.31. □

Proposition 7.18. The smash product of orthogonal spectra defines a left
Quillen bifunctor

G-OrthSpG-global ×H-OrthSpH-global → (G×H)-OrthSp(G×H)-global.

Proof. To see that the pushout product axiom for cofibrations holds, it suf-
fices to treat the case of generating cofibrations. Using that the enriched Yoneda
embedding Oop → OrthSp admits a strong symmetric monoidal structure, we
then compute that the pushout product of O(V,−) ∧φ G+ ∧ (∂Dn ↪→ Dn) with
O(W,−) ∧ψ G+ ∧ (∂Dm ↪→ Dm) (where φ : K → G and ψ : L→ H are homomor-
phisms) is given by

O(V ⊕W,−) ∧φ×ψ (G×H)+ ∧
(
(∂Dn ↪→ Dn) □ (∂Dm ↪→ Dm)

)
+
,

where we view H ×K ⊂ O(V )×O(W ) as a subgroup of O(V ⊕W ) via block sum.
As Top is cartesian and (G×H)-OrthSp is topological, this is then indeed a
cofibration, completing the proof of the pushout product axiom for cofibrations.

Next, we will show that i □ f is a (G × H)-global weak equivalence for any
cofibration i : A→ B between cofibrant objects and any H-global weak equivalence
f : X → Y between cofibrant objects; this then in particular applies to the generating
(acyclic) cofibrations, proving (up to exchanging the roles of G and H) the remaining
case for the pushout product axiom. For this we consider the defining pushout

A ∧X B ∧X

A ∧ Y P

B ∧ Y .

i∧X

A∧f
⌜ B∧f

i∧Y

i□f

By the previous proposition applied to trivHA and trivGf , the map A ∧ f is a
(G × H)-global weak equivalence, and likewise for B ∧ f . Moreover, i ∧ X is a
cofibration by the previous step, so that B ∧X → P is also a (G×H)-global weak
equivalence by left properness. We conclude from 2-out-of-3 that also P → B ∧ Y is
a (G×H)-global weak equivalence, as claimed. □

Corollary 7.19. The smash product defines a left Quillen bifunctor

G-OrthSp×G-OrthSp→ G-OrthSp (7.3)

with respect to the G-global model structures for any compact Lie group G.

Proof. We may factor (7.3) as

G-OrthSp×G-OrthSp
−∧−−−−−→ (G×G)-OrthSp

∆∗

−−−→ G-OrthSp.

The claim now follows from the previous proposition together with Lemma 7.15. □
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Lemma 7.20. The smash product G-Top∗×G-OrthSp→ G-OrthSp is a left
Quillen bifunctor for the Aℓℓℓℓℓℓ-model structure on G-Top∗ and the G-global model
structure on G-OrthSp. Moreover, if X ∈ G-Top∗ is Aℓℓℓℓℓℓ-cofibrant, then X ∧− is
fully homotopical, and if Y ∈ G-OrthSp is flat, so is −∧Y : G-Top∗ → G-OrthSp.

Proof. The pushout product axiom for cofibrations follows from Lemmas 7.14
and 7.15 as in the proof of Lemma 4.22. Moreover, if X ∈ G-Top∗ is Aℓℓℓℓℓℓ-cofibrant,
then X ∧ − ∼= Σ∞X ∧ − is homotopical by Proposition 7.17, as is − ∧ Y for any
flat Y . With these established, the pushout-product axiom for acyclic cofibrations
then follows as in the proof of Proposition 7.18. □

7.1.5. Suspension spectra. Next, we come to the analogue of the suspension
spectrum functor in the global setting.

Construction 7.21. We recall from [Sch18, Construction 4.1.6] the construc-
tion of the (topologically enriched) functor Ω• : OrthSp→ L-Top∗:

The based orthogonal space Ω•X is given on objects by (Ω•X)(V ) = ΩVX(V ),
and a linear isometric embedding i : V →W acts via the composite

ΩVX(V )
ΩV σ̃−−−−→ ΩV ΩW−i(V )X(W ) ∼= ΩWX(W ).

The functoriality of Ω• in morphisms of orthogonal spectra is the obvious one.

We will construct the enriched left adjoint Σ• of Ω• in two steps:

Construction 7.22. Write L-Sp for the enriched category of Top∗-enriched
functors O→ L-Top∗, which we will conflate with the category of Top∗-enriched
functors O ∧ L+ → Top∗, where L+ is the Top∗-enriched category obtained from
L by adding disjoint basepoints to morphism spaces, and − ∧− denotes the tensor
product of enriched categories, with objects all pairs (V ∈ O,W ∈ L) and with
morphism spaces given by the smash product of the morphism spaces in O and L+.

We then define the Top∗-enriched functor diag: L-Sp → OrthSp as the re-
striction along the functor ∆: O → O ∧ L+ given on objects by sending a finite-
dimensional inner-product space V to (V, V ) and given on morphisms by sending
[A,w] ∈ O(V,W ) to [A, v]∧A ∈ O(V,W )∧L(V,W )+. More concretely, this means
that diag(X)(V ) = X(V )(V ) for any X : L → OrthSp, with the structure maps
given by the composite of the spectral and orthogonal space structure maps; the
functoriality in X is the obvious one.

Construction 7.23. Applying Σ∞ levelwise yields a Top∗-enriched functor
Σ∞ : L-Top∗ → L-Sp, and we define Σ• := diag ◦ Σ∞ : L-Top∗ → OrthSp. More
concretely, this means that (Σ•X)(V ) = ΣVX(V ) := SV ∧X(V ), with the evident
functoriality in X and with structure maps induced by the structure maps of X.
One readily verifies that this is an enriched left adjoint to the functor from the
previous construction, with unit X → Ω•Σ•X given after evaluation at each V ∈ L
by the unit X(V )→ ΩV ΣVX(V ) of the adjunction ΩV ⊣ ΣV .

As usual, we will write Σ•
+ := Σ• ◦ (−)+ : L-Top → OrthSp; plugging in

the definitions, the latter agrees with the functor of the same name from [Sch18,
Construction 4.1.7].

Proposition 7.24. Let G be compact Lie. The adjunctions

Σ•
+ : G-L-Top ⇄ G-OrthSp :Ω•

Σ• : G-L-Top∗ ⇄ G-OrthSp :Ω•
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are Quillen adjunctions, and Σ•
+ is fully homotopical.

Proof. It is clear from the definition that Ω• preserves fibrant objects, i.e. it
sends G-global Ω-spectra to static G-orthogonal spaces. To complete the proof that
these are Quillen adjunctions, it will then suffice by [Lur09, Corollary A.3.7.2] that
Σ• preserves cofibrations or, equivalently, that Ω• preserves acyclic (level) fibrations
as a functor to G-L-Top∗. Plugging in the definitions, this amounts to saying that

SV ∧ − : (O(V )×G)-Top∗ ⇄ (O(V )×G)-Top∗ :ΩV

is a Quillen adjunction for the GO(V ),G-model structure. This is an instance of

Lemma 4.15, using that SV admits the structure of an (O(V )×G)-CW-complex.
It remains to show that Σ•

+ is homotopical, for which it will suffice by factoring
a general weak equivalence into an acyclic cofibration followed by an acyclic fibration
that Σ•

+ preserves G-global level weak equivalences. Plugging in the definitions this
amounts to saying that

SV ∧ (−)+ : (O(V )×G)-Top→ (O(V )×G)-Top∗

preserves GO(V ),G-weak equivalences, which is an instance of Proposition 4.16. □

7.1.6. Stability. G-global spectra enjoy the same refined notion of stability as
their equivariant cousins:

Proposition 7.25. Let G be any compact Lie group and let V be a G-
representation. Then both adjoints in

ΣV : G-OrthSpG-global ⇄ G-OrthSpG-global :Ω
V

are homotopical, and the induced adjunction SpG-gl ⇄ SpG-gl is an adjoint equiva-
lence.

Proof. If f is a G-global weak equivalence and φ : H → G is any homo-
morphism, then φ∗(ΣV f) = Σφ

∗V φ∗f is an H-equivariant weak equivalence by
Proposition 6.20. The same argument shows that ΩV is homotopical.

It remains to show that the unit X → ΩV ΣVX and counit ΣV ΩVX → X are
invertible for every X. This follows again from Proposition 6.20 after restricting
along each group Lie group homorphism φ : H → G. □

Proposition 7.26. The∞-categorySpG-gl is stable and compactly generated by

the objects Σ•
+

(
L(VH ,−)×φG

)
where φ runs through homomorphisms φ : H → G of

compact Lie groups (up to isomorphism), and VH is a fixed faithful H-representation.
In particular, SpG-gl is presentable.

Proof. As in the equivariant case (Proposition 6.22), stability follows from
the previous proposition, and it will suffice to show that the homotopy category is
compactly generated in the triangulated sense by the given objects. This is in turn
the content of [Sch22a, Corollary A.19]. □

7.1.7. Equivariant spectra vs. global spectra. Finally, let us explain the relation
between G-equivariant and G-global spectra.

Lemma 7.27. Any G-equivariant weak equivalence between equivariantly cofi-
brant orthogonal G-spectra is a G-global weak equivalence. Moreover, the inclusion
induces a fully faithful functor i : SpG ≃ SpcofG ↪→ SpG-gl, and this admits a right
adjoint, which is a localization at the G-equivariant weak equivalences.
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Proof. The first claim is immediate from Proposition 6.23 together with Ken
Brown’s Lemma. For the second claim, we fix a functorial cofibrant replacement
ε : Q→ id for the G-equivariant model structure on G-OrthSp. By 2-out-of-3, a
map f is a G-equivariant weak equivalence if and only if Qf is a G-equivariant
or equivalently (by the above) a G-global weak equivalence. In particular, the
full subcategory C ⊂ G-OrthSp of those objects for which εX : QX → X is a
G-global weak equivalence is itself closed under G-global weak equivalences. Thus,
[Len25a, Proposition A.1.15] shows that the inclusion of C remains fully faithful
after localizing both sides at the G-global weak equivalences. As on the other hand
the inclusion of equivariantly cofibrant objects into C admits a homotopy inverse
(namely, Q), this shows that the map SpcofG → SpG-gl induced by the inclusion is
indeed fully faithful.

We will now show that Q defines a right adjoint to this map; as we have already
seen that it precisely inverts the G-equivariant weak equivalences, this will then
complete the proof of the lemma. For the claim it suffices to show that ε exhibits
Q as an idempotent comonad on SpG-gl, i.e. that for every X ∈ G-OrthSp the
two maps QεX , εQX : QX ⇒ QQX are G-global weak equivalences. This follows
at once from them being G-equivariant weak equivalences between equivariantly
cofibrant objects by construction. □

7.2. How to do global homotopy theory less efficiently. In this subsec-
tion, we will introduce another model of the∞-category SpG-gl, this time in terms of
the category G-L-Sp of orthogonal spectrum objects in based G-orthogonal spaces
from Construction 7.22. At first, this might seem like a silly idea—after all, we
just said that the same ∞-categorical information can be packaged in a much more
efficient way using plain orthogonal G-spectra. However, this new bloated model
will be central for our proof of the universal property of global spectra (Theorem E).
The reason for this is that it once again comes from Bousfield localizing a suitable
G-global level model structure on G-L-Sp, and this level model structure will not
yet be equivalent to G-global level model structure on G-OrthSp. For our purposes,
the level model structure on L-spectra will be better behaved: we will see later
that the corresponding derived suspension spectrum functor Σ∞ is fully faithful and
that its right adjoint Ω∞ in turn admit another right adjoint; both of these formal
properties will then be exploited crucially in the proof of Theorem E.

7.2.1. The level model structure. As promised, we begin by constructing a
suitable G-global level model structure.

Definition 7.28. A map f : X → Y in G-L-Sp is called a G-global level weak
equivalence or G-global level fibration if f(V ) : X(V ) → Y (V ) is an (O(V ) × G)-
global weak equivalence or fibration, respectively, in (O(V )×G)-L-Top for every
finite-dimensional inner product space V .

Proposition 7.29. The G-global level weak equivalences and G-global level
fibrations participate in a model structure on G-L-Sp, which we call the G-global
level model structure. This model structure is proper, topological, and cofibrantly
generated with set I of generating cofibrations given by the maps

φ!(O(V,−) ∧ L(W,−)+) ∧ (∂Dn ↪→ Dn)+
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where we let H run through all compact Lie groups, V through all H-representations,
W through all faithful H-representations, and φ through all homomorphisms
H → G.

Definition 7.30. We write dSpG-lvl for the ∞-category associated to the
G-global level model structure on G-L-Sp.10

The only (minor) difficulty in proving the proposition will be that while the
weak equivalences are again defined levelwise, the evaluation functors are very far
from preserving cofibrations this time. In order to understand the homotopical
behaviour of pushouts along cofibrations, we will therefore again isolate a larger
class of maps such at pushouts along them are homotopically well-behaved.

Lemma 7.31. Let G be a compact Lie group, letW be a finite-dimensional inner
product space, and write K for the class of all maps in (O(W )×G)-L-Top∗ of the
form O(V,W ) ∧O(V ) i where we let V run through finite-dimensional inner product
spaces and i runs through cofibrations of (O(V )×G)-L-Top∗. Then every retract
of a relative K-cell complex is a cofibration in G-L-Top∗ and an h-cofibration in
(O(W )×G)-L-Top.

Proof. For the first claim it suffices to show that any map in K is a cofibration
in G-L-Top∗ and we may then further restrict to the case that i is a generating
cofibration, i.e. of the form

(
L(U,−) ×(ρ,φ) (O(V ) × G) × (∂Dn ↪→ Dn)

)
+ for

some homomorphisms ρ : H → O(V ) and φ : H → G, faithful H-representation U ,
and n ≥ 0. Plugging in the definitions, O(V,W ) ∧O(V ) i can then be identified

with the map φ!

(
O(V,W ) ∧ L(U,−)+ ∧ (∂Dn ↪→ Dn)+

)
. Lemma 4.22 shows that

O(V,W ) ∧ L(U,−)+ ∧ (∂Dn ↪→ Dn) is an H-global cofibration, and so the claim
follows from φ! being left Quillen (Lemma 2.39).

For the second claim, we similarly use the closure properties from Remark 2.10 to
reduce to the case where i is a generating cofibration, and hence in particular of the
form i = j+ for some cofibration of (O(W )×G)-L-Top. Then O(V,W ) ∧O(V ) j+
is a pushout in (O(W )×G)-L-Top of O(V,W ) ×O(V ) j. Using Remark 2.22
one easily checks that O(V,W ) × j is an (unbased) h-cofibration of orthogonal
(O(V )×O(W )×G)-spaces, so that O(V,W )×O(V ) j is an unbased h-cofibration
of orthogonal (O(W )×G)-spaces by [Sch18, Corollary A.30(ii)]. Using once more
that h-cofibrations are closed under pushout, this yields the claim. □

Definition 7.32. We call a map f in G-L-Sp an unbased level h-cofibration
if f(V ) is an h-cofibration in (O(V )×G)-L-Top for every V ∈ O. We call
X ∈ G-L-Sp well-based if the unique map 0→ X is an unbased level h-cofibration.

Proof of Proposition 7.29. Similarly to the construction of the G-global
level model structure on G-OrthSp, we will apply the Crans–Kan transfer criterion
for

G-L-Sp
(evV )V−−−−−→

∏
V

(G×O(V ))-L-Top (7.4)

where the product runs over a set of representatives for the isomorphism classes of
finite-dimensional inner product spaces. Assuming the conditions of the criterion
are satisfied, one again directly checks that the resulting model structure would have

10The reader is invited to choose for themself whether the letter ‘d’ stands for ‘double,’ ‘diagonal,’ or
‘dumb.’
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the correct weak equivalences and fibrations. Moreover, the generating (acyclic)
cofibrations would be the maps of the form O(V,−)∧O(V ) i+ where V runs through
finite-dimensional inner product spaces and i through generating (acyclic) cofibra-
tions of (O(V )×G)-L-Top. If we take the generating cofibrations of the latter to
be the ones from Proposition 2.20, this then simplifies to the claimed generating
cofibrations.

By Lemma 7.31, all maps in I and J are in particular levelwise closed embed-
dings, while [Bar23, Lemma A.16] shows that the sources of the standard generating
(acyclic) cofibrations of (O(V )×G)-L-Top are small with respect to levelwise
closed embeddings; thus, the same adjunction argument as in the proof of Proposi-
tion 7.1 shows that the sets I and J permit the small object argument. It remains
to prove that any relative J-cell complex is a G-global level weak equivalence.

For this we first consider a generating acyclic cofibration k := O(V,−)∧O(V ) j+,
where j is a generating acyclic cofibration of (O(V )×G)-L-Top; by Remark 2.27
we may assume that j is a map between cofibrant orthogonal (O(V )×G)-spaces
and hence in particular levelwise Hausdorff. We claim that k is a G-global weak
equivalence and an unbased levelwise h-cofibration. If we fix W ∈ O, then k(W ) =
O(V,W ) ∧O(V ) j+ is a pushout of O(V,W )×O(V ) j, so it suffices to show that the
latter is an unbased h-cofibration and an (O(W ) × G)-global weak equivalence.
The former was verified as part of the proof of Lemma 7.31. For the latter, we
first observe that O(V,W )× j is an (O(V )×O(W )×G)-global weak equivalence
by Lemma 2.39 together with Corollary 2.47. On the other hand, its source and
target are levelwise Hausdorff by assumption on j, and they are O(V )-free as O(V )
acts freely on O(V,W ); thus, Proposition 2.43 shows that O(V,W )×O(V ) j is an
(O(W )×G)-global weak equivalence. This completes the proof that all maps in J
are G-global level weak equivalences and levelwise unbased h-cofibrations.

Lemma 4.12 then shows that any pushout of a map in J is again a G-global level
weak equivalence; moreover, it is also a levelwise unbased h-cofibration as the latter
are closed under pushouts. Since a transfinite compositions in (O(W )×G)-L-Top
of maps that are both (O(W ) × G)-global weak equivalences and h-cofibrations
are again (O(W ) × G)-global weak equivalences by [Bar23, Corollary A.12], we
conclude that any relative J-cell complex is a G-global level weak equivalence. This
completes the verification of the assumptions of the Crans–Kan criterion and hence
finishes the proof that the model structure exists and is cofibrantly generated with
the claimed generating cofibrations.

The model structure is right proper and topological since it is transferred from
a right proper topological model structure. Finally, left properness follows since by
Lemma 7.31 any cofibration is an unbased level h-cofibrations, and pushouts along
the latter preserve G-global level weak equivalences by Lemma 4.12. □

With the model structure established, Lemma 7.31 has the following conse-
quences, the first of which was already noted in the proof of the proposition:

Corollary 7.33. Any cofibration in G-L-Sp is an unbased level h-cofibration.
In particular, every cofibrant object is well-based. □

Corollary 7.34. If X is cofibrant in G-L-Sp, then the orthogonal space X(V )
is closed for every V ∈ O. □
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Remark 7.35. If α : G→ G′ is any homomorphism of compact Lie groups, then
applying Lemma 2.39 levelwise shows that α∗ : G′-L-Sp→ G-L-Sp is homotopical
right Quillen, giving rise to a derived adjunction Lα! : dSpG-gl ⇄ dSpG′-gl :α

∗.

7.2.2. A presheaf description. We will now describe the ∞-category dSpG-lvl in
terms of reduced presheaves:

Proposition 7.36. Let G be any compact Lie group, and write RepSpG for
the full subcategory of dSpG-lvl spanned by the zero object together with the
objects φ!(O(V,−) ∧ L(W,−)+) for all homomorphisms φ : H → G, arbitrary H-
representations V , and all faithful H-representations W . Then the inclusion extends
to an equivalence

PSh0(RepSpG)
∼−−→ dSpG-lvl,

where the left-hand side denotes the full subcategory of PSh(RepSpG) spanned by
presheaves sending 0 to the terminal object. In particular, dSpG-lvl is presentable.

To prove the proposition, we will use the following based variant of Lurie’s
detection result for presheaf ∞-categories [Lur09, Corollary 5.1.6.11]:

Lemma 7.37. Let C be a cocomplete, pointed, and locally small ∞-category.
Let I ⊂ C be a small full subcategory containing the zero object and satisfying the
following properties:

(1) For any I ∈ I, the unique lift C → Spc∗ of Hom(I,−) is cocontinuous.
(2) The functors Hom(I,−) : C → Spc are jointly conservative.

Then I ↪→ C extends to an equivalence PSh0(I) ∼−−→ C.

Proof. As C is cocomplete and locally small, the inclusion extends to a functor
Λ: PSh(I) → C left adjoint to the restricted Yoneda embedding Υ. By what it
means to be a zero object, Hom(0, x) ≃ 1 for all x ∈ C, i.e. Υ factors through
PSh0(I), so we obtain a restricted adjunction PSh0(I) ⇄ C. It remains to show
that this is in fact an adjoint equivalence. As our second assumption guarantees
that Υ is conservative, it will suffice for this that the unit η : id→ ΥΛ is invertible.

Since Iop has a zero object, postcomposing with the forgetful functor induces
an equivalence Fun0(Iop, Spc∗)

∼−−→ Fun0(Iop, Spc). Moreover, the full subcategory
Fun0(Iop, Spc∗) ⊂ Fun(Iop, Spc∗) is closed under colimits (as any colimit of initial
objects is initial), so that colimits in Fun0(Iop, Spc∗) are computed pointwise. Thus,
our first assumption guarantees that the right adjoint Υ is cocontinuous, so that the
class of all pointed presheaves X for which ηX is invertible, is closed under colimits.
It will therefore suffice to show that the unit ηX is invertible whenever X = Υ(I) is
representable. If we now let Z ∈ C arbitrary, then the composite

Hom(Λ(X), Z)
Υ−−→ Hom(ΥΛ(X),Υ(Z))

Hom(η,Υ(Z))−−−−−−−−−→ Hom(X,Υ(Z))

is invertible as it is just the adjunction equivalence. By assumption, Λ(X) ≃ I ∈ I;
if also Z ∈ I, then the first map is an equivalence by the Yoneda lemma, so that also
the second map is an equivalence by 2-out-of-3. We conclude that Hom(ηX ,Υ(Z))
is an equivalence for every Z ∈ I. As ηX : Υ(I) = X → ΥΛ(X) ≃ Υ(I) is a map in
Yoneda image, this implies that ηX is an equivalence. □

Applying this criterion to the situation at hand will require some preparations.
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Lemma 7.38. Let V ∈ O be arbitrary. Then we have Quillen adjunctions

O(V,−) ∧O(V ) (−) : (O(V )×G)-L-Top∗ ⇄ G-L-Sp : evV

O(V,−) ∧O(V ) (−)+ : (O(V )×G)-L-Top ⇄ G-L-Sp : evV

with homotopical right adjoints.

Proof. It is clear from the definition that evV preserves weak equivalences
and fibrations. □

Corollary 7.39. Let φ : H → G be a homomorphism of compact Lie groups,
let V be an H-representation with corresponding homomorphism ρ : H → O(V ), let
W be a faithful H-representation, and let UH be any complete H-universe. Then
φ!(O(V,−) ∧ L(W,−)+) corepresents the composite

dSpG-gl
evV−−−→ S(O(V ) ×G)-gl,∗

∼−−→ Sclosed
(O(V ) ×G)-gl,∗

(−)(UH)(ρ,φ)

−−−−−−−−−→ Spc∗ (7.5)

Proof. Because of the isomorphism

φ!(O(V,−) ∧ L(W,−)+) ∼= O(V,−) ∧O(V )

(
L(W,−)×(ρ,φ) (O(V )×G)

)
+

this follows at once from the previous lemma together with Lemma 2.37. □

Lemma 7.40. In the situation of the previous corollary, both the functor
evV : dSpG-lvl → S(O(V ) ×G)-gl,∗ and the composite (7.5) are cocontinuous.

Proof. In light of Lemma 3.30, it suffices to prove the first statement. For
this it is in turn enough to verify preservation of coproducts and pushouts.

For coproducts, let (Xi)i∈I be any family of cofibrant objects of G-L-Sp.
By Corollary 7.33, each Xi(V ) is well-based, so that the inclusions Xi(V ) →∨
i∈I Xi(V ) =

(∨
i∈I Xi

)
(V ) exhibit the latter as a coproduct in the underlying

∞-category of (O(V )×G)-L-Top∗ by Lemma 4.13, as desired.
The statement about pushouts follows in the same way from Corollary 7.33

together with Lemma 4.12(2). □

Proof of Proposition 7.36. We verify the assumptions of Lemma 7.37:

(0) As the underlying∞-category of a model category, dSpG-lvl is locally small
and cocomplete.

(1) Cocontinuity of corepresented functors follows by combining Corollary 7.39
and Lemma 7.40.

(2) Joint conservativity is clear from Corollary 7.39 and the definition of the
G-global level weak equivalences. □

7.2.3. G-global Ω-spectra. To obtain a model of G-global stable homotopy theory,
we will again have to pass to a suitable Bousfield localization. For simplicity, we
will only do this on the level of ∞-categories (as opposed to performing a Bousfield
localization on the level of model categories, which would entail verifying additional
technical assumptions).

Definition 7.41. We call X ∈ G-L-Sp a G-global Ω-spectrum if the adjoint
structure map σ̃ : X(V )→ ΩWX(V ⊕W ) is a (G×H)-global weak equivalence for
all compact Lie groups H and all H-representations V,W (not necessarily faithful).
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Lemma 7.42. Let X ∈ G-L-Sp be levelwise closed, i.e. for all inner product
spaces V ∈ O, X(V ) is a closed orthogonal G-space. Then X is a G-global Ω-
spectrum if and only if σ̃(UH)φ : X(V )(UH)φ → (ΩWX(V ⊕W )(UH))φ is a weak
homotopy equivalence for every homomorphism of compact Lie groups φ : H → G,
some (hence any) complete H-universe UH , and all H-representations V,W .

Proof. The assumptions guarantee that both X(V ) and ΩWX(V ⊕W ) are
closed orthogonal (G×K)-spaces for all K-representations V,W . Thus, Lemma 2.34
shows that X is a G-global Ω-spectrum if and only if

σ̃(UH) : X(V )(UH)→ ΩWX(V ⊕W )(UH)

is a GH,K×G-equivariant weak equivalence for all compact Lie groups H,K and
all K-representations V,W . As UH is also a complete universe for every closed
subgroup of H (Remark 6.9), this is equivalent via replacing H by its subgroups to
σ̃(UH) inducing a weak homotopy equivalence on (ψ,φ)-fixed points for all compact
Lie groups H and K, K-representations V and W , and homomorphisms ψ : H → K
and φ : H → G. Restricting V and W to H-representations along ψ, this simplifies
to the condition from the statement of the lemma, finishing the proof. □

As a consequence of Lemma 4.24, G-global Ω-spectra are stable under G-global
level weak equivalences. Thus, it makes sense to ask whether an object of the
∞-categorical localization dSpG-lvl is a G-global Ω-spectrum.

Definition 7.43. We write dSpΩG ⊂ dSpG-lvl for the full subcategory spanned
by the G-global Ω-spectra.

Below we will prove:

Proposition 7.44. The inclusion dSpΩG ↪→ dSpG-lvl admits a left adjoint L,
giving rise to an accessible Bousfield localization.

Definition 7.45. We call a map in dSpG-lvl a G-global weak equivalence if it is
sent to an equivalence under the Bousfield localization L. A map in G-L-Sp will
be called a G-global weak equivalence if and only if its image in dSpG-lvl is so.

11

We denote the localization of G-L-Sp at the G-global weak equivalences (which is

equivalent to dSpΩG in a preferred way) by dSpG-gl.

To prove Proposition 7.44, we will explicitly construct a set S such that the
G-global Ω-spectra are precisely the S-local objects.

Construction 7.46. Let H be a compact Lie group, let V,W be H-rep-

resentations, and recall the map κH,HV,W : O(V ⊕ W,−) ∧ SW → O(V,−) of or-
thogonal H-spectra from Construction 6.14 corepresenting the H-fixed points
X(V )H →

(
ΩWX(V ⊕W )

)
H of the adjoint structure map. We define S as the

set consisting of the maps κ̄
(φ)
V,W := Lφ!(constκ

H,H
V,W ) in dSpG-lvl for all homomor-

phisms φ : H → G and representations V,W (up to isomorphism).

Lemma 7.47. An X ∈ dSpG-lvl is S-local precisely if it is a G-global Ω-spectrum.

Proof. By adjunction, X is S-local if and only if φ∗X is local with respect
to the maps constκH,HV,W for all φ : H → G and all representations V,W . If we fix a
faithful H-representation U , then the collapse map L(U,−)+∧O(V,−)→ O(V,−) is

11A concrete description of the G-global weak equivalences will be given in Proposition 7.55.
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G-global level weak equivalence by Proposition 4.16 applied levelwise, and likewise for
L(U,−)+∧O(V ⊕W,−)∧SW → O(V ⊕W,−)∧SW ; thus, being local with respect to

the map κH,HV,W is equivalent to being local with respect to L(U,−)+∧κH,HV,W (in the∞-

categorical sense). We now observe that L(U,−)+∧O(V,−) is cofibrant in H-L-Sp
by the explicit description of the generating cofibrations, as is L(U,−)+∧O(V⊕W,−).
Since SW is an H-CW-complex, the endofunctor ΩW of H-L-Sp is right Quillen
by Lemma 4.22 applied levelwise, so that − ∧ SW is left Quillen; we conclude that

L(U,−)+ ∧ κH,HV,W is a map of cofibrant objects. Lemma B.6 then shows that a
fibrant object of H-L-Sp is local in the topologically enriched sense with respect
to L(U,−)+ ∧ κH,HV,W if and only if its image in dSpH-gl is local in the ∞-categorical
sense with respect to κH,HV,W .

Fixing V and W , but letting U vary and passing to colimits, we see that an
object of dSpH-lvl represented by a fibrant and levelwise closed H-L-spectrum Y is

local with respect to constκH,HV,W if and only if Y (V )(UH)H → ΩWY (V ⊕W )(UH)H

is a weak homotopy equivalence for our favourite complete H-universe UH . As the
latter condition is invariant under H-global level weak equivalences of levelwise
closed H-L-spectra, we conclude that this more generally holds without the fibrancy
assumption. Varying φ : H → G and the H-representations V and W , Lemma 7.42
then shows that a levelwise closed X ∈ G-L-Sp defines an S-local object of dSpG-gl

if and only if it is a G-global Ω-spectrum. As any X ∈ G-L-Sp is weakly equivalent
to a levelwise closed G-L-spectrum (Corollary 7.34), this completes the proof. □

Proof of Proposition 7.44. By Proposition 7.36, the ∞-category dSpG-lvl

is presentable. Thus, the claim follows from the previous lemma via the general
theory of Bousfield localizations [Lur09, Proposition 5.5.4.15]. □

7.3. Comparison of the approaches. In this subsection we will prove:

Theorem 7.48. Let G be any compact Lie group. Then the functors

const : G-OrthSp→ G-L-Sp and diag: G-L-Sp→ G-OrthSp

descend to mutually inverse equivalences SpG-gl ≃ dSpG-gl.

The key step in the proof will be showing that diag preserves G-global weak
equivalences. We begin with the case of G-global level weak equivalences:

Lemma 7.49. The functor diag: G-L-Sp → G-OrthSp sends G-global level
weak equivalences to G-global weak equivalences and hence descends to dSpG-lvl →
SpG-gl.

Proof. It is clear that diag sends acyclic fibrations (i.e. maps X → Y such
that each X(V )(U)→ Y (V )(U) is an acyclic fibration in the GO(U),O(V )×G-model
structure) to G-global level weak equivalences. By Corollary 7.34 it will therefore
suffice to show that diag sends any G-global level weak equivalence f : X → Y such
that X and Y are levelwise closed to a G-global weak equivalence.

Restricting along any homomorphism of compact Lie groups φ : H → G (and
replacing G byH), it suffices to show that πGn (diag f) is bijective for every n ∈ Z. We
will give the argument for n = 0; the argument for general n is analogous, but requires
slightly more notation. For this we consider the functor ΠX : s(UG)× s(UG)→ Sets
sending (V,W ) to [SV , X(V )(W )]G∗ with the obvious functoriality in V and W , and
define ΠY analogously. If we write ∆: s(UG) → s(UG) × s(UG) for the diagonal
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embedding, then πG0 (diagX) = colimΠX ◦∆ and πG0 (diagY ) = colimΠY ◦∆ by
definition. As ∆ is cofinal, it will therefore suffice to show that the map

colim
(V,W )∈s(UG)×s(UG)

[SV , X(V )(W )]G∗ −→ colim
(V,W )∈s(UG)×s(UG)

[SV , Y (V )(W )]G∗

induced by f is bijective, for which it is enough by the Fubini Theorem for colimits
to prove bijectivity of the analogous map

colim
V ∈s(UG)

colim
W∈s(UG)

[SV , X(V )(W )]G∗ −→ colim
V ∈s(UG)

colim
W∈s(UG)

[SV , Y (V )(W )]G∗ .

Arguing as in the proof of Lemma 4.24, this may be identified with the map

colim
V ∈s(UG)

[SV , X(V )(UG)]G∗ −→ colim
V ∈s(UG)

[SV , Y (V )(UG)]G∗

induced levelwise by f(V )(UG) : X(V )(UG) → Y (V )(UG). As the latter is a G-
equivariant weak equivalence, the claim follows. □

Lemma 7.50. The functor diag: dSpG-lvl → SpG-gl is cocontinuous.

Proof. It suffices that the pointset level functor G-L-Sp→ G-OrthSp pre-
serves homotopy pushouts and homotopy coproducts.

Any cofibration f in G-L-Sp is an unbased level h-cofibration by Corollary 7.33,
and so diag f is an unbased level cofibration in G-OrthSp. Pushouts along the
latter are homotopy pushouts by Theorem 7.8; as diag: G-L-Sp → G-OrthSp
evidently preserves pointset level pushouts, this shows that it also preserves homotopy
pushouts.

On the other hand, [Sch18, Corollary 3.1.37(i)] shows that coproducts in
G-OrthSp preserve G-global weak equivalences in full generality, so diag sends any
coproduct of cofibrant objects to a homotopy coproduct. □

The previous lemma already reduces the question whether diag also descends to
dSpG-gl → SpG-gl to understanding its effect on the set S from Construction 7.46.
Looking at their definition, we should then first understand the interaction of diag
with the left adjoints to restriction (see Remark 7.35).

Lemma 7.51. Let α : G → G′ be any homomorphism of compact Lie groups.
Then the Beck–Chevalley map BC! : Lα! ◦ diag→ diag ◦ Lα! is an equivalence.

Proof. As a consequence of Lemma 7.50, both source and target of BC! are
cocontinuous functors dSpG-lvl → SpG′-gl. In light of the presheaf description
of dSpG-lvl from Proposition 7.36, it will therefore suffice to show that the Beck–
Chevalley map is an equivalence on the objects of the subcategory RepSpG. It
is clear that the Beck–Chevalley map is an equivalence for the zero object; every
other object of RepSpG is then of the form X := Lφ!O(V,−) for some φ : H → G
and some H-representation V . As Beck–Chevalley maps compose, we see that the
map BC! : Lα! diag(X)→ diagLα!(X) in question is an equivalence provided that
both the Beck–Chevalley maps L(φα)! diag(O(V,−)) → diagL(φα)!O(V,−) and
Lφ! diag(O(V,−))→ diagLφ!O(V,−) are so. In other words, up to replacing α and
G, it suffices to treat the case where X = O(V,−) for some G-representation V .

Fix a faithfulG-representation U , so that the collapse map L(U,−)+∧O(V,−)→
O(V,−) is a cofibrant replacement of X. Plugging in the definitions, the Beck–
Chevalley condition then amounts to saying that for some (hence any) cofibrant
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replacement f : Y → diag(L(U,−)+ ∧O(V,−)) in G-OrthSp the induced map

α!Y → α! diag
(
L(U,−)+ ∧O(V,−)

)
= diagα!

(
L(U,−)+ ∧O(V,−)

)
(7.6)

is a G′-global weak equivalence. We may choose the cofibrant replacement already
in the G-global level model structure, and we will show that in this case (7.6) is even
a G′-global level weak equivalence, i.e. that for every inner product space W the
GO(W ),G-weak equivalence f(W ) : Y (W )→ L(U,W )+ ∧O(V,W ) is sent by α! to a
GO(W ),G′-weak equivalence. By Proposition 7.1, Y (W ) is GO(W ),G-cofibrant, as is
L(U,W )+∧O(V,W ) by Lemma 4.15. Thus, the claim follows from Example 2.6. □

Corollary 7.52. The functor diag: dSpG-lvl → SpG-gl inverts G-global weak
equivalences.

Proof. By cocontinuity (Lemma 7.50), it suffices to show that diag inverts the
maps in the set S from Construction 7.46. By definition of the latter together with
the previous lemma, it then suffices (after possibly changing the compact Lie group
G) to show that all maps of the form constκG,GV,W for G-representations V,W are
inverted. As diag ◦ const = idG-OrthSp, this is an instance of Proposition 7.10. □

For the proof of the converse we will need:

Lemma 7.53. Let X ∈ G-L-Sp be level fibrant and a G-global Ω-spectrum.

(1) If U,U ′ are H-representations and V is any faithful H-representation, then

σ̃(V ) : X(U)(V )→ ΩU
′
X(U ⊕ U ′)(V ) is GH,G-weak equivalence.

(2) If U is any H-representation and i : V → W is an embedding of faith-
ful H-representations, then X(U)(i) : X(U)(V ) → X(U)(W ) is a GH,G-
equivariant weak equivalence.

Proof. For the first claim, note that σ̃ : X(U)→ X(U⊕U ′) is a (G×H)-global
weak equivalence, and both its source and target are fibrant orthogonal (G×H)-
spaces by Lemma 2.39 and the definition of the G-global level fibrations. Thus,
σ̃ is even a (G ×H)-global level weak equivalence, so that σ̃(V ) is a GO(V ),G×H -
weak equivalence and hence in particular a GH,G-weak equivalence for the diagonal
H-action.

For the second claim, we similarly note that X(U)(i) is a GH,G×O(U)-weak
equivalence by fibrancy of X(U), hence in particular a GH,G-weak equivalence. □

Corollary 7.54. If X ∈ G-L-Sp is fibrant and a G-global Ω-spectrum, then
also diagX ∈ G-OrthSp is a G-global Ω-spectrum.

Proof. IfH is any compact Lie group and V,W areH-representations such that
V is faithful, then the adjoint structure map (diagX)(V )→ ΩW (diagX)(V ⊕W )
factors as the composite

X(V )(V )
X(V )(i)−−−−−−→ X(V )(V ⊕W )

σ̃(V⊕W )−−−−−−→ ΩWX(V ⊕W )(V ⊕W )

where i : V ↪→ V ⊕W denotes the summand inclusion. By the previous lemma, both
of these maps are GH,G-weak equivalences, so the claim follows by 2-out-of-3. □

Proposition 7.55. The functor diag: G-L-Sp → G-OrthSp preserves and
reflects G-global weak equivalences.
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Proof. We may equivalently show that the induced functor dSpG-lvl → SpG-gl

precisely inverts the G-global weak equivalences.
That it inverts all G-global weak equivalences was established in Corollary 7.52.

For the converse, let f : X → Y be any G-global weak equivalence in dSpG-lvl and
consider the naturality square

X iLX

Y iLY

f

η

iLf

η

for the unit of the Bousfield localization L : dSpG-lvl ⇄ dSpΩG : i. As we have just
seen, diag sends the horizontal maps to equivalences in SpG-gl. Thus, if diag f is a
G-global weak equivalence, then so is diag iLf by 2-out-of-3; conversely, to show
that f is a G-global weak equivalence, it will suffice to show that iLf is so. In
other words, we may assume without loss of generality that X and Y are G-global
Ω-spectra. After cofibrant-fibrant replacement in the G-global level model structure,
we may then assume that f is represented by a map X → Y in G-L-Sp between
cofibrant-fibrant G-global Ω-spectra; we will denote this pointset level map by f
again, and we will similarly view diag f as a map in G-OrthSp.

By the previous corollary, both diagX and diagY are G-global Ω-spectra, so
that diag f is a G-global level weak equivalence. We will now complete the proof of
the proposition by showing that f(V ) is an (O(V )×G)-global level weak equivalence
of orthogonal (O(V )×G)-spaces for any V , i.e. f(V )(W ) is a GH,G-equivariant weak
equivalence for every compact Lie group acting arbitrarily on V and faithfully on
W . To prove this, we consider the commutative diagram

X(V )(W ) X(V )(V ⊕W ) ΩWX(V ⊕W )(V ⊕W )

Y (V )(W ) Y (V )(V ⊕W ) ΩWY (V ⊕W )(V ⊕W )

f(V )(W )

X(V )(i)

f(V )(V⊕W )

σ̃(V⊕W )

ΩW f(V⊕W )(V⊕W )

Y (V )(i) σ̃(V⊕W )

By Lemma 7.53, the horizontal maps are GH,G-weak equivalences. On the other hand,
f(V ⊕W )(V ⊕W ) is a GH,G-weak equivalence by assumption on diag f , whence so
is ΩW f(V ⊕W )(V ⊕W ) by Lemma 4.15. The claim follows by 2-out-of-3. □

Corollary 7.56. Let α : G→ G′ be any homomorphism of compact Lie groups.
Then α∗ : G′-L-Sp→ G-L-Sp sends G′-global weak equivalences to G-global weak
equivalences. □

Proof of Theorem 7.48. As diag ◦ const = idG-OrthSp, Proposition 7.55
shows that these functors descend to the localizations at the G-global weak equiv-
alences, with const being right inverse to diag. To prove that const is also left
inverse (thereby completing the proof of the theorem), we will now exhibit a
pointset level zig-zag of natural transformations between the identity of G-L-Sp
and the composite const ◦ diag. For this we define F : G-L-Sp → G-L-Sp by
F (X)(V )(W ) := X(V )(V ⊕W ) with the obvious functoriality in each variable. The
two summand inclusions V ↪→ V ⊕W ←↩ W then induce natural transformations
i : const diag→ F ← id :j. We will show that j is a weak equivalence; the argument
for i is then analogous.
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By Proposition 7.55, it will suffice that diag j : diagX → diagF (X) is a G-global
weak equivalence for every X. If we write sh: L-Top∗ → L-Top∗ for the functor
given by precomposition with V 7→ V ⊕ V , then diagF (X) agrees with diag(sh ◦X)
by direct inspection, and the map j is induced by the natural transformation
k : id→ sh given by the inclusion of the second summand. By [Bar23, Lemma 3.8],
k ◦X : X → sh ◦X is a G-global level weak equivalence, so that diag j = diag(k ◦X)
is a G-global weak equivalence by another application of Proposition 7.55. □

7.4. The global ∞-category of global spectra. We will now explain
how the two pointset models of G-global spectra discussed above assemble into
representation stable globally presentable global ∞-categories.

Construction 7.57. DefineSpgl as the levelwise localization ofNtop(OrthSp♭)
at the G-global weak equivalences; this is well-defined as the restriction functors are
homotopical by definition of the weak equivalences. We similarly define dSplvl by

localizing Ntop(L-Sp
♭) at the G-global level weak equivalences and dSpgl by instead

localizing at the G-global weak equivalences (which is well-defined by Corollary 7.56).

Theorem 7.48 immediately implies:

Corollary 7.58. The topological functor const : OrthSp→ L-Sp induces an
equivalence of global ∞-categories Spgl

∼−−→ dSpgl. □

7.4.1. Presentability. As in the unstable situation, it is not clear how to verify
the Beck–Chevalley condition for global cocompleteness by hand. Instead, our proof
will proceed in two steps: we will first show that dSplvl is globally presentable using
presentability of Sgl,∗, and then exhibit Spgl ≃ dSpgl as a (parametrized) accessible
Bousfield localization.

Construction 7.59. Let G be a compact Lie group and let V be any G-
representation. Evaluation at V defines a topologically enriched homotopical func-
tor H-L-Sp → (H ×G)-L-Top∗ for every compact Lie group H. Applying

Ntop

(
(−)♭

)
and localizing, we therefore obtain a global functor

evV : dSplvl → Sgl,∗(BG×−).

The definition of the G-global level weak equivalences immediately implies:

Lemma 7.60. The functors evV are jointly conservative when G runs through
all compact Lie groups and V through all G-representations. □

Lemma 7.61. The functor evV : dSplvl → Sgl,∗(BG×−) is a global left adjoint.

Proof. By Lemma 7.40 and presentability of dSplvl(BH) = dSpH-lvl (Propo-
sition 7.36), each of the individual functors evV : dSplvl(BH) → Sgl,∗(BG × BH)
admits a right adjoint, so it will suffice to show that these right adjoints satisfy the
Beck–Chevalley condition with respect to restriction along any α : H → H ′ in Glo
or, equivalently, that the Beck–Chevalley map Lα! evV → evV Lα! is invertible for
any such α, where Lα! : dSpH-lvl → dSpH′-lvl is as in Remark 7.35.

Note that both source and target of the latter Beck–Chevalley map are left
adjoints, so the collection of objects for which it is invertible is closed under all
colimits. By the presheaf description of dSpH-lvl from Proposition 7.36, it will
therefore suffice to verify invertibility for the objects of the form X := Lφ!O(W,−)
for homomorphisms φ : K → H and K-representations W . Arguing as in the proof
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of Lemma 7.51, one reduces to the case φ = id, so that X is modelled by the cofibrant
object L(U,−)+ ∧O(W,−) where U is our favourite faithful H-representation. If
f : Y → L(U,−)+∧O(W,V ) is any cofibrant replacement in the (G×H)-global level
model structure on (G×H)-L-Top∗, then the Beck–Chevalley map in question is
represented on the pointset level by α!f . We claim that the latter is a (G ×H ′)-
global level weak equivalence, which we can reexpress as saying that for any inner
product space T , any K ⊂ O(T ), and any homomorphism ψ : K → G the map
ψ∗α!f(T ) = α!ψ

∗f(T ) is a GK,H′ -equivariant weak equivalence. By definition, Y (T )
is GK,G×H -cofibrant, so that ψ∗Y (T ) is GK,H -cofibrant by Lemma 2.7. Moreover,
also L(U, T )+ ∧O(W,ψ∗V ) is GK,H -cofibrant by Lemma 4.15 and faithfulness of
the H-representation U . Thus, Example 2.6 shows that α! sends the GK,H -weak
equivalence ψ∗f(T ) to a GK,H′ -equivariant weak equivalence, as desired. □

Proposition 7.62. The global ∞-category dSplvl is globally presentable.

Proof. We begin by proving that dSplvl is fiberwise presentable. For this we
note once more that if G is any compact Lie group, then dSplvl(BG) is presentable
by Proposition 7.36. Let now V be any H-representation; by the previous lemma
evV : dSplvl(BG)→ S(G×H)-gl,∗ is cocontinuous. Thus, in the naturality square

dSplvl(BG′) dSplvl(BG)

S(G′ ×H)-gl,∗ S(G×H)-gl,∗

evV

f∗

evV

f∗

all maps except possibly the top one preserve colimits. As for varying V the right-
hand vertical maps are jointly conservative, also f∗ : dSplvl(BG′)→ dSplvl(BG) is
cocontinuous, hence a left adjoint by the Adjoint Functor Theorem.

Next, we recall once more that each f∗ : dSplvl(BG′)→ dSplvl(BG) admits a left
adjoint Lf!, whence so does more generally any restriction along a map f : X → BG
in PSh(Glo) by Remark 3.46. It remains to verify the Beck–Chevalley conditions
from Lemma 3.45, i.e. that for any pullback

X ′ BH

X BG

f ′

g′
⌟

g

f

in PSh(Glo) the Beck–Chevalley map BC! : Lf
′
! g

′∗ → g∗Lf! is invertible. By
Lemma 7.60 the functors evV are jointly conservative, so it will suffice to show
that the Beck–Chevalley map is an equivalence after hitting it with evV for every
representation V . But we have a commutative diagram of Beck–Chevalley maps

evV Lf ′! g
′∗ Lf ′! evV g

′∗ Lf ′! g
′∗ evV

evV g
∗Lf! evV g

∗Lf! g∗Lf! evV

BC!

evV BC!

∼

BC!

∼ g∗BC!

in which the two horizontal Beck–Chevalley maps are equivalences as evV is a left
adjoint, while the right-hand vertical map is an equivalence since Sgl,∗ is globally
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cocomplete (Corollary 4.8). We conclude by 2-out-of-3 that also the left-hand
vertical map is invertible, finishing the proof of the proposition. □

Lemma 7.63. The localization dSplvl → dSpgl has a fully faithful right adjoint.

Proof. If G is any compact Lie group, then Proposition 7.44 shows that the
localization functor dSpG-lvl = dSplvl(BG)→ dSpgl(BG) = SpG-gl admits a right
adjoint, which is fully faithful with essential image given by the G-global Ω-spectra.
It therefore only remains to verify the Beck–Chevalley condition. By full faithfulness
of the right adjoints, this reduces to proving that the restriction functors preserve
the essential images, which is clear from the definition of G-global Ω-spectra. □

Theorem 7.64. Both dSpgl and Spgl are globally presentable.

Proof. In light of Corollary 7.58, it will suffice to prove the first statement.
By Proposition 7.44, each individual category dSpG-gl is presentable, so it

remains to show global cocompleteness. For this, let us write R : dSpgl → dSplvl for
the right adjoint from the previous lemma. If X ∈ PSh(Glo) is any presheaf, then
R(X) : dSpgl(X) → dSplvl(X) is a fully faithful right adjoint (as a limit of such
functors), so its left adjoint is a Bousfield localization. Moreover, if f : X → Y is any
map in PSh(Glo), then f! : dSplvl(X)→ dSplvl(Y ) descends through the localization
functor as f∗ preserves the essential image of the fully faithful right adjoint R (the
latter being part of a global functor); in particular, f∗ : Spgl(Y )→ Spgl(Y ) has a left
adjoint, and it only remains to verify the Beck–Chevalley condition for pullbacks in
PSh(Glo). As localizations are in particular essentially surjective, this may be done
after precomposing with dSplvl → dSpgl. Using once more that Beck–Chevalley
maps compose, this then follows at once from dSplvl being globally cocomplete
(Proposition 7.62) and the localization being a left adjoint. □

Recall the homotopical functor Σ•
+ : G-L-Top → G-OrthSp from Proposi-

tion 7.24. Varying G, this yields a global functor Σ•
+ : Sgl → Spgl; for later use, we

record:

Lemma 7.65. The global functor Σ•
+ : Sgl → Spgl is a left adjoint.

Proof. By the aforementioned Proposition 7.24, Σ•
+ is left Quillen, proving

the existence of a pointwise right adjoint. To prove the Beck–Chevalley condition
for these right adjoints it then suffices to observe that also the restriction functors
G′-OrthSp → G-OrthSp are right Quillen (Lemma 7.14) and that the Beck–
Chevalley condition holds for the underived functors (in fact, for the standard choice
of adjunctions and counits, the Beck–Chevalley map will even be the identity). □

7.4.2. Representation stability. In order to prove representation stability, we
will explicitly describe the tensoring of Spgl over pointed equivariant spaces.

Proposition 7.66. The levelwise smash product

Ntop(Top
cof,♭
∗ )×Ntop(OrthSp♭)→ Ntop(OrthSp♭) (7.7)

descends to −⊗− : S∗×Spgl ≃ Scof
∗ ×Spgl → Spgl, and this is the unique bifunctor

preserving Orb-colimits in the first variable and such that S0 ⊗− is the identity.

Proof. Lemma 7.20 shows that the levelwise smash product descends ac-
cordingly and that each individual Scof

G,∗ × SpG-gl → SpG-gl preserves colimits
in the first variable. It remains to show that for any injective α : G → G′, any
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cofibrant G-space X, and any G′-global spectrum Y the Beck–Chevalley map
Lα!(X ⊗ α∗Y ) → (Lα!X) ⊗ Y is invertible. In light of Lemma 7.16, we may
equivalently show that the pointset level map α!(X ∧ α∗Y )→ (α!X) ∧ Y is a weak
equivalence. A direct computation shows that the latter is even an isomorphism. □

In other words, the canonical tensoring of Spgl over S∗ is given (up to cofibrant
replacement) by the levelwise smash product. Proposition 7.25 therefore translates
to the following:

Corollary 7.67. The global ∞-category Spgl is representation stable. □

7.4.3. Symmetric monoidal structure. Once we know the universal property
of Spgl, the general theory will yield a globally presentably symmetric monoidal
structure with unit S, and shows that this unique. We will now construct such
a symmetric monoidal structure by hand, using the smash product of orthogonal
spectra; it will then later follow a posteriori that this agrees with the symmetric
monoidal structure coming from the universal property.

Construction 7.68. For any compact Lie group G, we write G-OrthSpflat ⊂
G-OrthSp for the full (topologically enriched) subcategory spanned by the flat
G-orthogonal spectra in the sense of Definition 6.29. These assemble into a global

subcategory Ntop(OrthSpflat,♭) ⊂ Ntop(OrthSp♭), and we write Spflatgl for its
levelwise localization at the G-global weak equivalences.

Lemma 7.69. The map Spflatgl → Spgl induced by the inclusion is an equivalence.

Proof. If G is any compact Lie group, then Lemma 7.3 implies that functorial
cofibrant replacement in the G-global model structure defines a homotopy inverse
to the inclusion G-OrthSpflat ↪→ G-OrthSp. □

Construction 7.70. By [BDS16, Proposition 3.5.3], the enriched symmet-
ric monoidal structure on G-OrthSp given by the smash product restricts to
G-OrthSpflat, and by Proposition 7.17 this descends (for varying G) to a sym-
metric monoidal structure on Spflatgl ≃ Spgl. We will write Sp⊗gl for the resulting
symmetric monoidal global ∞-category.

We will now construct a symmetric monoidal refinement of Σ•
+ : Sgl → Spgl.

Note that if we already knew Sp⊗gl to be globally presentably symmetric monoidal,
we would obtain a unique symmetric monoidal left adjoint from the general theory;
we will conversely need the symmetric monoidal structure on Σ•

+ to establish that
the smash product on Spgl preserves global colimits in each variable.

Construction 7.71. Recall the universal property of the Day convolution
product as the recipient of the universal bimorphism β. Given orthogonal spaces
X,Y , we then have maps

(Σ•
+X)(V )∧(Σ•

+Y )(W ) = SV ∧X(V )+∧SW∧Y (W )+ ∼= SV⊕W∧
(
X(V )×Y (W )

)
+

SV ⊕W∧(βV,W )+−−−−−−−−−−−−→ SV⊕W ∧ (X ⊠ Y )(V ⊕W )+ = (Σ•
+X ⊠ Y )(V ⊕W )

for all V,W ∈ O; by [Sch18, Proposition 4.1.18], these define a bimorphism, the
induced map (Σ∞

+X) ∧ (Σ∞
+ Y ) → Σ∞

+ (X ⊠ Y ) is an isomorphism, and together
with the unique isomorphism Σ•

+1
∼= S this upgrades Σ•

+ : L-Top→ OrthSp to a
symmetric monoidal functor. Applying the symmetric monoidal continuous Borel
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construction, we obtain a symmetric monoidal global functor Ntop(L-Top
⊗,♭) →

Ntop(OrthSp⊗,♭) restricting toNtop(L-Top
qcof,⊗,♭)→ Ntop(OrthSpflat,⊗,♭), where

Ntop(L-Top
qcof,⊗,♭) denotes the Glo-subcategory on quasi-cofibrant orthogonal

based G-spaces (Construction 4.37). Localizing then yields the desired symmetric
monoidal refinement

Σ•
+ : S⊗

gl ≃ Sqcof,⊗
gl → Spflat,⊗gl ≃ Sp⊗gl.

Variant 7.72. Analogously, one upgrades the reduced suspension spectrum
functor Σ• : L-Top∗ → OrthSp to a symmetric monoidal functor, and hence obtains
a symmetric monoidal global functor

Σ• : S⊗
gl,∗ ≃ Sqcof,⊗

gl,∗ → Spflat,⊗gl ≃ Sp⊗gl.

Once the next proposition has been proven, the universal property of S⊗
gl,∗ (Theo-

rem 4.39) will imply that Σ• is the unique symmetric monoidal global left adjoint
with the given source and target.

Proposition 7.73. The symmetric monoidal global∞-category Sp⊗gl is globally
presentably symmetric monoidal.

Proof. For any compact Lie group G, the symmetric monoidal product on
SpG-gl is equivalently given as the left derived functor of the left Quillen bifunctor
from Corollary 7.19, and hence preserves colimits in each variable. As we already
know that Spgl is globally presentable, it therefore only remains to show that the
Beck–Chevalley map Lα!(X ⊗α∗Y )→ (Lα!X)⊗ Y is invertible for any α : G→ G′

and X ∈ SpG-gl, Y ∈ SpG′-gl. As both sides preserve ordinary colimits in both
variable separately and since both SpG-gl and SpG′-gl are stable in the usual sense,
we reduce to the case where X and Y are generators as in Proposition 7.26, and hence
in particular contained in the essential image of the symmetric monoidal left adjoint
Σ•

+ from the previous construction. Using that Beck–Chevalley maps compose as in
the proof of Proposition 6.38, the claim then follows from Corollary 3.76. □

7.4.4. Equivariant vs. global spectra redux. Finally, we discuss the relation to
the global ∞-category Sp of equivariant spectra from the previous section:

Proposition 7.74. The inclusion of equivariantly cofibrant orthogonal G-
spectra induces a fully faithful global functor Sp→ Spgl. Moreover, its underlying
Orb-functor admits a right adjoint which is levelwise a localization at the equivariant
weak equivalences.

Proof. Lemma 7.27 already shows that Sp→ Spgl is fully faithful and admits
a pointwise right adjoint which is a localization at the equivariant weak equivalences.
To complete the proof, it remains to verify the Beck–Chevalley condition for the
pointwise right adjoints with respect to injective homomorphisms. As the right
adjoints are localizations, this amounts to saying that α∗ : SpG′-gl → SpG-gl sends
G′-equivariant weak equivalences to G-equivariant ones for any injective α : G→ G′.
This is however immediate from Proposition 6.24. □

By the universal property of Sp, the first half can be rephrased as saying that
the unique equivariantly cocontinuous functor Sp→ Spgl sending the sphere to the
sphere is fully faithful. The additional information about the right adjoint provided
by the proposition will become relevant later in the proof of Theorem 8.34.
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7.5. Proof of the universal property. In this subsection we will finally
prove the following strenghtening of Theorem E from the introduction:

Theorem 7.75. The pair (Spgl, S) is an idempotent algebra in CATGlo-cc
Glo . The

Spgl-modules are precisely the representation stable globally cocomplete global
∞-categories. In particular, we have for any such D an equivalence

evS : Fun
Glo-cc(Spgl,D)

∼−−→ D.

The proof will be given below after some preparations. The key step for this
will be showing that evS : Fun

L(dSpgl,D)→ D admits a fully faithful right adjoint
for any representation stable globally presentable D. We begin by proving the
analogous statement for dSplvl, which actually holds in larger generality.

Lemma 7.76. The evaluation functor Ω∞ := ev0 : dSplvl → Sgl,∗ admits both a
fully faithful left adjoint LΣ∞ as well as a fully faithful right adjoint.

Proof. The existence of the right adjoint is a special case of Lemma 7.61.
For the existence of the left adjoint, observe that ev0 : G-L-Sp → G-L-Top∗
is right Quillen by Lemma 7.38, with left adjoint given by the usual suspension
spectrum functor. It then only remains to verify the Beck–Chevalley condition.
Unravelling definitions, this amounts to showing that for any α : G → G′, any
cofibrant X ∈ G′- L-Top∗ and any cofibrant replacement f : Y → α∗X, the
induced map Σ∞f : Σ∞Y → Σ∞α∗X is a G-global level weak equivalence, i.e. for
every V the map SV ∧ f is an (O(V )×G)-global weak equivalence. This is however
simply an instance of Corollary 4.23.

Finally, it is clear that the ordinary unit X → Ω∞Σ∞X is an isomorphism for
every (cofibrant) X; thus, the derived unit id → Ω∞ LΣ∞ is invertible, i.e. LΣ∞

is fully faithful. It follows formally (see e.g. [HRS25, Lemma 1.2]) that the right
adjoint of Ω∞ is also fully faithful. □

Proposition 7.77. Let C be any pointed globally cocomplete global∞-category.
Then evS : Fun

L(dSplvl, C)→ C(1) admits a both a fully faithful left adjoint S! and
a fully faithful right adjoint S∗.

Proof. By the previous lemma and 2-functoriality of FunL(−, C), the restriction
functor − ◦ LΣ∞ : FunL(dSplvl, C)→ FunL(Sgl,∗, C) has a fully faithful left adjoint
given by − ◦ Ω∞ (here we are using that Ω∞ is also a left adjoint). Combining this
with the universal property of Sgl,∗ from Corollary 4.8, we conclude that evS has a
fully faithful left adjoint, and it only remains to show that it also admits a right
adjoint, which will then automatically be fully faithful as before.

For this we observe that FunL(dSplvl, C) ↪→ Fun(dSplvl, C) preserves colimits

by [MW22, Lemma 2.6.1.3], so that evS : Fun
L(dSplvl, C)→ C(1) is cocontinuous.

As the source is presentable (Proposition 1.60), the existence of a right adjoint then
follows from the (non-parametrized) Adjoint Functor Theorem. □

An analogous argument already shows that evS : Fun
L(dSpgl, C)→ C(1) admits a

right adjoint for any pointed globally presentable global∞-category C; however, this
adjoint will usually not be fully faithful, i.e. we might not have a Bousfield localization.
For representation stable C, we will now show that in fact the Bousfield localization
FunL(dSplvl, C) ⇄ C(1) from the previous proposition restricts accordingly:
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Proposition 7.78. Let C be globally presentable and representation stable.
Then the right adjoint S∗ : C(1)→ FunL(dSplvl, C) of evS lands in the full subcategory
of those left adjoints factoring over the localization dSplvl → dSpgl.

In Construction 7.46, we already explicitly described a set S such that dSpG-lvl →
dSpG-gl is a Bousfield localization at S, and varying G this allows us to characterize
the left adjoints dSplvl → C factoring through dSpgl → C as those functors inverting
an explicit set of maps. For the proof of the proposition, it will be convenient to
recast this criterion in terms of the invertibility of certain Beck–Chevalley maps.

Construction 7.79. Let G be a compact Lie group, and let V,W be G-
representations. For any L-spectrum X, we get a natural map of based orthogonal
G-spaces σ̃ : X(V )→ ΩWX(V ⊕W ) as the adjoint of the structure map, yielding
a natural transformation of topologically enriched functors L-Sp ⇒ G-L-Top∗;
note moreover that both functors are homotopical, see Lemma 4.24 for the non-
trivial case. Applying Ntop((−)♭) and passing to localizations we obtain a natural
transformation

dSplvl Sgl,∗(BG×−)

dSplvl Sgl,∗(BG×−).

= σ̃

evV

ΩW

evV ⊕W

We write σ for the associated Beck–Chevalley map ΣW evV → evV⊕W . Plugging in
the definitions, this is given on any well-based X ∈ G-L-Sp by the usual structure
map ΣWX(V )→ X(V ⊕W ).

Lemma 7.80. Let V be a G-representation. Then evV : dSplvl → Sgl,∗(BG×−)
admits a left adjoint O(V,−)⊗G −.

Proof. As dSplvl is globally cocomplete, the functor dSplvl → dSplvl(BG×−)
equipping an H-global spectrum with the trivial G-action admits a left adjoint.
Thus, it will suffice to show that the functor dSplvl(BG × −) → Sgl,∗(BG × −)
induced by the functor evV : G-L-Sp → G-L-Top sending X to X(V ) with the
diagonal G-action admits a left adjoint. For every compact Lie group H, the
induced functor evV : (G×H)-L-Sp → (G×H)-L-Top∗ is right Quillen by
Lemmas 7.38 and 2.39, and its left adjoint O(V,−) ∧ − sends (G×H)-global weak
equivalences between well-based (G×H)-orthogonal spaces to (G×H)-global level
weak equivalences by Corollary 4.23. The same argument as in the proof Lemma 7.76
(which considered the special case G = 1 and V = 0) therefore shows that the
individual left adjoints S(G×H)-gl,∗ → dSp(G×H)-gl satisfy the Beck–Chevalley
condition and hence assemble into the desired global left adjoint. □

Construction 7.81. Let V,W be G-representations. We write

κ : O(V ⊕W,−)⊗G ΣW (−)→ O(V,−)⊗G −
for the Beck–Chevalley transformation associated to the natural transformation
σ from Construction 7.79. In other words, κ is the total mate of the natural
transformation σ̃.

Lemma 7.82. Let C be globally presentable. A left adjoint F : dSplvl → C
factors through dSpgl if and only if F inverts the natural transformations κ from
the previous construction for all compact Lie groups G and representations V,W .
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Proof. The left adjoint F factors through the localization if and only if its right
adjoint U : C → dSplvl factors through the full subcategory dSpΩ. By definition,
this precisely amounts to requiring that the pastings

C dSplvl Sgl,∗(BG×−)

C dSplvl Sgl,∗(BG×−)

=

U evV

= σ̃

U evV ⊕W

ΩW

are equivalences for all compact Lie groups G and G-representations V,W . However,
as a natural transformation is an equivalence if and only if its total mate is so and
since passing to mates is compatible with pastings, this is in turn equivalent to the
pastings

C dSplvl Sgl,∗(BG×−)

C dSplvl Sgl,∗(BG×−)

=

F O(V,−)⊗G−

= κ

F O(V⊕W,−)⊗G−

ΣW

being equivalences, which precisely amounts to F inverting the maps κ. □

Proof of Proposition 7.78. Let us fix a compact Lie group G together with
G-representations V,W , and consider the diagram

C(1) C(1)

FunL(dSplvl, C) FunL(dSplvl, C)

FunL(Sgl,∗(BG×−), C) FunL(Sgl,∗(BG×−), C).

=

evS

=

σ∗

evS

−◦evV

−◦ΣW

−◦evV ⊕W

(7.8)

By (homotopy) 2-functoriality of FunL, the two lower vertical maps have right
adjoints, given by precomposition with the left adjoints to evaluations, and the
Beck–Chevalley map for the lower square is given on an F : dSplvl → C by applying
F to the Beck–Chevalley map associated to σ, i.e. to κ. As Beck–Chevalley maps
compose, we then conclude from the previous lemma that the right adjoint S∗ factors
through FunL(dSpgl, C) if and only if the Beck–Chevalley map associated to the
pasting (7.8) is invertible for all compact Lie groups G and all representations V,W .

The pasting (7.8) is given on a left adjoint F : Sgl,∗(BG×−)→ C by applying F
to the map σS in Sgl,∗(BG). By the explicit description from Construction 7.79, σS
is invertible, so that the pasting (7.8) is an equivalence. Thus, if we can show that
the top and bottom horizontal maps are equivalences, then also the Beck–Chevalley
map will be invertible for purely formal reasons.

For the top map, there is nothing to prove. For the bottom map, it will suffice
(after replacing C by Fun([n], C) for varying n ≥ 0) to prove that the map is an
equivalence on groupoid cores. We write fgt : Glo/BG → Glo for the forgetful functor,
and we consider the bifunctor

Θ: fgt∗Sgl,∗ × fgt∗Sgl,∗ = fgt∗(Sgl,∗ ×Sgl,∗)
fgt∗(−⊗−)−−−−−−−→ fgt∗Sgl,∗
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induced by the smash product, so that the effect of the bottom map in (7.8) on
groupoid cores is given by

− ◦ fgt∗Θ(SW ,−) : HomPrLGlo
(fgt∗fgt

∗Sgl,∗, C)→ HomPrLGlo
(fgt∗fgt

∗Sgl,∗, C).

To see that this is an equivalence, it will suffice by Corollary 1.63 that

−◦Θ(SW ,−) : HomPrLGlo/BG
(fgt∗Sgl,∗, fgt

∗C)→ HomPrLGlo/BG
(fgt∗Sgl,∗, fgt

∗C) (7.9)

is so. Combining Examples 5.4 and 5.7, we see that Θ defines the canonical tensoring
of the pointed cocomplete Glo/BG-∞-category fgt∗Sgl,∗. Thus, Lemma 5.8 shows
that (7.9) is homotopic to

(SW ⊗−) ◦ − : Hom(fgt∗Sgl,∗, fgt
∗C)→ Hom(fgt∗Sgl,∗, fgt

∗C).
This map is then indeed an equivalence by representation stability of C. □

Corollary 7.83. Let C be globally presentable and representation stable. Then
evS : Fun

L(dSpgl, C)→ C(1) is the left adjoint in a Bousfield localization.

Proof. As a consequence of the previous proposition, evS has a right adjoint
given by the composite

C(1) S∗−−→ Fun′(dSplvl, C)
∼−−→ FunL(dSpgl, C),

where Fun′(dSplvl, C) denotes the full subcategory of left adjoints factoring through
the localization L : dSplvl → dSpgl and the unnamed equivalence is given by pre-
composing with a right adjoint to L. As S∗ is fully faithful by Proposition 7.77, the
claim follows. □

Proof of Theorem 7.75. Since Spgl is representation stable (Corollary 7.67)
and globally presentable (Theorem 7.64), there is a unique left adjoint

SpRepSph
Glo → Spgl

sending S to S, and we may equivalently show that this functor is an equivalence.
Comparing corepresented functors on PrL,RepSph-ex

Glo , it will suffice to show that
evS : Fun

L(Spgl, C) → C is an equivalence for any representation stable and pre-
sentable C. By the previous corollary together with Corollary 7.58, evS is a Bousfield
localization; we will complete the proof by showing it is conservative.

For this let τ : F1 → F2 be any morphism in FunL(Spgl, C) such that τ(S) is
an equivalence in C(1). By the universal property of Sgl, this guarantees that
the natural transformation τ ◦ Σ•

+ : F1 ◦ Σ•
+ → F2 ◦ Σ•

+ of left adjoint functors
Sgl → C is an equivalence. In particular, if G is any compact Lie group, then the
natural transformation τG between F1, F2 : SpG-gl ⇒ C(BG) is an equivalence on the
compact generators from Proposition 7.26. As C(BG) is in particular stable in the
usual non-parametrized sense, this implies that τG is an equivalence, as desired. □

Corollary 7.84. The global ∞-category Spgl admits a unique globally pre-
sentably symmetric monoidal structure with unit S, and this is the one induced by the
smash product (Construction 7.70). Moreover, this defines the initial representation
stable globally presentably symmetric monoidal global ∞-category.

Proof. The symmetric monoidal structure from Construction 7.70 is globally
presentably symmetric monoidal by Proposition 7.73. The remaining statements
then follow from Corollary 5.27 together with Theorem 7.75. □
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Remark 7.85. In the previous section, we saw that the Orb-cocomplete rep-
resentation stabilization Σ∞ : S⊗

∗ → Sp⊗ is a pointwise construction: for every
compact Lie group G, the symmetric monoidal functor Σ∞ : S⊗

G,∗ → Sp⊗G is given

by universally inverting G-representation spheres in CAlg(PrL). We will now show
that the corresponding statement is not true for the Glo-cocomplete representation
stabilization Σ• : S⊗

gl,∗ → Sp⊗gl by showing that S⊗
gl,∗ → Sp⊗gl is not simply given by

inverting the non-equivariant spheres.
By [CHLL24, Lemma 5.5.3], we may equivalently show that Σ• : Sgl,∗ → Spgl

is not a stabilization in PrL. For this we will write Bgl(Z/2) := L(R[Z/2],−)/(Z/2).
Specializing the computation from [Sch18, Corollary 4.1.13], we see that the
group π0Hom(Σ•Bgl(Z/2)+,Σ•Bgl(Z/2)+) (with the group structure coming from
additivity of Spgl) is free abelian of rank 3. On the other hand, Bgl(Z/2) corre-
sponds under our equivalence to PSh(Glo) to the represented presheaf B(Z/2). If
L : PSh(Glo)∗ → C denotes the stabilization, a simple computation shows that

π0HomC(LB(Z/2)+, LB(Z/2)+) ∼= π0
(
Σ∞

+ HomGlo(B(Z/2),B(Z/2))
)
. (7.10)

As HomGlo(B(Z/2),B(Z/2)) has exactly two path components (corresponding to the
identity homomorphism and the trivial homomorphism), the abelian group (7.10)
has rank 2 ̸= 3.

Remark 7.86. In [Nik15], Gepner and Nikolaus introduced a notion of genuine

stability in the setting of Sgl-modules in PrL, which is closely related to representa-
tion stability: they declare an Sgl-module C to be Sgl-stable if it is pointed and the
relative tensor product −⊗Sgl

C inverts ΣV : SG-gl,∗ → SG-gl,∗ for every compact
Lie group G and every G-representation V (where we view SG-gl,∗ as an Sgl-module

via the symmetric monoidal functor trivG ◦ (−)+ : S×
gl → S⊗

gl,∗ → S⊗
G-gl,∗). They

moreover announced that Spgl is the free Sgl-stable Sgl-module on one generator;
however, as they explained to us, their unpublished argument contained a gap.
Let us compare this (hypothetical) universal property to the one established in
Theorem 7.75 above:

As Sgl is the unit for the parametrized Lurie tensor product, the lax symmetric
monoidal evaluation functor Γ := ev1 : Pr

L
Glo → PrL lifts to a functor Γlin to Sgl-

modules, and by [MW22, Propositions 2.6.3.2–2.6.3.7] this lift admits a fully faithful
symmetric monoidal left adjoint given explicitly by Sgl⊗Sgl

−. A short computation
using Proposition 4.6 shows that Sgl,∗ ≃ Sgl ⊗Sgl

Sgl,∗ and that an Sgl-module C
is Sgl-stable if and only if the globally presentable global ∞-category Sgl ⊗Sgl

C is
representation stable in our sense. As we will now explain, Theorem 7.75 reduces
the question whether Spgl is the Sgl-stabilization of Sgl in the sense of Gepner
and Nikolaus to the question whether Spgl is contained in the essential image of
the inclusion of Sgl-modules. We do not know whether the latter condition holds,
though we strongly suspect it does not.

Assume first that Spgl lies in the essential image. Then Spgl ≃ Sgl ⊗Sgl
Spgl

via the counit, so Spgl is Sgl-stable and the universal property as an Sgl-module
just follows from the universal property of Spgl and full faithfulness of Sgl ⊗Sgl

−.
Conversely, assume that Spgl = Γlin(Spgl) is the free Sgl-stable Sgl-module. If C is

any representation stable global stable ∞-category, then Γlin(C) is Sgl-stable as it
admits an Spgl-module structure induced by the unique Spgl-module structure on
C. By adjunction, the representation stable globally presentable global ∞-category
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Sgl ⊗Sgl
Spgl therefore corepresents the same functor on PrL,RepSph-ex

Glo as Spgl, so
that Spgl ≃ Sgl ⊗Sgl

Spgl as claimed.



PART III

Global Thom spectra

Reaping the rewards of our work in the previous sections, we will now give
two constructions of a symmetric monoidal global Thom spectrum functor : an
∞-categorical construction as a natural parametrized analogue of [ABG+14] and a
model-categorical construction as a global refinement of [SS19]. As our final main
result (Theorem 9.57) we will then show that these two constructions are equivalent.

8. The parametrized global Thom spectrum functor

In [ABG+14, Definition 2.20], Ando, Blumberg, Gepner, Hopkins, and Rezk
introduced an ∞-categorical Thom spectrum functor as the unique left adjoint

ThS : Spc/pic(Sp) → Sp

extending the inclusion i : pic(Sp) ↪→ Sp; this admits a natural symmetric monoidal
enhancement induced by the evident symmetric monoidal structure on the inclusion
i. Restricting this along the functor Spc/BO×Z → Spc/pic(Sp) induced by the J-

homomorphism J : BO× Z→ pic(Sp) (which we will recall in Construction 8.16),
one recovers the classical Thom spectrum functor for virtual vector bundles, which
can equivalently be described as the unique cocontinuous (symmetric monoidal)
extension of J .

In this section, we introduce a globally parametrized version of the Thom
spectrum functor. We begin in §8.1 with some preliminaries on parametrized
symmetric monoidal cocompletion. §8.2 is devoted to the construction of a global
refinement of the J-homomorphism. In §8.3, we finally construct the globally
parametrized Thom spectrum functor and equivariant variations thereof.

8.1. Symmetric monoidal cocompletion. If C⊗ is a symmetric monoidal T -
∞-category and η : C → P(C) a T -cocompletion of the underlying T -∞-category of
C⊗, then we already saw in Remark 5.23 that there is a unique pair of an enhancement
of P(C) to an object P(C)⊗ ∈ CAlg(CATT -cc

T ) together with an enhancement η⊗ of
η to a symmetric monoidal T -functor, and that η⊗ is then initial among symmetric
monoidal T -functors into an object of CAlg(CATT -cc

T ). Specializing this to the
description of the T -cocompletion from Theorem 1.52 we get:

Corollary 8.1. Let C⊗ be a small symmetric monoidal T -∞-category. Then
there exists a unique way to equip PShT (C) with a T -presentably symmetric monoidal
structure and to make the Yoneda embedding y : C → PShT (C) into a T -symmetric
monoidal functor y⊗. Moreover, if D⊗ is any T -presentably symmetric monoidal
T -∞-category, then restriction along y⊗ defines an equivalence

FunL,⊗(PShT (C⊗),D⊗) ∼−−→ Fun⊗(C⊗,D⊗). □

125
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8.1.1. Day convolution. It is immediate from the construction that the unit
for the symmetric monoidal structure on PShT (C⊗) is given by the Yoneda image
of the unit of C⊗. We will now also describe the symmetric monoidal product on
PShT (C)⊗ fairly concretly in analogy with the usual formula for Day convolution.
For this, let us define for any small T -∞-categories C,D the ‘external product’

− ×̂ − : PShT (C)× PShT (D)→ PShT (C × D)

as the composite

PShT (C)× PShT (D)
pr∗1×pr∗2−−−−−−→ PShT (C × D)× PShT (C × D)

−×−−−−−→ PShT (C × D).

Proposition 8.2. Let C⊗ be a small symmetric monoidal T -∞-category. Then
the symmetric monoidal product on PShT (C⊗) is equivalent to the composite

PShT (C)× PShT (C)
−×̂−−−−−→ PShT (C × C)

⊗!−−→ PShT (C), (8.1)

where the second functor is left Kan extension along the tensor product of C.

Proof. The functors pr∗1 and pr∗2 are left adjoints, as is ⊗!. Since the product
on PShT (C × C) is T -bilinear as a consequence of Proposition 3.72, we see that (8.1)
is T -bilinear. Moreover, in the diagram

C × C C × C C

PShT (C)× PShT (C) PShT (C × C) PShT (C)

yC×yC

−⊗−

yC×C y

−×̂− ⊗!

the left-hand square commutes by [Mar22, Lemma 6.2.6] and the right-hand square
does so by [MW24, Corollary 3.3.3]. Altogether we see that (8.1) is a T -bilinear
functor extending the tensor product on C. As the same holds for the tensor product
on PShT (C⊗) by definition, the claim now follows from the universal property of
PShT (C) as the free (non-monoidal) T -cocompletion. □

If f⊗ : C⊗ → D⊗ is a strong symmetric monoidal T -functor and C,D are small,
then it follows from the universal property that there is a unique symmetric monoidal
left adjoint f⊗! fitting into a commutative square

C⊗ PShT (C⊗)

D⊗ PShT (D⊗).

f⊗

y⊗

f⊗
!

y⊗

Its underlying T -functor is then simply the unique left adjoint completing the
corresponding square of non-monoidal T -functors, and hence left adjoint to the
restriction functor f∗ : PShT (D)→ PShT (C) by [MW24, Corollary 3.3.3]. We will
now describe a sufficient criterion for when f∗ acquires a strong symmetric monoidal
structure again, making f⊗! into a left adjoint in CMon(CATT ):

Proposition 8.3. Let J be a small symmetric monoidal T -∞-category, and
let I ⊂ J be a symmetric monoidal subcategory. Assume that for every A ∈ T the
inclusion I(A) ↪→ J (A) admits a right adjoint RA such that the Beck–Chevalley
map RA(X)⊗RA(Y )→ RA(X ⊗ Y ) is an equivalence for all X,Y ∈ J (A).
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Then the unique T -cocontinuous symmetric monoidal functor i⊗! : PShT (I)→
PShT (J ) extending the inclusion has a strong symmetric monoidal right adjoint,
i.e. a right adjoint in (T × Finop∗ )-∞-categories.

Note that if one were willing to assume that the right adjoints RA from the
previous proposition assemble into a parametrized functor again, this would be a
direct consequence of 2-functoriality. However, in the example of interest to us, this
stronger condition will not be satisfied, and so we will need a different approach.
This will rely on the notions of initial and final T -functors, which we now recall:

Definition 8.4. A functor f : I → J of small T -∞-categories is called final if for
every T -cocomplete T -∞-category C, the Beck–Chevalley map colimI ◦f∗ → colimJ
is an equivalence of functors Fun(J , C) → C. The notion of an initial functor is
defined dually.

Remark 8.5. By [MW24, Proposition 4.6.1 and Remark 4.6.2] it suffices to
verify the above assumption for C = SpcT in the case of final functors or C = SpcopT
for initial functors. Moreover, loc. cit. also shows that the above notion of initial
and final functors is equivalent to the definition given in [Mar21, Definition 4.3.1]
in terms of lifting properties.

Lemma 8.6 (cf. [Sha23, Theorem 6.7]). A functor f : I → J is final if and
only if f(A) : I(A)→ J (A) is final in the non-parametrized sense for every A ∈ T .
Dually, f is initial if and only if each f(A) is initial.

Proof. It suffices to prove the second claim. By the parametrized version
of Quillen’s Theorem A from [Mar21, Corollary 4.4.8], f is initial if and only
if for every T -∞-groupoid X ∈ PSh(T ) and each functor X → J , the induced
map Ar(I) ×J X → X (where the pullback is via the target map) becomes an
equivalence after applying the groupoidification functor CatT → SpcT left adjoint
to the inclusion. As the latter is just given by applying groupoidification pointwise,
we see that f is initial if and only if the projection

Ar(I(A))×J (A) Hom(A,X)→ Hom(A,X)

becomes an equivalence after groupoidification for every A ∈ T and X → J .
Applying the statement of the lemma for T = 1 (and the ∞-groupoid Hom(A,X))
then shows that this holds provided that f(A) is initial for every A ∈ T .

Conversely, assume that f is initial. If T has a terminal object 1, then running the
above argument backwards for A = 1 shows that the ∞-category Ar(I(1))×J (1) X
is weakly contractible for every ∞-groupoid X and every X → J (1), i.e. f(1) is
initial. The claim now follows since for any A ∈ T the T/A-functor obtained from f
by restriction along T/A → T is initial by [Mar21, Remark 4.4.9]. □

Proof of Proposition 8.3. By [MW24, Corollary 3.3.3], the underlying
T -functor of i⊗! is left adjoint to the restriction functor i∗ : PShT (J ) → PShT (I)
along i : I ↪→ J . Thus, if we view the strong symmetric monoidal T -functor i⊗! as
a (T × Finop∗ )-functor, then it has a levelwise right adjoint, and this satisfies the
Beck–Chevalley condition with respect to maps in T . Factoring a general map in
T × Finop∗ and using that Beck–Chevalley maps compose, it will therefore suffice
to show that the right adjoints also satisfy the Beck–Chevalley maps with respect
to Finop∗ . This precisely amounts to saying that for any fixed A ∈ T the natural
lax symmetric monoidal structure on the functor i∗ : PShT (J )(A)→ PShT (I)(A)
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is strong, which is in turn equivalent to the Beck–Chevalley maps for the tensor
product and the inclusion of the symmetric monoidal unit being invertible.

As the T -functor i! is fully faithful by Theorem 1.49, the Beck–Chevalley
condition for the unit is automatic, and the Beck–Chevalley condition for the tensor
product is equivalent to the existence of some equivalence filling

PSh(I)(A)× PSh(I)(A) PSh(I)(A)

PSh(J )(A)× PSh(J )(A) PSh(J )(A)

−⊗−

−⊗−

i∗×i∗ i∗

for each A ∈ T . Plugging in the description of the symmetric monoidal product
from Proposition 8.2, it will suffice to show that i∗ commutes with both the external
product ×̂ and with the left Kan extension ⊗! separately. The former is immediate
from the definitions (without any assumptions on i). For the latter, we will show
that the Beck–Chevalley map associated to the naturality equivalence

PSh(J )(A) PSh(J × J )(A)

PSh(I)(A) PSh(I × I)(A)

i∗

⊗∗

(i×i)∗

⊗∗

is an equivalence. Replacing T by T/A, we may assume that A is terminal. For
any B ∈ T and Y ∈ J (B), we write Y ↓ ⊗J for the comma T/B-category, i.e. the
pullback {Y } ×fgt∗J Ar(fgt∗J ) ×fgt∗J fgt∗(J × J ) where fgt : T/B → T denotes
the forgetful functor and the pullback is via the tensor product; analogously we
define X ↓ ⊗I for X ∈ I(B). By the pointwise formula for parametrized Kan
extensions [MW24, Remark 6.3.6], see also [LLP26, Remark 3.36], the Beck–
Chevalley condition then translates to saying that for every B ∈ T , X ∈ I(B), and
F : J op × J op → SpcT the Beck–Chevalley map

colim
(X↓⊗I)op

(fgt∗F ) ◦ pr→ colim
(X↓⊗J )op

(fgt∗F ) ◦ pr

(i.e. the map induced by the inclusion of indexing categories) is invertible. For this
it will in turn suffice to show that X ↓ ⊗I ↪→ X ↓ ⊗J is initial (so that the result of
applying (−)op is final). By the previous lemma, this can be checked levelwise, i.e.
we are altogether reduced to showing that for every C ∈ T , Y ∈ I(C) the inclusion

I(C)Y/ ×I(C)

(
I(C)× I(C)

)
↪→ J (C)Y/ ×J (C)

(
J (C)× J (C)

)
is an initial functor of (non-parametrized) ∞-categories. However, our assumptions
guarantee that this functor admits a right adjoint, induced by RC , and every left
adjoint functor is in particular initial. □

8.1.2. Slice symmetric monoidal structures. We will now give an even more con-
crete description of the symmetric monoidal cocompletion of a symmetric monoidal
T -space. For this let us first recall from Remark 1.29 that for any T -space X
the Yoneda embedding X → PShT (X) corresponds under our usual equivalence
PShT (X) ≃ SpcT (X ×−) to the functor

y : X → SpcT (X ×−) (8.2)
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classifying the object ∆: X → X×X of SpcT (X×X) = PSh(T )/X×X ; in particular,
(8.2) exhibits SpcT (X×−) as the parametrized cocompletion of X by Theorem 1.52.
Let us recast this in terms of slice T -∞-categories:

Remark 8.7. As before (Construction 3.14), we define SpcT/X := (SpcT )/X
as the pullback of ev1 : Ar(SpcT )→ SpcT along the map 1→ SpcT classifying the
global section X.

Recall that the cartesian unstraightening of SpcT ∈ CatT ⊂ Fun(PSh(T )op,Cat)
over SpcT = PSh(T ) is simply given by ev1 : Ar(SpcT ) → SpcT . As explained in
the proof of Theorem 3.12, it follows that the cartesian unstraightening of Ar(SpcT )

is given by the full subcategory Arfw(Ar(SpcT )) ⊂ Ar(Ar(SpcT )) spanned by all
maps in Ar(SpcT ) inverted by ev1. Passing to cartesian unstraightenings over
SpcT = PSh(T ), we therefore obtain a pullback square as depicted on the left in
the following diagram

Unct(SpcT/X) Arfw(Ar(SpcT )) Ar(SpcT )

SpcT Ar(SpcT ) SpcT ,

⌟
ev1

Arfw(ev0)

ev1

f ev0

where f is the unique map of cartesian fibrations sending 1 to X, i.e. it is the functor
Y 7→ (pr : X×Y → Y ). By direct inspection, also the right-hand square is a pullback,
hence so is the total rectangle. As ev0 ◦f is simply the functor X ×−, naturality
of straightening therefore shows that Unct(SpcT/X) ≃ Unct(SpcT (X × −)), and
hence SpcT/X ≃ SpcT (X ×−). Plugging in the definitions, this equivalence is given

levelwise by the evident equivalence (PSh(T )/Y )/pr : X×Y→Y ≃ PSh(T )/X×Y . We
will denote the composite of the Yoneda embedding with this equivalence again
by y : X → SpcT/X and refer to it as the Yoneda embedding again; it in particular
exhibits SpcT/X as the T -cocompletion of X. Chasing the identification of the
Yoneda image from Remark 1.29 through the above equivalence, we see that the
image of y : X → SpcT/X agrees with the preimage of the terminal object under the
forgetful functor SpcT/X → SpcT .

Suppose that C⊗ ∈ CMon(CATT ) ≃ Fun(T op,CMon(CAT∞)) is a symmetric
monoidal T -∞-category and X ∈ CAlg(C⊗(1)) is a commutative algebra in its
global sections. We now describe a slice symmetric monoidal structure on the slice
T -∞-category C/X from Construction 3.14. Let us start by recalling the pointwise
symmetric monoidal structure on the arrow category:

Construction 8.8. Postcomposing with the limit-preserving functor Ar =
Fun([1],−) : CAT∞ → CAT∞ defines a functor

Ar: CMon(CAT∞)→ CMon(CAT∞). (8.3)

Denote by Ar: CMon(CATT )→ CMon(CATT ) postcomposition with (8.3) and by
evi : Ar→ idCMon(CATT ), i = 0, 1 the functor induced by evaluation at i ∈ [1].

Remark 8.9. Note that if C× is a cartesian symmetric monoidal T -∞-category
in the sense of Remark 3.57, then the symmetric monoidal T -∞-category Ar(C×) is
cartesian as well.

Construction 8.10. Let C⊗ ∈ CMon(CATT ) ≃ Fun(T op,CMon(CAT∞)) be
a symmetric monoidal T -∞-category. Given any commutative algebra X⊗ in C⊗(1),



130 III. GLOBAL THOM SPECTRA

we can view it as a lax symmetric monoidal functor 1→ C⊗(1) and hence a map
1 = const 1→ C⊗ in Fun(T op,OP∞), where OP∞ denotes the very large∞-category
of ∞-operads (containing CMon(CAT∞) as a non-full subcategory). We then define
C⊗/X as the pullback

C⊗/X Ar(C⊗)

1 C⊗

⌟
ev1

X⊗

in Fun(T op,OP∞). Since the forgetful functor OP∞ → CAT∞ preserves limits,
this refines the T -∞-category C/X from Construction 3.14. Moreover, in each
degree A ∈ T , the above is just the usual slice symmetric monoidal structure
[Lur17, Theorem 2.2.2.4 and Remark 2.2.2.5]; in particular, each C⊗/X(A) is a
symmetric monoidal ∞-category (and not just an operad), and the composite

C⊗/X −→ Ar(C⊗) ev0−−−→ C⊗ (8.4)

is given in each degree by a strong symmetric monoidal functor (and not just a lax
one). As this composite is moreover conservative, it follows that for every f : A→ B
in T the lax symmetric monoidal restriction functor f∗ : C⊗/X(B)→ C⊗/X(A) is strong
symmetric monoidal, i.e. C⊗/X is a symmetric monoidal T -∞-category. We will refer
to this as the slice symmetric monoidal structure on C/X . With this established, what
we said above shows that (8.4) is a refinement of the forgetful functor fgt : C/X → C
to a strong symmetric monoidal T -functor.

Lemma 8.11. Let S ⊂ T be a cleft and let C⊗ be an S-cocomplete symmetric
monoidal T -∞-category such that the tensor product is S-bilinear. Then also C⊗/X
is S-cocomplete, and the tensor product is S-bilinear.

Proof. By [MW22, Corollary A.1.4], the underlying T -∞-category of C⊗/X is
S-cocomplete, and the forgetful functor is S-cocontinuous. Using that the latter
is also conservative and symmetric monoidal, we immediately see that the tensor
product on C⊗/X preserves S-colimits in each variable as this holds in C⊗. □

Proposition 8.12. Let X⊗ ∈ CMon(SpcT ). Then the Yoneda embedding
y : X → SpcT/X refines to a strong symmetric monoidal functor X⊗ → Spc⊗T/X for
the slice symmetric monoidal structure, thus exhibiting Spc⊗T/X as the symmetric
monoidal T -cocompletion of X⊗.

Proof. Observe first that any lax symmetric monoidal refinement of y is
already strong: namely, we can check this after postcomposing with the conservative
strong symmetric monoidal functor fgt : Spc⊗T/X → Spc×T , and as fgt ◦ y : X → SpcT
takes values in the full subcategory spanned by the terminal object, it admits a
unique lax symmetric monoidal structure, which is automatically strong.

Since the tensor product on SpcT/X is T -bilinear (Lemma 8.11), any symmetric

monoidal enhancement y⊗ of the Yoneda embedding extends uniquely to a symmetric
monoidal, T -cocontinuous functor PShT (X)⊗ → Spc⊗T/X from the free symmetric

monoidal T -cocompletion of X. As explained in Remark 8.7, the underlying functor
PShT (X)→ SpcT /X is an equivalence, which then implies that y⊗ : X → Spc⊗T/X
is a free symmetric monoidal T -cocompletion.
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We are therefore reduced to constructing a lax symmetric monoidal structure on
the Yoneda embedding y, which by the definition of Spc⊗T/X as a pullback amounts

to constructing a commutative square in Fun(T op,OP∞)

Hom(−, X)⊗ Ar(SpcT )
×

1⊗ Spc×T

ev1

X

such that idX ∈ Hom(X,X) gets sent to its Yoneda image, viewed as an element in
the fiber over (pr2 : X×X → X) ∈ SpcT (X). By the universal property of cartesian
symmetric monoidal structures [Lur17, Proposition 2.4.1.7], this is equivalent to
constructing a commutative square of T -∞-categories

Uncc ◦Hom(−, X)⊗ Ar(SpcT )

const Fin∗ SpcT

ev1

X

(8.5)

sending idX in the fiber over 1 ∈ Fin∗ to the Yoneda image of idX and such that
Uncc(Hom(Y,X)⊗) → Ar(SpcT (Y )) satisfies the Segal condition for every Y ∈
PSh(T ). Note moreover that if the top arrow factors through SpcT,∗ ⊂ Ar(SpcT ),
then the Segal condition is automatic as the forgetful functor SpcT,∗ → SpcT is
conservative and preserves fiberwise limits.

Let us abbreviate B := PSh(T ). By [HHLN23, Example 2.5.10], the composite
of the Yoneda embedding Bop → Fun(B, Spc) with straightening for left fibrations
is given by X 7→ B/X , i.e. as the cartesian straightening of ev1 : Ar(B)→ B. Thus,
a diagram of the form (8.5) is equivalent (via cartesian unstraightening) to

Ar(B)×B Fin∗ Arfw(Ar(B))

B × Fin∗ Ar(B),

α

ev1

(Y,⟨n⟩)7→(pr : Y×X(⟨n⟩)→Y )

(8.6)

where the pullback is via the target map Ar(B) → B, and the left-hand vertical
map is induced by the source map. Plugging in the definitions, the map Uncc ◦
Hom(−, X)⊗ → Ar(SpcT ) corresponding to α factors through SpcT,∗ if and only if
α takes values in the full subcategory of those squares in B such that the diagonal
composite is an equivalence. Moreover, the resulting lax symmetric monoidal functor
will be a refinement of the Yoneda embedding if and only if α further sends the
object (idX , 1) in the fiber over (X, 1) to the object

X X ×X

X X

∆

pr
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in the fiber over X ×X → X. We now simply note that the pasting

Ar(B)×B Fin∗ Ar(B) Ar(B)

B × Fin∗ B × B B,

pr

(ev0,ev1)

β

ev1

id×X⊗ −×−

where β sends f : Y → Z to

Y Y × Z

Y Y

(id,f)

pr

provides the desired square (8.6). □

Finally, let us generalize the above discussion to the setting of a cleft S ⊂ T :

Proposition 8.13. Let S ⊂ T be a cleft, and let X ∈ SpcT . The Yoneda embed-
ding y : X → SpcT/X factors uniquely through SpcS▷T/X := SpcT/X ×Spc

T
SpcS▷T ,

exhibiting the latter as S-cocompletion. Moreover, given any commutative monoid
structure X⊗ on X, SpcS▷T/X is a symmetric monoidal subcategory with respect
to the slice symmetric monoidal structure on SpcT/X , and y⊗ : X⊗ → Spc⊗S▷T/X is
a symmetric monoidal S-cocompletion.

Proof. Proposition 3.72 shows that Spc⊗S▷T/X is a symmetric monoidal sub-
category for any commutative monoid X⊗. In light of the previous proposition, it
will therefore once more suffice to prove the non-monoidal universal property. By
[MW24, Theorem 7.1.13] this reduces to showing that SpcS▷T/X ⊂ SpcT/X is the
smallest subcategory containing the Yoneda image and closed under S-colimits.

By design, SpcS▷T ⊂ SpcT contains the terminal object, and so the description of
the Yoneda image from Remark 8.7 shows that the Yoneda embedding factors through
SpcS▷T/X . Moreover, as SpcS▷T ⊂ SpcT is closed under S-colimits, so is SpcS▷T/X ⊂
SpcT . Conversely, let A ∈ T be arbitrary, let a : A→ 1 be the unique map in PSh(T ),
and let Y → a∗X define an element of SpcS▷T/X(A) ⊂ (PSh(T )/A)/X×A; we want
to show that Y is an S-colimit of objects in the Yoneda image, which translates
to saying that every (f, g) : Z → X × A with Z ∈ SpcS ⊂ SpcT is an S-colimit
in SpcT (X ×−) of objects in the Yoneda image. But it follows straight from the
definitions that (f, g) is the image under f! of (id, g) : X → X ×A, and the latter
belongs to the Yoneda image by Remark 1.29. □

Example 8.14. Suppose f : X → Y is a map of T -spaces and denote by

f! : SpcS▷T/X → SpcS▷T/Y

the unique S-cocontinuous extension of X
f−−→ Y

y
↪−→ SpcT/Y . By construction of

the Yoneda embedding (Remark 8.7), f! factors as

SpcS▷T /X ≃ SpcS▷T (X ×−)
(f×−)!−−−−−→ SpcS▷T (Y ×−) ≃ SpcS▷T /Y ,

where the equivalences are the ones from Remark 8.7. In particular, f! is given
in degree A ∈ T by the functor PSh(T/A)/π∗

Af
: PSh(T/A)/π∗

AX
→ PSh(T/A)/π∗

AY

postcomposing with π∗
Af .
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Suppose now that S ⊂ T is a cleft, X ∈ SpcT , and i : X → C is a functor into
an S-cocomplete T -∞-category C. Denote by

Ti : SpcS▷T/X → C
the unique S-cocontinuous extension of i. This has the following pointwise description
on global sections:

Lemma 8.15. For any object (f : Y → X) ∈ SpcS▷T/X , we have an equivalence

Ti(f) ≃ colim
Y

(i ◦ f)

in C(1), where colimY : Fun(Y , C) → C denotes the parametrized colimit-functor
(left adjoint to the inclusion of constant diagrams).

Proof. As Y ∈ SpcS▷T and Ti is an S-cocontinuous extension of i, it suffices
to show that f ∈ SpcS▷T/X is the parametrized colimit of the composite y ◦ f : Y →
X → SpcT/X .

If we write f! : SpcS▷T/Y → SpcS▷T/X for the unique S-cocontinuous extension

of yf as in the previous example, then we have seen in said example that f!(idY ) ≃ f .
On the other hand, yf = f!y by construction. As f! is S-cocontinuous, this reduces
us to considering the case f = idY , i.e. we want to show that the colimit of
y : Y → SpcS▷T/Y is the terminal object idY . By [MW24, Proposition 6.1.3],
this holds in SpcT/Y . As SpcS▷T/Y ⊂ SpcT/Y is a full subcategory containing the
terminal object, this then also holds in SpcS▷T/Y . □

8.2. The global J-homomorphism. We begin by recalling the classical
J-homorphism BO× Z→ pic(Sp):

Construction 8.16. Consider the topologically enriched symmetric monoidal
functor j⊗ : L⊕ → Top∧

∗ sending an inner product space to its 1-point compactifica-
tion SV (with basepoint the point at ∞) and sending a linear isometric embedding
i : V → W to its unique basepoint-preserving extension SV → SW ; the unit iso-
morphism is the unique one, while the compatibility isomorphism for the tensor
product is given by the isomorphisms SV⊕W → SV ∧SW , (v, w) 7→ v ∧w. Applying
Ntop and postcomposing with the localisation Ntop(Top

∧
∗ )→ Spc⊗∗ yields a functor

j⊗ : Ntop(L
⊕)→ Spc⊗∗ . The composite Σ∞ ◦ j⊗ restricts to a map of commutative

monoids
∐
n≥0BO(n) ≃ Ntop(ιL

⊕) → pic(Sp), and using the universal property

of group completion this extends uniquely to a map J⊗ : BO × Z → pic(Sp) of
commutative monoids, which we call the J-homomorphism.

Using our concrete pointset models S⊗
gl,∗ of the initial pointed globally pre-

sentably symmetric monoidal ∞-category (Theorem 4.39) and Sp⊗gl of the initial
representation stable globally presentably symmetric monoidal ∞-category (Corol-
lary 7.84) in terms of pointed orthogonal spaces and orthogonal spectra, respectively,
we can easily write down a global version of the previous construction:

Construction 8.17. By applying the symmetric monoidal continuous Borel
construction (Construction 3.62) to the topological symmetric monoidal functor
j⊗ from above and localizing at the equivariant weak equivalences, we obtain a
symmetric monoidal global functor j⊗ : Ntop(L

⊕,♭)→ S⊗
∗ sending a G-representation

V to the G-space SV . We will write j⊗gl for the composite

Ntop(L
⊕,♭)

j⊗

−−→ S⊗
∗

c
↪−→ S⊗

gl,∗
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with the unique symmetric monoidal equivariantly cocontinuous functor (modelled
on the pointset level by sending a topological space to the constant orthogonal
space).

Remark 8.18. By definition, j⊗(1) : Ntop(L
⊗)→ Spc⊗∗ recovers the symmetric

monoidal functor j⊗ from Construction 8.16.

Construction 8.19. We write Rep⊕ := ιNtop(L
⊕,♭), and we fix once and for

all a (pointwise) group completion Rep⊕ → Rep⊕,grp =: VRep⊕. We may think of
objects of VRep(BG) as virtual G-representations, i.e. formal differences V ⊖W of
G-representations.

For any G-representation V , the G-global spectrum Σ∞SV is invertible with
respect to the smash product as a consequence of Proposition 7.25. Thus, the
composite

Rep⊕
j⊗
gl−−→ S⊗

gl,∗
Σ•

−−→ Sp⊗gl
with the unique symmetric monoidal global left adjoint (see Variant 7.72) factors
uniquely through a symmetric monoidal global functor J⊗gl : VRep⊕ → Sp⊗gl. We
call J⊗gl the global J-homomorphism.

The above construction of the global J-homomorphism in terms of the pointset
level models has the advantage that it is very explicit, and this description will be
particularly convenient for the comparison of global Thom spectrum constructions
in the next section. Nevertheless, in more categorical contexts it can be preferable
to have a model-independent construction. While there is probably no way to avoid
using at some point that topological spaces model ∞-groupoids, we will now give
an alternative construction of j⊗gl that only requires the symmetric monoidal functor
j⊗ : Ntop(L

⊕)→ Spc⊗∗ as geometric input. To emphasize the model-independence,
we phrase this in terms of the construction Spc⊗Glo,∗ of the initial pointed globally
presentably symmetric monoidal ∞-category obtained from the abstract theory
developed in §4.3 (which admits a unique equivalence Φ: S⊗

gl,∗
∼−−→ Spc⊗Glo,∗).

Theorem 8.20. There exists an initial example of an extension of

Ntop(L
⊕)

j⊗−−→ Spc⊗∗
const−−−−→ Spc⊗Glo,∗ (8.7)

(where const denotes the unique symmetric monoidal left adjoint) to a symmetric

monoidal global functor j⊗gl : Ntop(L
⊕,♭)→ Spc⊗Glo,∗, and the diagram

S⊗
gl,∗

Ntop(L
⊕,♭)

Spc⊗Glo,∗

Φ ∼

j⊗gl

j⊗gl

(8.8)

commutes. More precisely, any identification of the resulting symmetric monoidal
functors on global sections Ntop(L

⊕) ⇒ Spc⊗Glo,∗ extends uniquely to an equivalence
filling (8.8).

Let us begin by observing that (8.7) corresponds by adjunction to a symmetric
monoidal global functor ȷ̂⊗ : constNtop(L

⊕)→ Spc⊗Glo,∗. If we ignore monoidal struc-
tures for a second, then extending (8.7) to a global functor is equivalent to extending
ȷ̂ along the (fully faithful) adjunction counit constNtop(L)→ Ntop(L

♭). The initial
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such extension is given by the left Kan extension of ȷ̂, so we have to understand
when a functor Ntop(L

♭)→ SpcGlo,∗ is left Kan extended from constNtop(L).

Lemma 8.21. Let T be a small ∞-category with a terminal object 1, and let C
be a small T -∞-category such that for every p : A→ 1 the functor p∗ : C(1)→ C(A)
is fully faithful and admits a right adjoint p∗. Moreover, let E be any presentable
(non-parametrized) ∞-category and denote by ET the category of T -objects in E
(Example 1.24). Then a T -functor F : C → ET is left Kan extended from const C(1)
if and only if for every A ∈ T and X ∈ C(A) the map F (ε : p∗p∗X → X) in
ET (A) = Fun(T op

/A, E) induced by the counit becomes an equivalence after evaluation

at idA.

Proof. Write π : const E → ET for the unique T -functor extending const : E →
ET (1) = Fun(T op, E). By [LLP26, Theorem 6.9] (for M = ι T ), the individual
right adjoints ET (A)→ E (evaluating at idA ∈ T op

/A) assemble into a right adjoint

ρ : Uncc(ET )→ Uncc(const E) = E × T op over T op such that the composite

FunT (D, ET )
Uncc

−−−−→ Fun/T op(Uncc(D),Uncc(ET ))
ρ◦−−−−→ Fun/T op(Uncc(D), E×T op)

is an equivalence for every T -∞-category D. Applying this for D = C and D =
const C(1) yields a commutative square

FunT (C, ET ) Fun/T op(Uncc(C), E × T op)

FunT (const C(1), ET ) Fun/T op(C(1)× T op, E × T op).

∼

res res

∼

(8.9)

By [Lur17, Proposition 7.3.2.6op], the individual right adjoints p∗ : C(A) → C(1)
assemble into a right adjoint γ : Uncc(C)→ C(1)× T op over T op, so that the right-
hand vertical arrow in (8.9) admits a left adjoint given by precomposing with γ.
On the other hand, the left-hand vertical arrow admits a left adjoint given by
parametrized left Kan extension, and it follows formally that also the square where
we pass to left adjoints vertically commutes.

As we assumed each p∗ : C(1)→ C(A) to be fully faithful, the right adjoint γ is a
localization at the images of the counits ε : p∗p∗X → X for all A ∈ T and X ∈ C(A).
Thus, F : C → ET is in the image of the left adjoint of the left-hand vertical map
(i.e., F is left Kan extended) if and only if ρ ◦ Uncc(F ) inverts the above counit
maps. By the explicit fiberwise description of ρ, this is precisely demanding that
each F (ε) become an equivalence after evaluation at idA ∈ T op

/A. □

Corollary 8.22. The composite Ntop(L
♭)

j
gl−−→ Sgl,∗

Φ−−−→∼ SpcGlo,∗ is left Kan
extended from constNtop(L).

Proof. It is clear that trivG : Ntop(L
♭)(1) → Ntop(L

♭)(BG) is fully faithful
for every compact Lie group G, with right adjoint given by taking G-fixed points.
Applying the previous lemma for E = Spc∗ and using that the composite

SG,∗
const−−−−→ SG-gl

Φ−−−→∼ SpcGlo,∗(BG)
evidBG−−−−→ Spc∗

is given by taking G-fixed points (see Lemma 3.30), we only have to show that
for every G-representation V the inclusion S(V G) ↪→ SV of G-spaces induces an
equivalence on G-fixed points. This is obvious. □
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In order to lift the above results to statements about symmetric monoidal global
functors, we will use the following proposition:

Proposition 8.23. Let C⊗ be globally presentably symmetric monoidal. Then

the restriction i∗⊗ : Fun⊗(Ntop(L
⊕,♭), C⊗)→ Fun⊗(constNtop(L

⊕), C⊗) admits a left
adjoint i⊗! , and the Beck–Chevalley map i! ◦ fgt→ fgt ◦ i⊗! associated to

Fun⊗(Ntop(L
⊕,♭), C⊗) Fun⊗(constNtop(L

⊕), C⊗)

Fun(Ntop(L
♭), C) Fun(constNtop(L), C)

i∗⊗

fgt fgt

i∗

is an equivalence.

Proof. We may identify the diagram in question with

FunL,⊗(PSh(Ntop(L)
♭)⊗, C⊗) FunL,⊗(PSh(constNtop(L))

⊗, C⊗)

FunL(PSh(Ntop(L)
♭), C) FunL(PSh(constNtop(L)), C),

fgt fgt (8.10)

where the top and bottom horizontal arrow are given by precomposing with the sym-

metric monoidal global left adjoint L⊗ : PSh(constNtop(L))
⊗ → PSh(Ntop(L

♭))⊗

induced by the inclusion and its underlying global functor L : PSh(constNtop(L))→
PSh(Ntop(L

♭)), respectively. The latter admits a right adjoint R (namely, the
restriction functor) which is again globally cocontinuous, and the left adjoint to the
bottom arrow in the above diagram is then given by precomposing with R, with unit
and counit again given by precomposition. If we can show that L ⊣ R upgrades to a
symmetric monoidal adjunction L⊗ ⊣ R⊗, then a left adjoint to the top horizontal
arrow in (8.10) will be similarly given by precomposing with R⊗ and with unit and
counit given analogously, which then clearly satisfies the Beck–Chevalley condition.

For this we will verify the assumptions of Proposition 8.3. As observed in the

proof of the previous corollary, each trivG : Ntop(L
♭)(1) → Ntop(L

♭)(BG) is fully
faithful and has a right adjoint induced by taking G-fixed points. Unravelling the
definitions, the Beck–Chevalley condition amounts to saying that V G⊕WG ↪→ V ⊕W
defines an isomorphism onto (V ⊕W )G, which is obvious. □

Proof of Theorem 8.20. As noted above, the symmetric monoidal functor
(8.7) corresponds to a symmetric monoidal global functor ȷ̂⊗ : constNtop(L

⊕) →
Spc⊗Glo,∗ and Proposition 8.23 provides the desired initial extension j⊗gl. The universal

property then shows that any identification j⊗gl(1) = j⊗ ≃ (Φ ◦ jgl)(1) (e.g. the one
obtained from Remark 8.18) extends uniquely to a symmetric monoidal natural
transformation j⊗gl → Φ ◦ j⊗gl and it only remains to show that this transformation is
an equivalence. This can be checked after forgetting the monoidal structure, where
this follows immediately from the fact that both maps sides are left Kan extended
from the full subcategory constNtop(L) by Corollary 8.22 and Proposition 8.23. □

Remark 8.24. One can similarly define a ‘model independent’ version of the
global J-homomorphism as the unique extension of the composite of j⊗gl : Rep

⊕ →
Spc⊗Glo,∗ with the initial symmetric monoidal left adjoint Spc⊗Glo,∗ → SpRepSph,⊗

Glo

inverting the image of j⊗gl, as provided by §5.3. The previous theorem then implies
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that the result corresponds under the unique equivalence Sp⊗gl
∼−−→ SpRepSph,⊗

Glo to
the global J-homomorphism J⊗gl constructed above via the pointset model.

8.3. Parametrized Thom spectrum functors. Applying Proposition 8.12,
we can now construct the global Thom spectrum functor and its unstable analogue:

Definition 8.25. We define the global Thom space functor

th⊗gl : Spc
⊗
Glo/Rep⊕ → S⊗

gl,∗

as the unique globally cocontinuous extension of j⊗gl : Rep
⊕ → S⊗

gl,∗ (Construc-

tion 8.17) along the Yoneda embedding, and we define the global Thom spectrum
functor as the unique globally cocontinuous extension

Th⊗gl : Spc
⊗
Glo/VRep⊕ → Sp⊗gl

of the global J-homomorphism J⊗gl : VRep⊕ → Sp⊗gl from Construction 8.19.

Remark 8.26. In particular, we get for any compact Lie group G symmetric
monoidal left adjoints

th⊗G-gl : Spc⊗G-gl/trivGRep⊕ := PSh(Glo/BG)
⊗
/trivGRep⊕ → S⊗

G-gl,∗

Th⊗G-gl : Spc⊗G-gl/trivGVRep⊕ := PSh(Glo/BG)
⊗
/trivGVRep⊕ → Sp⊗G-gl

where the sources carry the slice symmetric monoidal structures and the targets carry
the symmetric monoidal structure induced by the respective pointset level smash
product. The fact that we started with global functors provides (coherent) symmetric
monoidal equivalences th⊗G-gl ◦ f∗ ≃ f∗ ◦ th

⊗
G′-gl

and Th⊗G-gl ◦ f∗ ≃ f∗ ◦ Th
⊗
G′-gl

for

any homomorphism f : G→ G′ of compact Lie groups, while the fact that the global
functors thgl and Thgl are parametrized left adjoints implies that the corresponding
Beck–Chevalley maps provide equivalences f! ◦ thG-gl ≃ thG′-gl ◦ f! and f! ◦ThG-gl ≃
ThG′-gl ◦ f! (of non-monoidal functors).

Corollary 5.28 shows that the unique globally cocontinuous symmetric monoidal
functor Σ• : S⊗

gl,∗ → Sp⊗gl (also see Variant 7.72 for a pointset level description) is
the initial map in CAlg(PrLGlo) that inverts representation spheres. By construction
of the global Thom space and Thom spectrum functors, this fits into a commutative
square

SpcGlo/Rep⊕ S⊗
gl,∗

SpcGlo/VRep⊕ Sp⊗gl

th⊗
gl

Σ•

Th⊗
gl

(8.11)

of presentably symmetric monoidal global ∞-categories, where the left vertical map
is the unique globally cocontinuous symmetric monoidal extension of the composition

Rep⊕ → VRep⊕
y⊗−−→ SpcGlo/VRep⊕

of the group completion map with the Yoneda embedding (Proposition 8.12). We
owe the following corollary of the symmetric monoidal universal property of global
spectra (Theorem 7.75 and Corollary 7.84) to David Gepner, Thomas Nikolaus, and
Stefan Schwede:
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Corollary 8.27. The diagram (8.11) is a pushout of presentably symmetric
monoidal global ∞-categories.

Proof. By Corollaries 7.84 and 4.8 and the construction of the various maps,
(8.11) is a commutative square in CAlg(PrGlo

Glo). It therefore suffices to show that
for every presentably symmetric monoidal global ∞-category C, the square (8.11)
induces an equivalence

Hom(Sp⊗gl, C)
∼−−→ Hom(S⊗

gl,∗, C)×Hom(SpcGlo/Rep⊕ ,C) Hom(SpcGlo/VRep⊕ , C),

where Hom(−,−) := HomCAlg(PrGlo
Glo)

(−,−) denotes the ∞-groupoid of symmetric

monoidal left adjoints.
Fix a presentably symmetric monoidal global ∞-category C. It follows from

Proposition 8.12 and the universal property of group completion that restriction
along SpcGlo/Rep⊕ → SpcGlo/VRep⊕ yields an inclusion of path components

Hom(SpcGlo/VRep⊕ , C) ↪→ Hom(SpcGlo/Rep⊕ , C)

with image those globally cocontinuous symmetric monoidal functors SpcGlo/Rep⊕ →
C which send elements in the Yoneda image of Rep⊕ to invertible objects. By
construction of the Thom space functor th⊗gl, this implies that the projection

Hom(S⊗
gl,∗, C)×Hom(Spc

Glo/Rep⊕ ,C) Hom(SpcGlo/VRep⊕ , C)→ Hom(S⊗
gl,∗, C)

is the inclusion of the components consisting of those globally cocontinuous sym-
metric monoidal functors which in every degree G send all representation spheres
to invertible objects. The map Hom(Σ•, C) : Hom(Sp⊗gl, C)→ Hom(Sgl,∗, C) admits

the same description by the universal property of global spectra (Corollary 7.84)
and Corollary 5.28, finishing the proof. □

Variant 8.28. People allergic to pointset models might prefer defining the

global Thom spectrum functor as the unique left adjoint Spc⊗Glo/VRep⊕ → SpRepSph,⊗
Glo

extending the ‘model-independent’ global J-homomorphism from Remark 8.24. By
said remark, the result will agree with the above construction up to postcomposition

with the unique symmetric monoidal equivalence SpRepSph,⊗
Glo ≃ Sp⊗gl. Similarly,

we may of course change the model of the symmetric monoidal cocompletion of
VRep⊕, and the two resulting global Thom spectrum functors will agree up to
precomposition with the unique equivalence under VRep⊕.

We now explain how to adapt the global construction from the previous sub-
section to the equivariant setting. For simplicity, we will restrict to the case
of equivariant Thom spectra, leaving the analogous case of Thom spaces to the
interested reader.

Lemma 8.29. The global J-homomorphism J⊗gl : VRep⊕ → Sp⊗gl factors uniquely
through a symmetric monoidal Glo-functor J⊗ : VRep⊕ → Sp⊗.

Proof. By Proposition 7.74, the unique equivariantly cocontinuous symmetric
monoidal global functor i : Sp⊗ → Sp⊗gl is fully faithful and at every compact Lie

group G, it admits a right adjoint rG : Sp⊗G-gl → Sp⊗G which is a localization at the
equivariant weak equivalences. As equivariant weak equivalences are preserved by
smashing with flat orthogonal G-spectra (Theorem 6.31), it follows that the induced
lax symmetric monoidal structure on the right adjoint rG is strong. By [Püt25,
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Corollary 6.3], this implies that iG : Sp⊗G ⇄ Sp⊗G-gl :rG induce mutually inverse
equivalences pic(Sp⊗G) ≃ pic(Sp⊗G-gl) for all compact Lie groups G. In particular,
i restricts to an equivalence pic(Sp⊗) ∼−−→ pic(Sp⊗gl), so that J⊗gl factors uniquely

through Sp⊗ as claimed. □

Definition 8.30. We define the equivariant Thom spectrum functor

Th⊗ : Spc⊗Orb▷Glo/VRep⊕ → Sp⊗ (8.12)

as the unique Orb-cocontinuous symmetric monoidal extension of J⊗.

Remark 8.31. Writing Orbfin ⊂ Glo for the subcategory spanned by finite
groups and injective homomorphisms, the underlying symmetric monoidal Orbfin-
functor of Th⊗ was first constructed in [Jur22].

Remark 8.32. Let us fix a compact Lie group G, and write OrbG for the nerve of
the topological category of transitive G-spaces as in Example 1.20. [LNP25, Lemma
6.12] decribes a functor fgt : OrbG → Orb lifting to an equivalence OrbG → Orb/BG
sending G/H to BH ↪→ BG. If we abbreviate VRep⊕G := fgt∗VRep⊕, then we may
view (8.12) in degree G as a symmetric monoidal functor

Th⊗G : Spc⊗
G/VRep⊕

G

:= PSh(OrbG)
⊗
/VRep⊕

G

→ Sp⊗G

which we call the G-equivariant Thom spectrum functor. The fact that we started
with global functors provides (coherent) symmetric monoidal equivalences

Th⊗G ◦ f
∗ ≃ f∗ ◦ Th⊗G′

for any homomorphism f : G → G′ of compact Lie groups, while the fact that
the global functor Th is an Orb-parametrized left adjoint implies that ThG is a
left adjoint for every compact Lie group G and that for every injective group
homomorphism f : G → G′, the corresponding Beck–Chevalley map provides a
(non-monoidal) equivalence f! ◦ ThG ≃ ThG′ ◦ f!.

Proposition 8.33. The square

Spc⊗Orb▷Glo/VRep⊕ Sp⊗

Spc⊗Glo/VRep⊕ Sp⊗gl

L

Th⊗

Th⊗
gl

(8.13)

of symmetric monoidal global functors commutes up to canonical equivalence, where
the map on the left is the unique symmetric monoidal left adjoint compatible with
the Yoneda embeddings and the map on the right is the unique symmetric monoidal
left adjoint.

Proof. By construction, both paths through the diagram are symmetric
monoidal Orb-cocontinuous functors extending J⊗gl, so the claim follows from the
universal property of Orb-cocompletion. □

While the vertical functors in (8.13) do not have global right adjoints (they only
preserve Orb-colimits, not all Glo-colimits), their underlying Orb-functors do admit
right adjoints. We then have:
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Theorem 8.34. The induced lax symmetric monoidal structures on the right
adjoints of the vertical maps in (8.13) are in fact strong, and the Beck–Chevalley
map

Spc⊗Glo/VRep⊕ |Orb Sp⊗|Orb

Spc⊗Orb▷Glo/VRep⊕ |Orb Sp⊗gl|Orb

Th⊗

Th⊗
gl

(8.14)

is an equivalence.

The proof will require some preparations.

Lemma 8.35. The lax symmetrix monoidal Orb-right adjoint Sp⊗gl|Orb →
Sp⊗|Orb of the inclusion is strong symmetric monoidal. Moreover, it is Orb-
cocontinuous.

Proof. Let us begin by showing that the right adjoint r is strong symmetric
monoidal. By Lemma 7.27, r is given in each degree by a localization at the G-
equivariant weak equivalences. Thus, the Beck–Chevalley condition for the unit is
automatic, while the Beck–Chevalley condition for the tensor product amounts to
saying that a tensor product of G-equivariant weak equivalences is a G-equivariant
weak equivalence. Plugging in the definition of the tensor product on Sp⊗gl as the
derived smash product of flat G-orthogonal spectra, this is then a direct consequence
of Theorem 6.31.

It remains to show Orb-cocontinuity. By [Sch18, Corollary 3.1.37] equivariant
weak equivalences are stable under wedge sum, so the same argument as above
shows that r preserves fiberwise coproducts. As it moreover preserves fiberwise finite
colimits by stability, this shows that f is fiberwise cocontinuous. Finally, Proposi-
tion 6.24 implies by the same kind of argument that r satisfies the Beck–Chevalley
condition for the left adjoints to restrictions along injective homomorphisms, so that
r is Orb-cocontinuous by Lemma 3.47. □

Lemma 8.36. Let S ⊂ T be a cleft and let X ∈ SpcT . Then the S-parametrized
right adjoint R of the inclusion SpcS▷T/X ↪→ SpcT/X is S-cocontinuous. Moreover,
if X is equipped with a commutative monoid structure, then the lax symmetric
monoidal structure on R (with respect to the slice symmetric monoidal structures)
is strong.

Proof. By [CLL25b, Lemmas 3.16 and 3.17], we have a right Bousfield
localization incl : SpcS▷T |S ⇄ SpcT |S :r. It follows formally that the Beck–Chevalley
map

(SpcT/X)|S (SpcS▷T/X)|S

(SpcT )|S SpcS▷T |S

R

fgt fgt

r

is an equivalence. By [CLL25b, Proposition 4.28], the bottom map r is S-
cocontinuous; as the vertical maps are conservative and S-cocontinuous, we conclude
that also R is S-cocontinuous. Similarly, r is strong symmetric monoidal with
respect to the cartesian symmetric monoidal structures (being a right adjoint),
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so that R is strong symmetric monoidal with respect to the the slice symmetric
monoidal structures. □

Proof of Theorem 8.34. That the lax symmetric monoidal structures on
the right adjoints in (8.14) are strong was verified as part of the previous two lemmas.
Moreover, the lemmas also show that all functors in (8.14) are Orb-cocontinuous,
so that it suffices to verify the Beck–Chevalley condition after restricting to the
Yoneda image.

If we write R for the left-hand vertical map in (8.14) and r for the right-
hand one, then the Beck–Chevalley map is given by definition on an object X ∈
SpcOrb▷Glo/VRep|Orb(BG) by the composite

(ThG ◦R)(X)
η−→ (r ◦ incl ◦ ThG ◦R)(X)

∼−−→ (r ◦ ThG-gl ◦ incl ◦R)(X)
ε−→ (r ◦ ThG-gl)(X).

The map η is an equivalence by full faithfulness of incl : Sp ↪→ Spgl; moreover, if X
is contained in the Yoneda image (and hence in particular in the essential image of
incl : SpcOrb▷Glo/VRep ↪→ SpcGlo/VRep), then so is ε : (incl◦R)(X)→ X by the same

argument. Thus, the whole composite is an equivalence for any such X, finishing
the proof. □

Evaluating at BG for any compact Lie group G, this shows:

Corollary 8.37. We have a commutative diagram

Spc⊗G-gl/trivGVRep⊕ Sp⊗G-gl

Spc⊗
G/VRep⊕

G

Sp⊗G,

ThG-gl

ThG

where the vertical map on the left is given by restriction along the unique lift
OrbG → Glo/BG of fgt : OrbG → Glo, while the map on the right is the localization
at the equivariant equivalences (which is induced by the identity of the 1-category
of orthogonal G-spectra). □

Combining this with the global functoriality of Thgl, we in particular obtain for
every compact Lie group G a commutative diagram

Spc⊗gl/VRep⊕ Sp⊗gl

Spc⊗
G/VRep⊕

G

Sp⊗G.

resG

Thgl

resG

ThG

Remark 8.38. Analogously to the non-equivariant setting discussed before,
one can define more general versions of the global and equivariant Thom spectrum
functors by instead extending the inclusions pic(Sp⊗gl) ↪→ Sp⊗gl and pic(Sp⊗) ↪→ Sp⊗,

see also [HKZ20] for the corresponding definition in the setting of G-∞-categories
for a fixed finite group G. For us, however, the approach where the J-homomorphism
is already built into the definitions will be more convenient. In particular, this is
closer to the geometrical intuition of virtual equivariant vector bundles, and the
examples of global (homotopical) bordism spectra we are interested in arise much
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more naturally in this setting.12 Moreover, while we will see in the next section
that the above global Thom spectrum construction can be equivalently described in
terms of a concrete pointset level construction, we do not even have a candidate for
a pointset level model of the more general Thom spectrum construction for global
spaces over pic(Sp⊗gl).

9. Comparison with classical global Thom spectra

In this section we will describe a model-categorical construction of a global
Thom spectrum in the form of an enriched symmetric monoidal functor from the
category of orthogonal spaces over a certain periodic global Grassmannian BOP to
the category of orthogonal spectra. On the level of ordinary categories, this will
merely be a minor (and inconsequential) variation of a non-equivariant construction
due to Sagave and Schlichtkrull [SS19]. What is new here is the observation,
due to Schwede, that this construction has excellent model-categorical properties,
from which we will deduce that the induced functor on continuous Borel categories

Ntop(L-Top
⊠,♭
/BOP)→ Ntop(OrthSp∧,♭) descends to a global left adjoint

Ntop(L-Top
⊠,♭
/BOP)[G-gl. weak equiv.−1]→ Sp⊗gl.

The main goal of this section (Theorem 9.57) will then be to identify this with the
parametrized global Thom spectrum functor from the previous section.

9.1. Global Thom spectra via model categories. In this subsection we
will describe our pointset model of the (G-)global Thom spectrum functor. We will
restrict ourselves throughout to giving the necessary definitions, and most of the
proofs of the good homotopical properties of the global Thom spectrum functor are
relegated to Appendix A by Stefan Schwede.

9.1.1. Thom spaces of (equivariant) vector bundles. We begin with a brief review
of Thom spaces of (equivariant) Euclidean vector bundles:

Construction 9.1. Let ζ : E → B be a Euclidean vector bundle. Its Thom
space Tζ is the topological space with underlying set E ∪ {∞}, topologized in such
a way that

S(E)× [0, 1] −→ Tζ

(e, λ) 7−→

{
λ

1−λ · e λ ̸= 1

∞ λ = 1

(9.1)

is a quotient map, where S(E) := {e ∈ E : ∥e∥ = 1} denotes the sphere bundle. We
view Tζ as a based space, with basepoint ∞. If G is a compact Lie group and ζ is
a Euclidean G-vector bundle (i.e. G acts continuously on E and X by Euclidean
bundle maps), then we view Tζ as a based G-space via the unique extension of the
given action on E. Similarly, given a map of Euclidean G-bundles, i.e. a pullback
square

E1 E2

B1 B2

ζ1

f̄

⌟
ζ2

f

(9.2)

12In fact, in order to realize these examples over pic we would have to define the global J-
homomorphism anyhow.
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of topological G-spaces such that f̄ is fiberwise linear and isometric, we define Tf
as the unique based extension of f̄ .

Remark 9.2. For any b ∈ B, the map (9.1) identifies all points ζ|−1
S(E)(b)× {0}

with each other, and it moreover identifies all points in S(E)× {1}. Thus, (9.1) de-
scends to a homeomorphism from the (unreduced) mapping cone of ζ|S(E) : S(E)→
B. Similarly, we can also describe the topology on Tζ as the quotient topology with
respect to

D(E) −→ Tζ

e 7−→

{
1

1−∥e∥ · e ∥e∥ ̸= 1

∞ ∥e∥ = 1,

where D(E) = {e ∈ E : ∥e∥ ≤ 1} denotes the disk bundle of E, i.e. Tζ is homeomor-
phic to D(E)/S(E).

Example 9.3. If B is compact, then (9.1) is a continuous surjection when we
equip the target with the topology of the 1-point compactification. As the latter is
Hausdorff, this shows that Tζ is just the 1-point compactification in this case. In
particular, if V and W are inner product spaces, then the mapping space O(V,W )
in the indexing category of orthogonal spectra is equal to the Thom space of the
bundle ω := pr: O0(V,W ) := {(i, w) ∈ L(V,W )×W : w ⊥ i(V )} → L(V,W ).

Remark 9.4. If ζi : Ei → Bi, i = 1, 2 are two Euclidean G-bundles, then we
obtain a map Tζ1 ∧Tζ2 → Tζ1×ζ2 by extending e1 ∧ e2 7→ (e1, e2). By [Hus93, proof
of Proposition 16.1.5], this is a homeomorphism.

Construction 9.5. Given any G-representation V and any map of G-spaces
f : A → Gr(V ), we write T (f) for the Thom space Tf∗ζ of the pullback of the
tautological bundle ζ := pr: {(U, u) : U ∈ Gr(V ), u ∈ U} → Gr(V ). This then
becomes a topological functor T : G-Top/Gr(V ) → G-Top∗ in the obvious way.

The following result will be proven as Lemma A.6 in the appendix:

Lemma 9.6. Let G be a compact Lie group, let V be a G-representation, and
let F be a family of closed subgroups. Then T : G-Top/Gr(V ) → G-Top∗ preserves
F-weak equivalences. □

9.1.2. Global Thom spaces. Now we come to the construction of the global Thom
space functor. We begin by introducing what will later turn out to be the model
analogues of the symmetric monoidal global space Rep⊕ and its group completion
VRep⊕. These naturally come to us as highly structured objects:

Definition 9.7. An ultra-commutative monoid is a (strictly) commutative
algebra in L-Top with respect to the box product.

Recall that the box product on L-Top was constructed as enriched Day
convolution, and so an ultra-commutative monoid structure on an orthogonal
space X can be equivalently described as a collection of multiplication maps
µV,W : X(V ) × X(W ) → X(V ⊕W ) for all V,W ∈ L together with a unit map
η : 1→ X(0) satisfying the expected naturality, unitality, associativity, and commu-
tativity relations.
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Example 9.8 (See [Sch18, Example 2.3.12]). For any n ≥ 0 we define Grn as
the orthogonal space L(Rn,−)/O(n) where O(n) acts via the tautological action on
Rn. Note that this means that two embeddings Rn ⇒ V are identified in Grn(V ) if
and only if they have the same image, and we will therefore typically denote points in
Grn(V ) as subspaces of V . In this notation, the structure map Grn(V )→ Grn(W )
for a linear isometric embedding f : V →W is given by U 7→ f(U).

The global Grassmannian Gr is then the orthogonal space Gr :=
∐
n≥0 Grn.

This becomes an ultra-commutative monoid whose unit is the unique point of Gr(0)
and with multiplications given by the coproduct of the maps

Grm(V )×Grn(W ) −→ Grm+n(V ⊕W )

(U1, U2) 7−→ U1 ⊕ U2.

Example 9.9 (See [Sch18, Example 2.4.1]). The periodic global Grassmannian
BOP is given on an inner product space V by BOP(V ) = Gr(V ⊕ V ), but with
the structure map associated to a linear isometry f : V →W defined as

Gr(V ⊕ V ) −→ Gr(W ⊕W )

U 7−→ (f ⊕ f)(U) + (im(f)⊥ ⊕ 0).

One can check that this becomes an ultra-commutative monoid with unit the unique
point of BOP(0) and with multiplication maps Grm(V ⊕ V ) ×Grn(W ⊕W ) →
Grm+n((V ⊕W ) ⊕ (V ⊕W )) given by sending (U1, U2) to the image of U1 ⊕ U2

under the isomorphism (V ⊕V )⊕(W ⊕W ) ∼= (V ⊕W )⊕(V ⊕W ), (v1, v2;w1, w2) 7→
(v1, w1; v2, w2). We then have a map of ultra-commutative monoids i : Gr→ BOP
given at an inner product space V by Gr(V )→ Gr(V ⊕ V ), U 7→ V ⊕ U .

Our model-categorical global Thom space functor will be defined as a certain
enriched symmetric monoidal functor th⊗ : L-Top/Gr → L-Top∗, where we equip
the source with the 1-categorical analogue of the slice symmetric monoidal structure,
i.e. the tensor product is given on objects by sending (f : A→ Gr, g : B → Gr) to
the composite

A⊠B
f⊠g−−−→ Gr⊠Gr

µ−−→ Gr,

while the symmetric monoidal product on morphisms and the unitality, associativity,
and symmetry isomorphisms are defined in the unique way for which the forgetful
functor to L-Top is strict symmetric monoidal. Note that since the mapping space
between (f : A→ Gr) and (g : B → Gr) in L-Top/Gr is a subspace of the mapping

space mapsL-Top(A,B), this symmetric monoidal structure is again topological.

Construction 9.10. For any V ∈ L, we define

EGr(V ) := {(v, U) ∈ V ×Gr(V ) : v ∈ U},

and we write ζV := pr2 : EGr(V )→ Gr(V ) for the tautological bundle. If we make
EGr into an orthogonal space by letting u : V →W act via (v, U) 7→ (u(v), u(U)),
then ζ is a map of orthogonal spaces.

Given now any object f : B → Gr of L-Top/Gr, we define th(f) as the based
orthogonal space sending V ∈ L to the Thom space of the pulled back bundle
f∗V ζV : EGr(V )×Gr B(V )→ B(V ). A linear isometric embedding u : V →W acts
via the map Tf∗

UζU
→ Tf∗

V ζV
induced by the fiber product of the structure maps

EGr(U)×Gr(U) B(U)→ EGr(V )×Gr(V) B(V );
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in other words, th(f) is obtained by levelwise applying the Thom space functor to
the pulled back map f∗ζ in OrthSpc. In the notation of Construction 9.5, we then
have th(f)(V ) = T (fV : B(V ) → Gr(V )) for any V ∈ L. Given a commutative
diagram

A B

Gr

α

f g

in L-Top we similarly define th(α) : th(f)→ th(g) as the map given in degree V
by T (αV : fV → gV ).

Example 9.11. Let V ∈ L and let W ⊂ V be any subspace. If we write
w : L(V,−)→ Gr for the map corresponding to W ∈ Gr(V ), then the pulled back
bundle w∗ζU : EGr(U) ×Gr(U) L(V,U) → L(V,U) admits a trivialization for any
U ∈ L by sending a point (i, x) ∈ L(V,U)×W to (i(x), i(W ); i). It follows that we
have an isomorphism L(V,−)+ ∧ SW ∼= th(w) given in degree U by sending i∧ x to
∞ if x =∞ and to (i(x), i(W ); i) ∈ EGr(U)×Gr(U) L(V,U) if x ∈W .

The following result will again be proven in the appendix:

Proposition 9.12 (See Theorem A.1(1)). For every compact Lie group G,

th : G-L-Top/Gr → G-L-Top∗

is homotopical and left Quillen. □

We now explain in what sense the isomorphisms from Example 9.11 are natural:

Construction 9.13. Write y : Lop → L-Top for the enriched Yoneda embed-
ding and y/Gr for the comma category as usual, so that objects of y/Gr are given

by maps w : L(V,−) → Gr while a morphism w → w′ is given by an isometric
embedding α : V → V ′ making the diagram

L(V ′,−) L(V,−)

Gr

−◦α

w′ w

(9.3)

commute (note the change in variance).
We define an enriched functor (y/Gr)

op → L by sending w : L(V,−)→ Gr to

w(idV ) ∈ Gr(V ) and by sending a map α : w → w′ to the inverse of the restriction
of α : V → V ′ to w(idV ) → w′(idV ′); note that this is indeed well-defined since
α(w(idV )) = w(α) = w′(idV ′) by commutativity of (9.3). Postcomposing with
j : L→ Top∗ then gives a map k : (y/Gr)

op → Top∗ sending w : L(V,−)→ Gr to

the sphere Sw(idV ). One directly checks that the isomorphisms from the previous
example define a natural isomorphism between the restriction of th and the composite

(y/Gr)
op (k,(−)+◦y◦fgt)−−−−−−−−−−→ Top∗ × L-Top∗

−∧−−−−→ L-Top∗. (9.4)

If we equip y/Gr with the symmetric monoidal structure inherited from L, then(
(w : L(V,−)→Gr)⊠(w′ : L(V ′,−)→Gr)

)
(idV⊕V ′) = w(idV )+w

′(idV ′) ⊂ V ⊕V ′,

and one directly checks that k becomes a symmetric monoidal functor via the evident
isomorphism Sw(idV ) ∧ Sw′(idV ′ ) ∼= Sw(idV )⊕w′(idV ′ ) and the unique isomorphism
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S0 ∼= S{0}. As also all the functors in (9.4) have natural symmetric monoidal
structures, this upgrades the whole composite to a strong symmetric monoidal
functor. We will now explain how one can make th into a strong symmetric monoidal
functor th⊗ such that the natural isomorphism from the previous construction is a
symmetric monoidal isomorphism.

Lemma 9.14. Let n ≥ 0, I1, . . . , In be topologically enriched categories, and
let Xi ∈ Funcont(Ii,Top) for i = 1, . . . , n be arbitrary. Moreover, let D be any
cocomplete category enriched and tensored over Top, and let

F,G :

n∏
i=1

Funcont(Ii,Top)/Xi
⇒ D

be topological functors that preserve colimits and tensors in each variable. Then
any natural transformation σ between the restrictions

∏n
i=1(y/Xi

)op ⇒ D of F and
G admits a unique extension to a natural transformation F → G.

Proof. We will give the proof for n = 1; the general case then follows induc-
tively by adjoining over one of the factors.

Given Y : I→ Top, we have for all i, j ∈ I maps

αi,j : maps(j,−)×maps(i, j)× Y (i)→maps(i,−)× Y (i)

βi,j : maps(j,−)×maps(i, j)× Y (i)→maps(j,−)× Y (j)

via precomposition and the functoriality of Y , respectively. Moreover, we have for
every i ∈ I a unique map γi : maps(i,−) × Y (i) → Y such that γi(idi,−) = id.
These then assemble into a diagram∐

i,j∈I
maps(j,−)×maps(i, j)× Y (i)

∐
i∈I

maps(i,−)× Y (i) Y ,
α

β

γ
(9.5)

in Funcont(I,Top) and the enriched Yoneda lemma says that this is a coequalizer
diagram. Given any map f : Y → X, we can then uniquely lift (9.5) to a diagram
in Funcont(I,Top)/X expressing f as a coequalizer. As F and G are assumed to
preserve tensors, this then similarly expresses F (Y ) and G(Y ) as coequalizers. As
any transformation F → G is automatically enriched and hence preserves tensors,
this shows that in any extension of σ to a natural transformation σ̄ : F → G, the
map σ̄Y : F (Y → X)→ G(Y → X) must be the map induced on coequalizers by∐
i,j∈I

F (maps(j,−)→ X)⊗ (maps(i, j)× Y (i))
∐
i∈I

F (maps(i,−)→ X)⊗ Y (i)

∐
i,j∈I

G(maps(j,−)→ X)⊗ (maps(i, j)× Y (i))
∐
i∈I

G(maps(i,−)→ X)⊗ Y (i).

∐
i,j η⊗(maps(i,j)×Y (i))

∐
i η⊗Y (i)

In summary, we have shown that there exists for every Y a unique map σ̄ making
each of the diagrams

F (maps(i,−)→ X)⊗ Y (i) F (Y )

G(maps(i,−)→ X)⊗ Y (i) G(Y )

σ σ̄ (9.6)

commute. It only remains to show that these maps are indeed natural, for which we
consider any map α : (f : Y → X)→ (g : Z → X) in Funcont(I,Top)/X . We want
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to show that G(α) ◦ σ̄f = σ̄g ◦F (α), which can be checked after restricting along the
epimorphism

∐
i∈I F (maps(i,−)→ X)⊗ Y (i)→ F (Y ) and hence after restricting

along each F (maps(i,−)→ X)⊗ Y (i). Using the compatibility relation (9.6) for
both Y and Z the claim then translates to commutativity of

F (maps(i,−)→ X)⊗ Y (i) F (maps(i,−)→ X)⊗ Z(i)

G(maps(i,−)→ X)⊗ Y (i) G(maps(i,−)→ X)⊗ Z(i),

σ⊗id

id⊗α(i)

σ⊗id

id⊗α(i)

which is clear. □

Remark 9.15. It seems tempting to try to prove the theorem by first identify-
ing Funcont(I,Top)/X ≃ Funcont(y/X ,Top) and then appealing to the result for

terminal X from [Kel05, Theorem 4.51]. However, while such an identification holds
in the unenriched (or ∞-categorical) setting, it fails here for pointset topological
reasons: by [Kel05, Theorem 5.26] this would entail that the corepresented func-
tor of any x : maps(i,−)→ X be cocontinuous—this corepresented functor sends
Y → X to the fiber of Y (i) over idi, and taking fibers is not in general cocontinuous
in Top.

Proposition 9.16. There exists a unique strong symmetric monoidal structure
on th such that the isomorphism from Construction 9.13 becomes an isomorphism
of symmetric monoidal functors.

Proof. As y/Gr contains the monoidal unit 0 : L(0,−)→ Gr, there is a unique
isomorphism S0 ∼= th(0) compatible with the identification from Construction 9.13;
similarly, there is a unique compatible isomorphism th(−)□∧ th(−)→ th(−⊠−)
on (y/Gr)

op. By Lemma 9.14 the latter uniquely extends to a transformation on
all of L-Top/Gr, which is then necessarily an isomorphism. Moreover, appealing
to uniqueness multiple times shows that this satisfies all the coherence conditions
necessary for the structure map of a strong symmetric monoidal functor. □

Having established all the necessary model-categorical properties, we can now
explain how th⊗ induces a symmetric monoidal left adjoint of global ∞-categories.

Construction 9.17. For any orthogonal space X we write Sgl[X] for the
levelwise localization of the continuous Borel category Ntop(L-Top

♭
/X) at the un-

derlying (G-)global weak equivalences. If X is an ultra-commutative monoid,
then we write Sgl[X]⊗ for the analogous localization of the symmetric monoidal
continuous Borel construction applied to the slice symmetric monoidal structure
on L-Top/X . These two constructions define functors L-Top → CATGlo and

CAlg(L-Top⊠) → CMon(CatGlo) via the strict functoriality of the 1-categorical
slice and the functoriality of the continuous Borel construction.

Remark 9.18. We have already seen in Proposition 3.19 that Sgl[X] is equiva-
lent to the slice (Sgl)/X . The reason to introduce new notation here is that Sgl[X]
naturally comes to us as a functor in X, and we did not show that the aforemen-
tioned identification is natural in X; in fact, even defining the functoriality of the
∞-categorical slice would need tools like the parametrized unstraightening from
[Mar22] that we did not introduce here. We have therefore decided to introduce the
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above ad-hoc notation in order to avoid any kind of ambiguity in the comparison to
the constructions from the previous section.

As th : G-L-Top/Gr → G-L-Top∗ is homotopical for every G (see Proposi-
tion 9.12), the continuous Borel construction Ntop(th

♭) descends to a global functor
thgl : Sgl[Gr]→ Sgl,∗. For the symmetric monoidal version we have to work only
slightly harder:

Construction 9.19. As th is left Quillen for every G, it preserves cofibrant
objects, and hence also quasi-cofibrant ones (as introduced in Definition 4.20). As

a functor Ntop(L-Top
qcof,♭
/Gr ) → Ntop(L-Top

qcof,♭
∗ ) it is of course still homotopical;

moreover, also the symmetric monoidal product on both sides is now homotopical (see

Proposition 4.21), and hence the restriction of Ntop(th
⊗,♭) descends to a symmetric

monoidal global functor

th⊗gl : Sgl[Gr]⊗ ≃ Sgl[Gr]qcof,⊗ → Sqcof,⊗
gl,∗ ≃ S⊗

gl,∗

refining thgl.

Proposition 9.20. The global functor thgl is a left adjoint.

Proof. Proposition 9.12 immediately implies the existence of a pointwise right
adjoint. To see that these pointwise right adjoints satisfy the Beck–Chevalley
condition, we may then equivalently show that thgl satisfies the Beck–Chevalley
condition with respect to the left adjoints along restriction. This follows as usual by
observing that the Beck–Chevalley condition holds on the pointset level and that
all functors in sight are left Quillen. □

9.1.3. Global Thom spectra. We will now construct a global Thom spectrum
functor L-Top⊠

/BOP → OrthSp∧, where BOP is the ultra-commutative monoid
from Example 9.9.

Construction 9.21. Recall from Example 9.3 that the mapping space O(V,W )
in the indexing category for orthogonal spectra agrees with the Thom space of the
bundle ω = pr: O0(V,W ) = {(i, w) : w ⊥ im(i)} → L(V,W ). As before we morever
write ζ = pr: EGr(V ⊕ V ) = {(U, u) : u ∈ U ⊂ V } → Gr(V ⊕ V ) = BOP(V ) for
the tautological bundle. Then we have a commutative diagram

O0(V,W )×EGr(V ⊕ V ) EGr(W ⊕W )

L(V,W )×BOP(V ) BOP(W )

ω×ζ ζ

act

where the bottom map is the action map and the top map sends a tuple (i, w;U, u)
to ((i⊕i)(U)+(im(i)⊥⊕0), i(u)+(w, 0)). One directly checks that this is continuous
and fiberwise linear bijective, so that the above square is in fact a pullback.

By the pasting law we then get for any map f : X → BOP of orthogonal spaces
a pullback square

O0(V,W )× f∗VEGr(V ⊕ V ) f∗WEGr(W ⊕W )

L(V,W )×X(V ) X(W )

⌟
ω×f∗

V ζ f∗
W ζ

act

(9.7)
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where the top map sends a tuple consisting of i : V → W , w ∈ im(i)⊥, x ∈ X(V ),
and u ∈ fV (x) ⊂ V ⊕ V to

(
X(i)(x) ∈ X(W ), (w, 0) + i(u) ∈ BOP(i)(fV (x))

)
.

Construction 9.22. Given a map f : X → BOP of orthogonal spaces, we
define the orthogonal spectrum Th(f) as follows: for every inner product space V ,
we set Th(f)(V ) = Tf∗

V ζV ⊕V
= T (fV : X(V ) → Gr(V ⊕ V )); given another inner

product space W , we define the structure map O(V,W ) ∧Th(f)(V )→ Th(f)(W )
as the composite

Tω ∧ Tf∗
V ζ
∼= Tω×f∗

V ζ
→ Tf∗

W ζ

of the isomorphism from the symmetric monoidal structure on T and the map
induced by (9.7). More concretely this says that for any i : V →W , the structure
map SW−i(V ) ∧ Th(f)(V ) → Th(f)(W ) is the based map sending w ∧ [x, u] for
w ∈W − i(V ), x ∈ X(V ), and u ∈ fV (X) ⊂ V ⊕ V to [X(i)(x), (i⊕ i)(u) + (w, 0)].
We omit the straightforward computations that this indeed defines an orthogonal
spectrum and that Th becomes a topological functor L-Top/BOP → OrthSp by
sending a map α : f → g in L-Sp/BOP to the map given levelwise by

T (αV ) : Th(f)(V )→ Th(g)(V ), [x, u] 7→ [α(x), u].

Example 9.23. The orthogonal spectrum Th(idBOP) is literally equal to
the spectrum denoted MOP in [Sch18, Example 6.1.7]. Similarly, if we write

BOP[d] ⊂ BOP for the subspace given in degree V by Grd+dim(V )(V ⊕ V ), then

Th(BOP[d] ↪→ BOP) is the spectrum denoted MOP[d] in loc. cit. In particular,
taking d = 0 this says that the global homotopical real bordism spectrum MO is
obtained by applying the above construction to BO := BOP[0] ↪→ BOP.

Example 9.24. Let V ∈ L and let w : L(V,−)→ BOP classify the subspace
W := w(idV ) ⊂ V ⊕ V . Analogously to Example 9.11 we have an isomorphism
O(V,−) ∧ SW ∼= Th(w) given in degree U by sending [i, u] ∧ x for i : V → U ,
u ∈ im(i)⊥, and x ∈W to [i, (i⊕ i)(x) + (u, 0)] ∈ Th(w)(U).

Just like its unstable cousin, the global Thom space functor has excellent
model-categorical properties:

Theorem 9.25 (See Theorem A.1(2)). For any compact Lie group G,

Th : G-L-Top/BOP → G-OrthSp

is homotopical and left Quillen for the G-global model structures. □

Similarly to our strategy for the global Thom space functor, we will now upgrade
the computation from Example 9.24 to a functorial comparison and use this to make
Th into a symmetric monoidal functor.

Construction 9.26. We define f : (y/BOP)
op → OrthSp as follows: for V ∈ L

and w : L(V,−)→ BOP, we set W := w(idV ) ⊂ V ⊕ V and f(w) := O(V,−) ∧ SW .
Given another map w′ : L(V ′,−)→ BOP and an isometric embedding α : V → V ′

satisfying w ◦L(α,−) = w′ (i.e. (α⊕α)(W )+(im(α)⊥⊕0) =W ′), we define f(α) as

the adjunct of the map SW
′ → O(V, V ′)∧ SW sending an x ∈W ′ with components

x1 ∈ (α ⊕ α)(W ) and x2 ∈ im(α)⊥ ⊂ V ′ ⊕ 0 to [α, x2] ∧ (α ⊕ α)−1(x1). We omit
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the straightforward verification that the diagrams

O(V ′,−) ∧ SW ′
O(V,−) ∧ SW

Th(w′) Th(w)

f(α)

∼=Ex. 9.24 ∼= Ex. 9.24

Th(L(α,−))

commute, so that f is a topological functor isomorphic to the restriction of Th.

Construction 9.27. Given w : L(V,−) → BOP and w′ : L(V ′,−) → BOP
with W := w(idV ) and W ′ := w′(idV ′), then (w ⊕ w′)(idV⊕V ′) is the image of
W ⊕W ′ ⊂ (V ⊕ V ) ⊕ (V ′ ⊕ V ′) under the isomorphism κ : V ⊕ V ⊕ V ′ ⊕ V ′ →
V ⊕V ′⊕V ⊕V ′ swapping the two terms in the middle. We omit the easy verification
that the composites

f(w) ∧ f(w′) =
(
O(V,−) ∧ SW

)
∧
(
O(V ′,−) ∧ SW

′) ∼=−−−→

O(V ⊕ V ′,−) ∧ SW⊕W ′ κ−−→∼= O(V ⊕ V ′,−) ∧ Sκ(W⊕W ′) = f(w ⊠ w′)

together with the unique isomorphism f(0 : L(0,−) → BOP) ∼= S make f into a
strong symmetric monoidal functor.

As in Proposition 9.16 we deduce:

Corollary 9.28. There exists a unique symmetric monoidal structure on Th
such that the isomorphism from Construction 9.26 is symmetric monoidal. □

As in Construction 9.19 we then get a symmetric monoidal global functor

Th⊗gl : Sgl[BOP]⊗ ≃ Sgl[BOP]qcof,⊗ → Spflat,⊗gl ≃ Sp⊗gl

by applying the symmetric monoidal continuous Borel construction to Th⊗. More-
over, we deduce from Theorem 9.25 by the same argument as before:

Corollary 9.29. The global functor Thgl is a left adjoint. □

Finally, let us explain how the global Thom space and Thom spectrum functors
relate to each other:

Proposition 9.30. The diagram

L-Top/Gr L-Top∗

L-Top/BOP Sp

L-Top/i

th

Σ•

Th

of symmetric monoidal (topological) functors commutes up to symmetric monoidal
isomorphism.

Proof. As before, it suffices to prove this after restriction to (y/Gr)
op.

By definition, the bottom composite becomes f ◦yop
/i . Recall that i : Gr→ BOP

was defined in degree V by U 7→ V ⊕ U , so that this composite is given on
objects by sending w : L(V,−) → Gr with W := w(idV ) to O(V,−) ∧ SV⊕W .
We have an isomorphism O(V,−) ∧ SV ∼= Σ•L(V,−)+ given in degree U ∈ O
by sending (i : V → U, u ∈ im(i)⊥) ∧ x to (i(x) + u) ∧ i, which then induces an
isomorphism O(V,−) ∧ SV⊕W ∼= Σ•(L(V,−)+ ∧ SW ). We omit the straightforward
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but lengthy computation this is natural and compatible with the symmetric monoidal
structures and hence identifies f ◦ y/i with the description of Σ• ◦ th|(y/Gr)

from

Proposition 9.16. □

Corollary 9.31. We have a commutative square

Sgl[Gr]⊗ S⊗
gl,∗

Sgl[BOP]⊗ Sp⊗gl.

S⊗
gl[i]

th⊗
gl

Σ•

Th⊗
gl

□

9.2. Rigidity of the global Grassmannian. The two global Thom spectrum
constructions expect inputs from two different global ∞-categories, so as part of our
comparison we in particular have to produce an equivalence between the latter. If
there were several such equivalences, we would of course be under pressure to justify
why our equivalence is the right choice. In order to settle this question once and for
all, we will establish a uniqueness property for our comparison; this subsection is
devoted to proving the following key ingredient for this:

Theorem 9.32. The identity is the unique automorphism of the symmetric
monoidal global∞-category Rep⊕ which sends the object R ∈ Rep(1) to itself; more
precisely, the fiber of evR : Aut(Rep⊕)→ Rep(1) over the point R is contractible.

9.2.1. Homomorphisms into orthogonal groups. Because of the equivalence
Rep ≃

∐
n≥0 BO(n), (non-monoidal) endomorphisms of Rep can be described in

terms of conjugacy classes of homomorphisms between orthogonal groups. We
therefore begin with some elementary representation-theoretic considerations.

Lemma 9.33. Let G be a compact Lie group, let n ≥ 0, and let f1, f2 : G⇒ O(n)
be homomorphisms. Then f1 and f2 are conjugate (i.e. homotopic in Glo) if and
only if for every g ∈ G the two matrices f1(g) and f2(g) are conjugate in GL(n,C).

Proof. The condition is clearly necessary. To see that it is also sufficient,
we first observe that f1 and f2 are conjugate if and only if they are conjugate as
homomorphisms to GL(n,R) [BtD95, Exercise II.6.10.5], i.e. if and only if the
two representations f∗1Rn and f∗2Rn are isomorphic without regarding the inner
product. We will show that these representations become isomorphic after scalar
extension to C; forgetting the complex structure will then in particular give an
isomorphism f∗1Rn ⊕ f∗1Rn ∼= f∗2Rn ⊕ f∗2Rn and counting the multiplicities of
irreducible representations on each side yields the claim.

To prove that f∗1Cn and f∗2Cn are isomorphic, it will suffice to show that their
characters χi : g 7→ Tr(fi(g)) agree [BtD95, Theorem II.4.12]. This follows at once
from cyclic invariance of the trace and the assumption that f1(g) be conjugate to
f2(g) for each fixed g ∈ G. □

Corollary 9.34. Let f1, f2 : O(m)→ O(n) be homomorphisms. Assume that
for every block diagonal matrix

A =

A1

. . .

Ar

 (9.8)
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where Ai ∈ O(mi), 1 ≤ mi ≤ 2, m1 + · · ·+mr = m, the two matrices f1(A) and
f2(A) are conjugate in GL(n,C). Then f1 and f2 are homotopic in Glo.

Proof. By elementary linear algebra, every orthogonal matrix is conjugate to
a block matrix of the form (9.8). As any homomorphism sends conjugate elements
to conjugate elements, the claim then follows from the previous lemma. □

Lemma 9.35. Any automorphism of O(2) is an inner automorphism.

Proof. As SO(2) is the identity component of O(2), f restricts to an auto-
morphism of SO(2). By [BtD95, Proposition II.8.1], we therefore need to have
f(A) = A or f(A) = A−1 for all A ∈ SO(2). As A and A−1 become conjugate in
O(2) via the reflection R :=

(−1 0
0 1

)
, we see that f : O(2)→ O(2) preserves conjugacy

classes of elements in SO(2).
On the other hand, any matrix in O(2)∖ SO(2) has −1 and 1 as eigenvalues

and hence is conjugate to R. As f also has to preserve O(2)∖ SO(2), we conclude
that f preserves also the conjugacy class of elements in O(2)∖ SO(2), so that it is
conjugate to the identity by Lemma 9.33. □

Using this, we can now prove the following incoherent precursor to Theorem 9.32:

Proposition 9.36. The only automorphism of Rep⊕ in CMon(Ho(SpcGlo)) is
the identity.

Proof. If f is any such automorphism, then f(R) ∼= R since this is the only
object of Rep⊕(1) generating it under the symmetric monoidal product. As f is
symmetric monoidal up to incoherent equivalence, we conclude that f(Rn) ∼= Rn,
and hence dim f(V ) = dimV for any representation V by naturality. Thus, f
preserves the decomposition Rep ≃

∐
n≥0 BO(n), and we can therefore identify it

with a family of conjugacy classes of isomorphisms fn : O(n) ∼−−→ O(n) such that
the diagram

O(m)×O(n) O(m)×O(n)

O(m+ n) O(m+ n)

fm×fn

fm+n

commutes up to conjugation for every m,n ≥ 0. We want to show that all fn are
inner automorphisms, which is trivial for n = 0, 1, while for n = 2 this is an instance
of the previous lemma. For n ≥ 3, we then see by applying the compatibility
condition inductively that fn sends any block matrix of the form (9.8) to an element
conjugate to itself, so it is an inner automorphism by Corollary 9.34. □

We now turn our attention to describing the set of homotopies between suitable
homomorphisms to O(n), which amounts to understanding the centralizers of certain
subgroups of O(n).

Convention 9.37. Throughout, we identify the wreath product Σn ≀ C2 with
a subgroup of O(n) via the homomorphism that sends a permutation to the cor-
responding permutation matrix and that sends an element of Cn2 = {±1}n to the
corresponding diagonal matrix.

For n1, . . . , nr ≥ 0 we will abbreviate O(n1| · · · |nr) := O(n1)× · · · ×O(nr) and
Σ̃(n1| · · · |nr) := (Σn1 ≀C2)×· · ·×(Σnr ≀C2). We will view O(n1| · · · |nr) as a subgroup
of O(n1 + · · · + nr) via block sum, and we will similarly view Σ̃(n1| · · · |nr) as a
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subgroup of Σ̃(n1 + · · ·+ nr) = Σn1+···+nr
≀ C2. Finally, we will view Σ̃(n1| · · · |nr)

as a subgroup of O(n1| · · · |nr) via the product of the above embeddings.

Lemma 9.38. Let n1, . . . , nr ≥ 0 and write n := n1 + · · · + nr. Then the
centralizer of Σ̃(n1| · · · |nr) in O(n) consists precisely of the matrices of the form±idRn1

. . .

±idRnr

 . (9.9)

Proof. It is clear that the matrices of the above form are contained in the cen-
tralizer. To prove the converse, we view Rn as a representation of G := Σ̃(n1| · · · |nr),
so that any element A of the centralizer defines an isometric G-equivariant automor-
phism of Rn. For every 1 ≤ k ≤ r and every n1 + · · ·+ nk−1 < i ≤ n1 + · · ·+ nk,
the standard basis vector ei is fixed by the subgroup

G¬k := (Σn1 ≀ C2)× · · · (Σnk−1
≀ C2)× 1× (Σnk+1

≀ C2)× · · · × (Σnr ≀ C2).

Conversely, if x ∈ R is not contained in the span of these ei’s, then it is not fixed
by

(
(id;−1, . . . ,−1), (id;−1, . . . ,−1), . . .

)
∈ G¬k. Thus, the G¬k-fixed points are

precisely given by the span Vk of the ei’s for n1 + · · ·+ nk−1 < i ≤ n1 + · · ·+ nk;
in particular, A has to restrict to an automorphism of Vk. As Rn =

⊕r
k=1 Vk,

this expresses A as an orthogonal direct sum of automorphisms of Vk (centralizing
Σnk
≀ C2), and we may therefore restrict to the case r = 1.
For this, let us identify A with an element of U(n). Then A has a complex

eigenvalue λ with corresponding eigenvector v = (v1, . . . , vn) ̸= 0. As A centralizes
Σn ≀ C2, we have ABv = BAv = Bλv = λBv for any B ∈ Σn ≀ C2, i.e. Bv is again
an eigenvector with eigenvalue λ. If we fix 1 ≤ i ≤ n such that vi ̸= 0 and let
B ∈ Σn ≀ C2 be the matrix sending the standard basis vector ej to −ej for j ≠ i
and sending ei 7→ ei, this implies that ei = (2vi)

−1 · (v +Bv) is an eigenvector with
eigenvalue λ. Similarly, for any 1 ≤ j ≤ n we find a B ∈ Σn ≀ C2 with ei 7→ ej , so
that every standard basis vector is an eigenvector with eigenvalue λ, i.e. A = diag(λ).
As A is an orthogonal matrix, we then have λ = ±1, finishing the proof. □

Corollary 9.39. Let n1, . . . , nr ≥ 0 and n := n1+ · · ·+nr. Then the inclusions

CΣ̃(n)Σ̃(n1| · · · |nr) ↪→ CO(n)Σ̃(n1| · · · |nr)←↩ CO(n)O(n1| · · · |nr)

of centralizers are actually identities.

Proof. In light of the previous lemma, it suffices to observe for the first
inclusion that each element of the form (9.9) belongs to Σ̃(n), while it suffices for the
second inclusion to note that each such element centralizes all of O(n1| · · · |nr). □

The techniques used in the proof of Proposition 9.36 are of course woefully
inadequate when one wants to prove a homotopy coherent statement. On the other
hand, the definition of Rep⊕ involves the topology of orthogonal groups, and without
a purely categorical definition of it at hand, it is not clear how we should get control
over its automorphisms by abstract nonsense.

As our solution to this, we will approximate Rep⊕ by a categorically defined
gadget Rep⨿δ , serving as a discrete replacement of real representations. To motivate
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this, note that as a first-order approximation, the difference between an automor-
phism f of Rep⊕ in CMon(Ho(SpcGlo)) and one in CMon(SpcGlo) is that in the
former we do not record the choice of the homotopies filling the squares

BO(n1| · · · |nr) BO(n1| · · · |nr)

BO(n) BO(n).

f1×···×fr

fn

(9.10)

As the top map is assumed to be an automorphism, the space of such homotopies
is a torsor over the automorphisms of the right-hand vertical map, i.e. over the
centralizer of O(n1| · · · |nr) in O(n). Corollary 9.39 says that this agrees with the
centralizer of Σ̃(n1| · · · |nr) in either Σ̃(n) = Σn ≀ C2 or O(n). Assuming we can
make

∐
n≥0 BΣ̃(n) into a symmetric monoidal global ∞-category and the inclusion

to
∐
n≥0 BO(n) = Rep⊕ into a symmetric monoidal global functor, to remember

the above 2-cells it is therefore enough to know the restriction of f to
∐
n≥0 BΣ̃(n).

Similarly, the aforementioned corollary also tells us that the 2-cell (9.10) actually
comes from BΣ̃(n). One might therefore try to understand automorphisms of Rep⊕

in terms of automorphisms of (a symmetric monoidal refinement of)
∐
n≥0 BΣ̃(n).

This is exactly what we will do now: in §9.2.2 we will introduce this refinement and
compute its space of automorphisms, and in §9.2.3 we will show that this space is
equivalent to Aut(Rep⊕), which will then easily yield the proof of Theorem 9.32.

9.2.2. Discretizing real representations. Just like the symmetric monoidal re-
finement Rep⊕ of

∐
n≥0 BO(n), our refinement Rep⨿δ of

∐
n≥0 BΣ̃(n) will arise via

the continuous Borel construction.

Construction 9.40. We write F⨿
C2

for the symmetric monoidal 1-groupoid of

finite free C2-sets under disjoint union, and we write Rep⨿δ := Ntop(F⨿,♭
C2

) for the
corresponding continuous Borel category. More concretely, this is the symmetric
monoidal global 1-groupoid sending a compact Lie group G to the groupoid of finite
(C2 × π0(G))-sets such that the C2-action is free, with the evident restrictions.

Construction 9.41. Define a functor from the category of finite C2-sets to the
category of finite-dimensional inner product spaces and R-linear maps as follows:

We send a finite free C2-set X to the vector space |X| of C2-equivariant functions
χ : X → R, where the generator of C2 acts on the target via multiplication by −1;
the inner product is given by ⟨χ, ξ⟩ := 1

2

∑
x∈X χ(x)ξ(x). For a C2-equivariant map

f : X → Y , we define |f | by |f |(χ)(y) :=
∑
f(x)=y χ(x) for every χ : X → R.

One then directly checks that |·| preserves coproducts and sends injective C2-
equivariant maps to isometric embeddings, thus yielding a symmetric monoidal
functor |·| : F⨿

C2
→ ιL⊕. Passing to continuous Borel categories, we obtain a sym-

metric monoidal global functor |·| : Rep⨿δ → Rep⊕.

Remark 9.42. Note that
∐
n≥0 BΣ̃(n) ≃ FC2

as (discrete) topological categories,
with the equivalence given on the n-th coproduct summand by the map classifying
the object {1, . . . , n} × C2 with its evident action of Σ̃(n) = (Σn ≀ C2).

If X is a finite free C2-set and {x1, . . . , xn} a system of orbit representatives,
then |X| can be identified as an inner product space with Rn with its standard
scalar product via evaluation at x1, . . . , xn. One then directly checks that as a
non-symmetric monoidal functor |·| agrees under the chosen equivalences with the
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map
∐
n≥0 BΣ̃(n)→

∐
n≥0 BO(n) induced by our usual embeddings Σ̃(n) ↪→ O(n).

Similarly, one computes that the monoidal product on
∐
n≥0 BΣ̃(n) is induced by

the block sum embeddings Σ̃(m|n)→ Σ̃(m+ n).

Proposition 9.43. Evaluation at 1 ∈ Glo defines an equivalence

EndCMon(SpcGlo)
(Rep⨿δ )

∼−−→ EndCMon(Spc)(F⨿
C2

).

Proof. We factor the evaluation functor CMon(SpcGlo)→ CMon(Spc) through
the ∞-category CMon(SpcGloFin

) of commutative monoids in Fin-global spaces,
and we will show that each of these individual restrictions defines an equivalence on
endomorphism spaces.

For the first restriction we observe that i : GloFin ↪→ Glo admits a left adjoint
Ho: Glo → GloFin induced by the enriched functor BG 7→ Bπ0(G). As i is fully
faithful, Ho is a (Bousfield) localization at those group homomorphisms that induce
bijections of path components. It follows that Ho∗ := Fun(Ho,CMon(Spc)) is fully
faithful with essential image those functors that invert these maps in Glo. This
condition is evidently satisfied for Rep⨿δ ; as i

∗ is left inverse to Ho∗ this shows that
it induces an equivalence

EndCMon(SpcGlo)
(Rep⨿δ )

∼−−→ EndCMon(SpcGloFin
)(i

∗Rep⨿δ ).

To show that also restriction along {1} ↪→ GloFin induces an equivalence of
endomorphism spaces, it will suffice that i∗Rep⨿δ : GloopFin → CMon(Spc) is right
Kan extended from {1}. As CMon(Spc) → Spc is a conservative right adjoint, it
suffices to show that the underlying Fin-global space i∗Repδ : GloopFin → Spc is right
Kan extended from the point. Plugging in the definitions, this can be written as

GloopFin ↪→ Cat∞
Fun(−,FC2

)
−−−−−−−−→ Cat∞,

which is indeed right Kan extended by [Len25b, Example 2.8]. □

Lemma 9.44. Let C⊗ be any symmetric monoidal ∞-category. Then evaluation
at the free C2-set C2 defines an equivalence Fun⊗(F⨿

C2
, C⊗) ∼−−→ Fun(BC2, C).

Proof. Write P : Cat∞ → CMon(Cat∞) for the left adjoint to the forgetful
functor. Then P(X ) ≃

∐
n≥0(X×n)hΣn

is a 1-groupoid whenever X is so; it will
therefore suffice to prove the universal property of F⨿

C2
with respect to symmetric

monoidal 1-categories, which is an instance of [Len22, Lemma 2.21]. □

Proposition 9.45. The space Aut(Rep⨿δ ) is an Eilenberg–MacLane space of
type K(Z/2, 1). The unique non-trivial automorphism of the identity is given by
acting with the generator of C2.

Proof. For the first half, note that in the diagram

Aut(Rep⨿δ )
ev−−→ End(F⨿

C2
)

res−−→ Hom(BC2,FC2
) (9.11)

the first map is a monomorphism (i.e., an inclusion of path components) by Propo-
sition 9.43, while the second one is so by Lemma 9.44. We now observe that any
automorphism of FC2

has to send the object C2 to itself (as this is the only object
with precisely two endomorphisms), so that (9.11) factors through Aut(BC2). The
latter is connected (and Aut(Rep⨿δ ) is non-empty), so the inclusion of path compo-
nents Aut(Rep⨿δ )→ Aut(BC2) has to be an equivalence. It is clear that Aut(BC2)
is a K(Z/2, 1), with the unique non-trivial automorphism of the identity of BC2



156 III. GLOBAL THOM SPECTRA

given by the natural transformation τ corresponding to the generator of C2, and
that (9.11) sends the natural transformation given by acting with the generator to
τ , which then completes the proof of the proposition. □

9.2.3. Automorphisms of Rep⊕. As promised, we will now prove the following
comparison between automorphisms of Rep⊕ and Rep⨿δ :

Proposition 9.46. The maps

Aut(Rep⊕)→ Hom(Rep⨿δ ,Rep
⊕)← Aut(Rep⨿δ ) (9.12)

induced by |·| are monomorphisms, and they have the same image.

Proof. View both Rep⊕ and Rep⨿δ as functors Fin∗ → SpcGlo satisfying the
Segal condition. Throughout the proof, we will make use of the usual formula
[GHN17, Proposition 5.1] for mapping spaces in a functor category as the end

Hom(F,G) ≃
∫
⟨r⟩∈Fin∗

Hom(F (⟨r⟩), G(⟨r⟩))

:= lim
(
Tw(Fin∗)

ev−−→ Fin∗
op × Fin∗

Hom(F (−),G(−))−−−−−−−−−−−→ Spc
)
,

where Tw denotes the twisted arrow category.
Consider the subfunctor F⊕ : Tw(Fin∗) → Spc of Hom(Rep⊕(−),Rep⊕(−))

given at α : ⟨r⟩ → ⟨s⟩ by the component of Rep⊕(α) : Rep⊕(⟨r⟩) → Rep⊕(⟨s⟩).
Then the map limF⊕ → limHom

(
Rep⊕(−),Rep⊕(−)

)
≃ End(Rep⊕) induced by

the inclusion is a monomorphism (as a limit of monomorphisms), and its image
consists precisely of those natural transformations whose underlying functor is the
identity. By Proposition 9.36, this image agrees with Aut(Rep⊕). In the same way,
Proposition 9.45 identifies Aut(Rep⨿δ ) with the limit of the analogously defined
subfunctor Fδ ⊂ Hom(Rep⨿δ (−),Rep⨿δ (−)), reducing us to proving that the maps

lim
α : ⟨r⟩→⟨s⟩

F⊕(α)→ lim
α : ⟨r⟩→⟨s⟩

Hom(Rep⨿δ (⟨r⟩),Rep⊕(⟨s⟩))← lim
α : ⟨r⟩→⟨s⟩

Fδ(α)

induced by |·| are monomorphisms with the same image. Using once more that
limits preserve monomorphisms, it will then suffice to show that for each α the maps

F⊕(α)→ Hom
(
Rep⨿δ (⟨r⟩),Rep⊕(⟨s⟩)

)
← Fδ(α) (9.13)

are monomorphisms with the same image.
By construction, the image of the first map is the component of Rep⊕(α) ◦ |·|,

while the image of the second one is the component of |·| ◦Rep⨿δ (α), and these maps
are indeed homotopic. To prove that the maps (9.13) are monomorphisms, we first
note that the Segal conditions for Rep⨿δ and Rep⊕ imply that we have equivalences

F⊕(α)
∼−−→

s∏
i=1

F⊕(χi ◦ α)

Fδ(α)
∼−−→

s∏
i=1

Fδ(χi ◦ α)

Hom
(
Rep⨿δ (⟨r⟩),Rep⨿δ (⟨s⟩)

) ∼−−→
s∏
i=1

Hom
(
Rep⨿δ (⟨r⟩),Rep⨿δ (⟨1⟩)

)
induced by the maps χi : ⟨s⟩ → ⟨1⟩ with χ−1

i (1) = {i}. As monomorphisms are
closed under products, we may therefore assume that s = 1. Using moreover that
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the class of all α : ⟨r⟩ → ⟨1⟩ for which the above maps are monomorphisms is
closed under equivalences in Tw(Fin∗), we may then further assume for (notational)
simplicity that α is order preserving. We set a := min(α−1(1) ∪ {r + 1}).

Now it is time to plug in the definitions. We may identify Rep⊕(α) with the
map

∐
m1,...,mr

BO(m1| · · · |mr)→
∐
n BO(n) given on the summand (m1, . . . ,mr)

by the composite

BO(m1| · · · |mr)
pr−−→ BO(ma| · · · |mr) ↪−→ BO(ma + · · ·+mr).

Writing Hom∗(BO(m1| . . . |mr),BO(ma + · · ·+mr)
)
for the component of this map,

we therefore have

F⊕(α) ≃
∏

m1,...,mr

Hom∗(BO(m1| . . . |mr),BO(ma + · · ·+mr)
)
.

Analogously, Fδ(α) ≃
∏
m1,...,mr

Hom∗(BΣ̃(m1| · · · |mr),BΣ̃(ma + · · ·+mr)
)
, while

we may identify the relevant path component of Hom
(
Rep⨿δ (⟨r⟩),Rep⊕(⟨1⟩)

)
with∏

m1,...,mr
Hom∗(BΣ̃(m1| · · · |mr),BO(ma + · · ·+mr)

)
, where Hom∗ in each case

denotes the component of the composite of the projection to BΣ̃(ma| · · · |mr) followed
by the evident embedding. In this description, the maps from (9.13) are given by post-
composition with the usual embedding BΣ̃(ma + · · ·+mr)→ BO(ma + · · ·+mr)
and precomposition with BΣ̃(m1| · · · |mr)→ BO(m1| · · · |mr), respectively. Plugging
in the explicit description of mapping spaces in Glo, we have therefore altogether
reduced to showing that the maps

B
(
CΣ̃(ma+···+mr)Σ̃(ma| · · · |mr)

)
→ B

(
CO(ma+···+mr)Σ̃(ma| · · · |mr)

)
B
(
CO(ma+···+mr)O(ma| · · · |mr)

)
→ B

(
CO(ma+···+mr)Σ̃(ma| · · · |mr)

)
of classifying spaces of centralizers induced by pre- and postcomposition are equiva-
lences. This is precisely the content of Corollary 9.39. □

Proof of Theorem 9.32. Remember that we want to show that the fiber of
evR : AutCMon(SpcGlo)

(Rep⊕)→ Rep(1) over R is contractible. Replacing the target
by the full subcategory BAut(R) spanned by R does not change the fiber, so we
may equivalently show that the evaluation map evR : Aut(Rep⊕)→ BAut(R) is an
equivalence. The source is an Eilenberg–MacLane space of type K(Z/2, 1) by Propo-
sition 9.46 combined with Proposition 9.45, as is the target since Aut(R) = {±1}.
Moreover, the automorphism of the identity of Rep⊕ given on each representation
by scalar multiplication with −1 evaluates to the non-trivial automorphism of R, so
that the evaluation map is non-zero and hence an equivalence as claimed. □

9.3. Comparing the inputs. In this section we will prove the promised
comparison between the inputs of our two global Thom spectrum constructions:

Theorem 9.47. (1) There exists a unique equivalence

ψ⊗ : Spc⊗Glo/Rep⊕
∼−−→ Sgl[Gr]⊗

of symmetric monoidal global ∞-categories sending the object y(R) =
(R : 1→ Rep) of SpcGlo/Rep to the map iR : L(R,−)→ Gr classifying the

unique point R ∈ Gr1(R).
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(2) There exists a unique equivalence Ψ⊗ of symmetric monoidal global ∞-
categories completing the commutative square

Spc⊗Glo/Rep⊕ Sgl[Gr]⊗

Spc⊗Glo/VRep⊕ Sgl[BOP]⊗,

ψ⊗

∼

S
gl
[i]

Ψ⊗

∼

(9.14)

where the left-hand vertical map is induced via the universal property of
symmetric monoidal cocompletion by the chosen group completion.

Before we give the formal proof, let us explain the main idea. By Corollary 3.76
there exists a unique symmetric monoidal equivalence Φ⊗ : S⊗

gl
∼−−→ Spc×Glo, inducing

for every fixed orthogonal space X an equivalence

Sgl[X]
Prop. 3.19−−−−−−−→∼ (Sgl)/X

Φ−−→∼ SpcGlo/Φ(X). (9.15)

If we could upgrade these maps for varying ultra-commutative X into a natural
transformation of symmetric monoidal global ∞-categories, this would reduce
the proof of existence of ψ⊗ to identifying Φ⊗(Gr) as a commutative monoid
in SpcGlo with Rep⊕, while the second part would similarly reduce to proving
that Φ⊗(Gr) → Φ⊗(BOP) is a group completion. While this is the general idea
the reader should keep in mind, both establishing naturality of (9.15) as well as
identifying Φ⊗(Gr) as a commutative monoid are rather non-trivial, and we will
therefore use a couple of tricks to get away with significantly less: we will only need
to explicitly identify Φ(Gr) as a global space, and we will basically only establish a
natural version of (9.15) after evaluating at any fixed compact Lie group G.

9.3.1. The non-group-completed comparison. Naturally, we want to construct
ψ⊗ using the universal property of Spc⊗Glo/Rep⊕ as symmetric monoidal cocompletion,

so we should first describe a suitable functor Rep⊕ → Sgl[Gr]⊗.

Construction 9.48 (cf. [Jur22, Construction 5.5]). Consider the enriched func-
tor y : ιL→ L-Top/Gr sending an inner product space V to the map iV : L(V,−)→
Gr classifying the point V ∈ Gr(V ), and sending a linear isometric isomorphism
f : V →W to the commutative triangle

L(V,−) L(W,−).

Gr

L(f−1,−)

iV iW

This upgrades to a (enriched) symmetric monoidal functor y⊗ using the symmetric
monoidal structure on the enriched Yoneda embedding Lop → L-Top. We will
write y⊗top for the resulting functor symmetric monoidal global functor

Rep⊕ = Ntop(ιL
⊕,♭)→ Ntop(L-Top

⊠,♭
/Gr)→ Sgl[Gr]⊗. (9.16)

Proposition 9.49. The symmetric monoidal global functor (9.16) extends to
an equivalence ψ⊗ : Spc⊗

Glo/Rep⊕
∼−−→ Sgl[Gr]⊗.

Proof. Proposition 3.19 implies that Sgl[Gr] is globally presentable. The
forgetful functor Sgl[Gr]→ Sgl enhances naturally to a symmetric monoidal functor
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and is easily seen to preserve global colimits. As the forgetful functor is conservative
and S⊗

gl is globally presentably symmetric monoidal, it follows that also Sgl[Gr]⊗

is globally presentably symmetric monoidal. We now want to show that the unique
symmetric monoidal left adjoint ψ⊗ extending y⊗top is an equivalence, which can
be checked after forgetting the symmetric monoidal structure. Moreover, we may
just as well work with any other model of the global cocompletion, reducing us to
constructing some non-monoidal equivalence fitting into a commutative triangle as
depicted on the left in the following diagram:

Rep
∐
n≥0

BO(n)

SpcGlo(Rep×−) Sgl[Gr] SpcGlo

(∐
n≥0

BO(n)×−
)

Sgl[Gr]

y ytop y ytop◦τ

ψ

∼
ψ̃

∼

In light of the equivalence τ :
∐
n≥0 BO(n) → Rep given on the n-th coproduct

summand by the map classifying the tautological O(n)-representation Rn, we may

equivalently construct an equivalence ψ̃ making the triangle on the right commute.
Note that ytop ◦ τ is given on the n-th summand by the map classifying the

projection

pn : L(Rn,−)→ L(Rn,−)/O(n) = trivO(n)Grn ↪→ trivO(n)Gr,

viewed as an object of Sgl[Gr](BO(n)). We will now construct an equivalence
αn : Φ(Grn)

∼−−→ BO(n) fitting into a commutative diagram

Φ(L(Rn,−)) idBO(n)

Φ(trivO(n)Grn) trivO(n)Φ(Grn)
(
pr: BO(n)

×2 → BO(n)
)
.

Φ(pn)

∼

∆

∼ trivO(n)αn

(9.17)

For this we observe that as the O(n)-orthogonal space L(Rn,−) is cofibrant, pn
exhibits Grn as a left adjoint object under trivO(n) : Sgl → SO(n)-gl. As the diagonal
embedding similarly exhibits BO(n) as a left adjoint object for trivO(n), we may
simply take αn to be the corresponding Beck–Chevalley map for the naturality
equivalence Φ ◦ trivO(n) ≃ trivO(n) ◦ Φ.

This completes the construction of the αn’s. Using in addition that Φ preserves
coproducts, we then get an equivalence α : Φ(Gr)→

∐
n≥0 BO(n) restricting to the

αn’s. Commutativity of (9.17) then says that

Sgl[Gr] ∼−−→ SpcGlo

(
Φ(Gr)×−

) α!−−→∼ SpcGlo

( ∐
n≥0

BO(n)×−
)

(9.18)

sends pn ∈ Sgl[Gr](BO(n)) to the object

BO(n)
∆−−→ BO(n)× BO(n) ↪→

( ∐
n≥0

BO(n)
)
× BO(n).

As the latter is the Yoneda image of BO(n) ↪→
∐
n≥0 BO(n) (see Remark 1.29), this

shows that the inverse of (9.18) is the desired ψ̃. □

To establish uniqueness of ψ⊗ we will need the following basic observation:

Lemma 9.50. Let T be a small∞-category, and let X be a small T -∞-groupoid.
Then every automorphism of SpcT/X sends the Yoneda image to itself.
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Proof. Again, we may equivalently use the model of the global completion
as SpcT (X × −). By global completeness of SpcT , the restriction π∗ : SpcT →
SpcT (X ×−) along π : X → 1 is a left adjoint. Moreover, π∗ preserves the terminal
object. If F is any automorphism of SpcT (X ×−), then Fπ∗ is again a left adjoint
preserving the terminal object and hence is equivalent to π∗ by the universal
property of SpcT . Passing to mates, we obtain an equivalence π!F ≃ π! of functors
SpcT (X × −) → SpcT . As the Yoneda image is precisely the preimage of the
terminal object under π! (see Remark 1.29), the claim follows. □

Proof of Theorem 9.47(1). As ytop(R) = iR by definition, the existence of
such an equivalence follows from Proposition 9.49. For uniqueness, we may then
equivalently show that there is only one symmetric monoidal automorphism of
Spc⊗Glo/Rep⊕ sending y(R) to itself. By the universal property, restriction along the

Yoneda embedding defines an equivalence

EndCAlg(PrLGlo)

(
Spc⊗Glo/Rep⊕

) ∼−−→ HomCAlg(CATGlo)

(
Rep⊕, Spc⊗Glo/Rep⊕

)
,

and by the previous lemma this restricts to a map Aut(Spc⊗Glo/Rep⊕)→ Aut(Rep⊕),

which is then necessarily a summand inclusion. We conclude that the fiber of
evR : Aut(Spc⊗Glo/Rep⊕) → SpcGlo(Rep) over y(R) is a summand of the fiber of

evR : Aut(Rep⊕)→ Rep(1) over R, and so the claim follows from Theorem 9.32. □

9.3.2. And now with group completions. By the universal property of the group
completion Rep⊕ → VRep⊕ and the universal property of symmetric monoidal
cocompletion, the left-hand vertical map Spc⊗Glo/Rep⊕ → Spc⊗Glo/VRep⊕ in (9.14)

is initial among maps in CAlg(PrLGlo) sending the Yoneda image to invertible
objects. Our strategy to produce the equivalence Ψ⊗ and show that it is unique will
thus be to establish the same universal property for the right-hand vertical map
Sgl[i]

⊗ : Sgl[Gr]⊗ → Sgl[BOP]⊗.

Definition 9.51. We call a map f : X → Y of ultra-commutative monoids a
global group completion if it is sent to a (levelwise) group completion under the
functor

CAlg(L-Top⊠)
CAlg(loc)−−−−−−−→ CAlg(S⊗

gl)
CAlg(Φ⊗)−−−−−−−→∼ CMon(SpcGlo)

Theorem 9.52. The map i : Gr→ BOP is a global group completion.

Proof. For f : V →W in L and n ≥ 0, the map Grn(f) : Grn(V )→ Grn(W )
is a closed embedding as it is a continuous injection between compact spaces; in
the same way, one shows that −⊕W : Grn(V )→ Grn+dim(W )(V ⊕W ) is a closed
embedding. With this established, it follows straight from the definitions that
the orthogonal spaces Gr and BOP are closed. In light of the description of the
equivalence Φ from Lemma 3.30, the theorem therefore amounts to saying that for
every complete G-universe UG the induced map i(UG)G : Gr(UG)G → BOP(UG)G
is a group completion in CMon(Spc) (where we make (−)(UG)G into a symmetric

monoidal functor Sclosed,⊗
gl → Spc× in the unique way).

As the key step in the proof of [Sch18, Theorem 2.5.33], it is shown that the
induced map H∗(i(UG)G;Z) on integral homology is a localization (in the ring-
theoretic sense) at π0(Gr(UG)G) ⊂ H0(Gr(UG)G;Z). In particular, BOP(UG)G
is grouplike, and so i(UG)G factors through a map f : X → BOP(UG)G from the
group completion. By the McDuff–Segal group completion theorem (see [Nik17,
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Theorem 1] for a proof in this language in generality), also the group completion
Gr(UG)G → X induces a localization on homology at the same classes, so that f
is a homology isomorphism. As both its source and target are grouplike h-spaces
(and hence their fundamental groups act trivially on higher homotopy groups), f is
therefore already an equivalence by the homological Whitehead theorem. □

The desired universal property of Sgl[i] will thus be an instance of the following
more general proposition:

Proposition 9.53. Let f : X → Y be a global group completion. Then the
induced map Sgl[X]⊗ → Sgl[Y ]⊗ is initial among symmetric monoidal left adjoints
inverting every object in the full subcategory S◦

gl[X] spanned in each degree G by
those maps A→ X such that the G-orthogonal space A is weakly contractible.

This will require some preparations.

Lemma 9.54. Let G be any compact Lie group. Then there exists a nat-
ural equivalence S◦

G-gl[−]
∼−−→ ΦG(−)(idG) of functors G-L-Top → Spc, where

ΦG : SG-gl → PSh(Glo/BG) is obtained from the unique equivalence Sgl
∼−−→ SpcGlo

by evaluating at BG.

Proof. If we continue to view G-L-Top as an unenriched category, the cocarte-
sian unstraightening of the 1-functor G-L-Top→ Cat ↪→ Cat∞, X 7→ G-L-Top/X
is given by Ar(G-L-Top). Postcomposition with ΦG and localizing therefore yields
a natural transformation SG-gl[−] → PSh(Glo/BG)/ΦG(−) given pointwise by the
composite equivalence

SG-gl[X]
Lemma B.1−−−−−−−−→∼ (SG-gl)/X

ΦG−−−→∼ PSh(Glo/BG)/ΦG(X),

which clearly restricts to S◦
G-gl[X] ∼−−→ PSh(Glo/BG)

◦
/ΦG(X). We will now construct

for every small ∞-category T with a terminal object 1 a natural equivalence
PSh(T )◦/−

∼−−→ ev1 of functors PSh(T )→ Spc; applying this to T = Glo/BG (with

terminal object idBG) will then complete the proof of the theorem.
To prove the claim, note that the cocartesian unstraightening of PSh(T )/−

is given by the target map Ar(PSh(T )) → PSh(T ), so that the cocartesian un-
straightening of PSh(T )◦/− is given by the forgetful map PSh(T )1/ → PSh(T ).

The latter is also the cocartesian unstraightening of Hom(1,−), which agrees with
ev1 : PSh(T )→ Spc by the Yoneda lemma. □

Lemma 9.55. For any compact Lie group G, we have a commutative diagram

CAlg(L-Top⊠) CMon(Spc).

CMon(SpcGlo)

S◦
G-gl[trivG(−)]⊗

CAlg(Φ⊗◦loc) evBG

(9.19)

Proof. By [Sch18, Theorem 2.1.15], CAlg(L-Top) admits a model structure
with weak equivalences and fibrations defined after forgetting the commutative
algebra structure; in particular, the localization Ugl of CAlg(L-Top) has finite
coproducts and products with products created by the forgetful functor to Sgl.
Moreover, as discussed right before Definition 2.5.15 of op. cit., Ugl is semiadditive.
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It is clear that the bottom composite through the above diagram descends to a
finite product-preserving functor Ugl → CMon(Spc). By [GGN15, Corollary 2.5],
it will therefore suffice to prove that (9.19) commutes after postcomposition with
the forgetful functor CMon(Spc) → Spc. This however follows immediately from
the previous lemma. □

Proof of Proposition 9.53. Applying the previous lemma levelwise shows
that the left-hand vertical map in the commutative square

S◦
gl[X]⊗ Sgl[X]⊗

S◦
gl[Y ]⊗ Sgl[Y ]⊗.

S◦
gl
[f ] S

gl
[f ]

is a group completion in CMon(SpcGlo). To complete the proof it will then suffice
to show that the horizontal inclusions are symmetric monoidal global cocompletions.

We begin with the non-monoidal statement. It is clear from the construction
that the equivalence Sgl[Z]

∼−−→ SpcGlo/Φ(Z) from (9.15) restricts to an equivalence
between S◦

gl[Z] and the full subcategory of SpcGlo/Φ(Z) spanned by the objects
sent under the forgetful functor to the terminal object. By Remark 8.7 the latter
precisely agrees with the Yoneda image, so the claim follows from the universal
property of SpcGlo/Φ(Z).

For the symmetric monoidal version it will then suffice by Remark 5.23 that
Sgl[X]⊗ and Sgl[Y ]⊗ are globally presentably symmetric monoidal. Since the
forgetful functors to S⊗

gl are conservative symmetric monoidal left adjoints, this
follows at once from Corollary 3.76. □

We can now prove the remaining half of our comparison:

Proof of Theorem 9.47(2). Recall from Proposition 9.49 that the equiva-
lence ψ⊗ satisfies ψ⊗ ◦ y⊗ ≃ y⊗top : Rep⊕ → Sgl[Gr]⊗; in particular Sgl[i] ◦ ψ⊗ ◦ y⊗
lands in S◦

gl[BOP]⊗ ⊂ Sgl[BOP]⊗. As every object in this subcategory is invert-
ible by Proposition 9.53, the universal property shows that there exists a unique
symmetric monoidal left adjoint Ψ⊗ : Spc⊗Glo/VRep⊕ → Sgl[BOP]⊗ together with
an equivalence making the square (9.14) commute. It only remains to show that
Ψ⊗ is an equivalence, for which we may equivalently show that the composite
Spc⊗Glo/Rep⊕ → Sgl[BOP]⊗ is again initial among all symmetric monoidal functors
inverting the Yoneda image of Rep⊕. As ψ⊗ is an equivalence and the image of
ψ⊗ ◦ y⊗ ≃ y⊗top is precisely S◦

gl[Gr]⊗, this follows from the previous proposition
together with Theorem 9.52. □

Remark 9.56. We now give a concrete pointwise description of the equivalences
ψ and Ψ underlying the equivalences ψ⊗ and Ψ⊗ from Theorem 9.47. Denote by
ΦGr : Sgl[Gr] ∼−−→ SpcGlo/Φ(Gr) the equivalence from Proposition 3.19. As ΦGr

sendsS◦
gl[Gr] to the Yoneda image of Φ(Gr) ↪→ SpcGlo/Φ(Gr), the composite ΦGr◦ψ

restricts to a map α : Rep→ Φ(Gr) as depicted in the diagram on the left:

Rep Φ(Gr) VRep Φ(BOP)

SpcGlo/Rep SpcGlo/Φ(Gr) SpcGlo/VRep SpcGlo/Φ(BOP).

α

∃!
A

∃!

ΦGrψ

∼
ΦBOPΨ

∼
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As ΦGr◦ψ is an equivalence, α has to be an equivalence. It follows from Example 8.14
that for every compact Lie group G, ψ−1 sends an object of Sgl[Gr](BG) given by
a map of orthogonal G-spaces ξ : X → trivGGr to the object of SpcG-gl/trivG Rep

given by the composite

Φ(X)
Φ(ξ)−−−−→ Φ(trivGGr) ∼−−→ trivG Φ(Gr)

trivG α
−1

−−−−−−−→∼ trivGRep,

where Φ denotes the unique equivalence Sgl
∼−−→ SpcGlo and the unlabelled equiva-

lence comes from naturality of Φ.
We can analogously describe Ψ on the level of objects: The equivalence

ΦBOP : Sgl[BOP] ∼−−→ SpcGlo/Φ(BOP) from Proposition 3.19 sends S◦
gl[BOP] to

the Yoneda image of Φ(BOP). Arguing as before, ΦBOP ◦Ψ restricts to an equiva-
lence A : VRep→ Φ(BOP) as depicted in the diagram on the right above, and we
see that Ψ−1 sends a map of orthogonal G-spaces ξ : X → trivGBOP to the object
of SpcG-gl/trivG VRep given by the composite

Φ(X)
Φ(ξ)−−−−→ Φ(trivGBOP) ∼−−→ trivG Φ(BOP)

trivGA
−1

−−−−−−−→∼ trivGVRep.

With slightly more work one could show that for any ultra-commutative monoid
M , there is a symmetric monoidal equivalence Sgl[M ]⊗ ∼−−→ Spc⊗Glo/M enhancing

the equivalence ΦM from Proposition 3.19. This then implies that α and A enhance
to symmetric monoidal equivalences

α⊗ : Rep⊕ ∼−−→ Φ⊗(Gr) and A⊗ : VRep⊕ ∼−−→ Φ⊗(BOP).

9.4. Comparing the outputs. We can now state our comparison:

Theorem 9.57. The diagrams

Spc⊗Glo/Rep⊕ Spc⊗Glo/VRep⊕

S⊗
gl,∗ Sp⊗gl

Sgl[Gr]⊗ Sgl[BOP]⊗

ψ⊗ ∼

th⊗
gl Th⊗

gl

Ψ⊗ ∼

th⊗
gl

Th⊗
gl

of symmetric monoidal global functors commute up to equivalence, where ψ⊗ and
Ψ⊗ are as in Theorem 9.47.

Proof. We begin with the comparison of Thom spaces. We defined th⊗gl to be
a global left adjoint, while th⊗gl is so by Proposition 9.20; thus, it will suffice to prove
the comparison after restricting to Rep⊕.

By definition, the upper path through the diagram is simply j⊗gl : Rep
⊕ → S⊗

gl,∗,
which is obtained from the continuous Borel construction of

const⊗ ◦ j⊗ : ιL⊕ → L-Top□∧
∗

through localization. On the other hand, the equivalence ψ⊗ was constructed as
extension of y⊗top, so that the lower composite can be identified via Proposition 9.16
with the symmetric monoidal global functor induced by

ιL⊕ (y⊗
+ ,j

⊗)
−−−−−−→ L-Top□∧

∗ ×Top∧
∗

−∧−−−−−→ L-Top□∧
∗

If we replaced y⊗
+ : ιL⊕ → L-Top□∧

∗ by the functor constant at the unit, this compos-
ite would be isomorphic to const⊗ ◦ j⊗ as topological symmetric monoidal functors
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via the unit isomorphism. By functoriality of Ntop((−)♭), it will therefore suffice

to construct a natural equivalence fgt⊗ ◦ y⊗top ≃ (const 1)⊗ of symmetric monoidal
global functors Rep⊕ → S⊗

gl. However, both of these functors send each object
to a terminal object, so they are equivalent in a unique way. This completes the
comparison of Thom spaces.

For the comparison of Thom spectra, it similarly suffices (by additionally
invoking the universal property of group completion) to construct the equivalence
after restriction to Rep⊕. Again by design, the top path through the diagram then
becomes Σ• ◦ j⊗gl. On the other hand, commutativity of (9.14) shows that the bottom
path is given by Th⊗gl ◦Sgl[i]

⊗ ◦ y⊗top, which Corollary 9.31 further identifies with
Σ• ◦ th⊗gl ◦ y

⊗
top. Thus, the claim follows from the above unstable comparison. □

As a concrete consequence of this, we will now express the global homotopical
real bordism spectrum MO (Example 9.23) as a global parametrized colimit. We
begin with the analogous statement for MOP.

Construction 9.58. Let ȳ⊗top : VRep⊕ → Sgl[BOP]⊗ be the unique extension
of Sgl[i]

⊗ ◦ y⊗top. As idBOP is terminal, there is then a unique natural transformation
σ̃ from ȳtop to the functor constant at idBOP. Applying Thgl and appealing to the
identification from the previous theorem, we then obtain a cocone

σ : Jgl ≃ Thgl ◦ ȳtop
Th

gl
(σ̃)

−−−−−→ Thgl(idBOP) = MOP.

Remark 9.59. Unravelling the identifications from the proof of the above
theorem, the restriction of the cocone σ along Rep→ VRep is given incoherently
as follows: if G is any compact Lie group, and V is a G-representation, then
σV is given by the zig-zag SV ∼←−− O(V,−) ∧ SV⊕V → MOP where the first
map is adjunct to the evident isomorphism SV ∧ SV ∼= SV⊕V and the second
one is adjunct to SV⊕V → MOP(V ), x 7→ (V ⊕ V, x). Thus, viewing σV as an
element of πG0 (Ω

VMOP), this is precisely the Thom class σG,V associated to the
G-representation V from [Sch18, Construction 6.1.15], motivating our notation.
Using Theorem 6.1.17 of op. cit., one can then similarly describe the effect of σ on
a virtual representation of the form 0⊖ V in terms of the inverse Thom class from
(6.1.12) of op. cit. In this sense, the cocone σ is a coherent arrangement of all the
(inverse) Thom classes of MOP, as well as their products.

Proposition 9.60. The cocone σ expresses MOP as the colimit of the global
functor Jgl : VRep→ Spgl, i.e. as a left adjoint object with respect to const : Spgl →
Fun(VRep,Spgl).

Proof. As Thgl is a global left adjoint, it suffices to prove that the terminal
object of Sgl[BOP] is equivalent to the global colimit of ȳtop (in a necessarily
unique way). This on the other hand may be checked after postcomposing with
the equivalence Ψ−1 : Sgl[BOP] ∼−−→ SpcGlo/VRep⊕ . We claim that the resulting

composite VRep⊕ → Spc⊗Glo/VRep⊕ is equivalent, even as a symmetric monoidal

global functor, to the parametrized Yoneda embedding; the proposition will then
follow since the colimit of the latter is indeed terminal by [MW24, Proposition
6.1.3]. To prove the claim, we may again restrict to Rep⊕, i.e. it will suffice to
identify (ψ⊗)−1 ◦ y⊗top with the Yoneda embedding of Rep⊕. This however holds by

construction of ψ⊗. □
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Construction 9.61. Sending an inner product space to its dimension defines an
enriched symmetric monoidal functor ιL⊕ → (N,+). Applying the continuous Borel
construction and group completing we therefore obtain VRep⊕ → const(Z,+). For
every d ≥ 0, we define VRep[d] as the preimage of d ∈ Z; if we think of equivalence
classes of objects of VRep as virtual representations V ⊖W , then VRep[d] consists
precisely of those virtual representations with dim(V )− dim(W ) = d.

Lemma 9.62. The restriction of the cocone σ̃ to VRep[d] factors (necessarily

uniquely) through BOP[d] ↪→ BOP.

Proof. For any map of G-orthogonal spaces f : X → BOP, X splits up to

isomorphism as
∐
d∈Z f

−1(BOP[d]). If the underlying space of X is path-connected
(e.g. when X is weakly contractible), exactly one of these summands is non-empty,
and we define d(f) to be the corresponding index; equivalently, this is the unique d

such that f factors through BOP[d] (on the pointset level). It is clear that if f → g

is any map over BOP and g factors through BOP[d], then so does f ; in particular,
if f and g are moreover in S◦

G-gl[BOP], then d(f) = d(g).
With this established, it is easy to check that f 7→ d(f) defines a symmetric

monoidal global functor S◦
gl[BOP]⊗ → const(Z,+). Moreover, its restriction along

Sgl[i]
⊗◦y⊗top agrees with dim: Rep⊕ → const(Z,+) by direct inspection, so d◦ȳtop =

dim by the universal property of group completion. Thus, ȳtop maps VRep[d] into

the subcategory of Sgl[BOP] of maps factoring through BOP[d], which is in turn
equivalent to σ̃ factoring accordingly. □

Applying Thgl we therefore get cocones σ[d] : Jgl|VRep[d]
→MOP[d] for d ∈ Z.

Theorem 9.63. The cocone σ[0] exhibits MO = MOP[0] as the global colimit
of Jgl|VRep[0]

.

Proof. We will more generally prove this for any d ∈ Z, and similarly to before

it will suffice to show that σ̃[d] exhibits BOP[d] ↪→ BOP as a colimit.
As VRep =

∐
d∈Z VRep[d], we get an equivalence

colim
VRep

ȳtop ≃
∐
d∈Z

colim
VRep[d]

ȳtop|VRep
[d]

in Sgl[BOP]. As the left-hand side is terminal by Proposition 9.60, so is the
coproduct on the right-hand side. Thus, the coproduct of the maps

colim ȳtop|VRep
[d]
→

(
BOP[d] ↪→ BOP

)
induced by σ̃[d] for all d ∈ Z is a map between terminal objects and hence an
equivalence in Sgl[BOP]. As a coproduct of maps in Sgl[BOP] ≃ (Sgl)/BOP (or
any other ∞-topos) is an equivalence only if each summand is so, this completes
the proof of the theorem. □

Remark 9.64. More generally, Remark 9.56 and Lemma 8.15 allow us to
describe the G-global Thom spectrum of any map ξ : X → trivGBOP of orthogonal
G-spaces as a parametrized colimit: we have an equivalence

ThG-gl(ξ) ≃ colim
Φ(X)

(
trivG(Jgl) ◦ trivG(A) ◦ Φ(ξ)

)
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in SpG-gl, where A : Φ(BOP) ∼−−→ VRep denotes the equivalence constructed in
Remark 9.56, Φ: Sgl

∼−−→ SpcGlo is the unique equivalence as before, and colimΦ(X)

denotes the Glo/BG-parametrized colimit-functor.

Let us write MOPG for the underlying G-spectrum of the global spectrum
MOP, i.e. the image under the composite Spgl → SpG-gl → SpG, and we similarly
define MOG as the underlying G-spectrum of MO. Put differently, if we start with
the underlying Orb-section of the global section MOP of Spgl and apply the right
adjoint Spgl|Orb → Sp|Orb, then the resulting Orb-section MOP• of Sp|Orb has
components MOPG, and analogously for MO.

Analogously to Construction 9.58 we then get an (Orb-parametrized) cocone
σ from J|Orb : VRep|Orb → Sp|Orb to MOP• as the image of the unique cocone
ȳtop|Orb → idBOP in Spgl[BOP]|Orb, and as before this restricts to a cocone from
J|VRep

[0]
|Orb

to MO•.

Theorem 9.65. The induced maps

colim
VRep|Orb

J→MOP• and colim
VRep[0]|Orb

J→MO•

are equivalences in Sp|Orb.

The proof will require some preparations. Let us call a map in SpcGlo/VRep an

equivariant weak equivalence if it is inverted by the right adjoint R of the inclusion
(SpcOrb▷Glo/VRep)|Orb ↪→ (SpcGlo/VRep)|Orb; by the proof of Lemma 8.36 this is

equivalent to being inverted by the composite

(SpcGlo/VRep)|Orb
fgt−−→ (SpcGlo)|Orb

r−→ (SpcOrb▷Glo)|Orb

of the forgetful functor with the right adjoint to the inclusion. We moreover define
a map in Sgl[BOP] to be an equivariant weak equivalence if it is inverted by the
analogous composite

Sgl[BOP]|Orb
fgt−−→ Sgl|Orb

r−→ S|Orb.

The following will be one of the key ingredients for proving the theorem:

Lemma 9.66. The equivalence Ψ: SpcGlo/VRep
∼−−→ Sgl[BOP] preserves and

reflects equivariant weak equivalences.

Proof. We claim that the square

Spc⊗Glo/VRep⊕ Sgl[BOP]⊗

Spc×Glo S×
gl

fgt

Ψ

fgt

∼

of symmetric monoidal global functors commutes up to equivalence. As all functors
in question are symmetric monoidal left adjoints, this can be checked after restricting
to Rep, where it follows immediately from the definition of the equivalence Ψ that
both composites send every object to the terminal object, so that the square even
commutes up to unique equivalence.

Plugging in the definitions, we are then reduced to constructing a commutative
square as depicted on the left in the following diagram, where the vertical maps are
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the underlying Orb-functors of the unique equivalences:

SpcOrb▷Glo|Orb SpcGlo|Orb SpcOrb▷Glo SpcGlo

S|Orb Sgl|Orb S Sgl

r

∼ ∼ ∼ ∼

r c

The square on the right commutes up to unique equivalence as both paths are
Orb-left adjoints preserving the terminal object. Passing to underlying Orb-functors
and then to mates therefore provides the desired square on the left. □

Proof of Theorem 9.65. Combining the previous lemma with Theorems 8.34
and 9.57, the left adjoint Thgl : Sgl[BOP]|Orb → Spgl|Orb descends to the local-
izations at the equivariant weak equivalences, and so does its right adjoint as a
consequence of Proposition 8.33. We can rephrase this as saying that the composite
Sgl[BOP]|Orb → Spgl|Orb → Sp|Orb descends through the localization X of the
source at the equivariant weak equivalences, and that the resulting Orb-functor is
again a left adjoint. To prove the first statement, it will therefore suffice (analogously
to the global setting) that the colimit of ȳtop : VRep|Orb → X is terminal. Trans-
lating this through the equivalence Ψ, this is in turn equivalent to the Orb-colimit
of

VRep|Orb
y−→ SpcGlo/VRep|Orb

R−−→ SpcOrb▷Glo/VRep|Orb (9.20)

being terminal. The left adjoint L of R was defined so that y = L ◦ y. Together
with full faithfulness of L, this implies that (9.20) agrees up to postcomposition
with an equivalence with the (Orb-parametrized) Yoneda embedding VRep|Orb →
PShOrb(VRep). Thus, its colimit is terminal by [MW24, Proposition 6.1.3], finishing
the proof of the first claim.

The second claim will then follow formally as in the global setting once we show
that the localization SG-gl[BOP]→ X (BG) preserves coproducts for every G, or
equivalently that equivariant weak equivalences are stable under arbitrary small
coproducts. As before, we may prove the corresponding statement for SpcGlo/VRep

instead, which in turn follows immediately from the localization being an Orb-left
adjoint by Lemma 8.36. □

Fix a compact Lie group G and recall once more the functor fgt : OrbG → Glo
lifting to an equivalence OrbG

∼−−→ Orb/BG sending G/H to BH ↪→ BG. By
[MW24, Remark 4.1.9], fgt∗ : Fun(Orb,CAT∞) → Fun(OrbG,CAT∞) preserves
colimiting cocones; thus, writing JG := fgt∗J and VRepG := fgt∗VRep, we obtain
the following equivalent reformulation of the previous theorem:

Corollary 9.67. The maps

colim
VRep

G

JG →MOPG and colim
VRep

G,[0]

JG →MOG

induced by the OrbG-cocone fgt∗σ are equivalences in SpG. □





Appendix

A. A Thom spectrum functor with marvelous pointset properties

by Stefan Schwede

Constructions 9.10 and 9.22 define a global Thom space and global Thom
spectrum functor, respectively, as (symmetric monoidal) topologically enriched
functors out of certain slices of the topological category L-Top of orthogonal spaces.
Taking G-objects on both sides for any compact Lie group G then yields the G-global
Thom space and Thom spectrum functor. The goal of this appendix is to prove the
following result:

Theorem A.1. Let G be a compact Lie group.

(1) The Thom space functor G-L-Top/Gr → G-L-Top∗ is left Quillen and
fully homotopical with respect to the G-global model structures.

(2) The Thom spectrum functor G-L-Top/BOP → G-OrthSp is left Quillen
and fully homotopical with respect to the G-global model structures.

Recall that the G-global model structures on orthgonal G-spaces and orthogonal
G-spectra were constructed by localizing the respective G-level model structures.
To prove the above theorem, we will first show the analogous statements for the
G-level model structures on source and target, and then deduce from this the above
statement.

We begin by describing right adjoints of the Thom space and Thom spectrum
functor. For that, we first show that for an inner product space V , the Thom space
functor

T : G-Top/Gr(V ) → G-Top∗

from Construction 9.5 admits a right adjoint qV .

Construction A.2. Fix an inner product space V . For a based topological
space X, we define

ΩV (X) :=
∐
d≥0

L(Rd, V )×O(d) Ω
dX,

where O(d) acts on ΩdX = maps∗(S
d, X) via precomposition. The reference map

to the Grassmannian is the projection∐
d≥0

L(Rd, V )×O(d) Ω
dX →

∐
d≥0

L(Rd, V )/O(d) = Gr(V ).

This map is a locally trivial fiber bundle whose fiber over L ∈ Gr(V ) ‘is’
the loop space ΩL = maps∗(S

L, Z). This then defines a topological functor
qV : Top∗ → Top/Gr(V ) with functoriality via postcomposition. If G is any compact
Lie group, then pulling through the G-actions lifts this to G-Top∗ → G-Top/Gr(V ).

169
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For a continuous map f : A→ Gr(V ), we define the adjunction unit

η(f) : A→ ΩV (T (f)) by η(f)(a) = [ψ, {x 7→ (ψ(x), a)}];

here ψ ∈ L(Rd, V ) is any linear isometric embedding with ψ(Rd) = f(a). We omit
the easy verification that the map η(f) is well-defined and lies over Gr(V ), i.e.,
qT (f) ◦ η(f) = f . For a based space Z, we define the adjunction counit

εZ : T (qV (Z))→ Z by εZ(w, [ψ, f ]) = f(ψ−1(w));

here ψ : Rd → V is a linear isometric embedding, f : Sd → Z a based continuous
map, and w ∈ ψ(Rd). We omit the verifications that the maps η(f) and εZ are
continuous and satisfy the triangle equality of an adjunction. We have thus extended
the two topologically enriched functors

T : G-Top/Gr(V ) ⇄ G-Top∗ : qV (A.1)

to an adjoint pair.

As we will now explain, the right adjoints qV for varying V ∈ L assemble into
a right adjoint q : G-L-Top∗ → G-L-Top/Gr of the Thom space functor th from
Construction 9.10:

Construction A.3. For a based orthogonal space X, define

Ω(X) =
∐
d≥0

L(Rd,−)×O(d) Ω
dX;

the reference map q(X) : Ω(X) → Gr is induced by the projection as before, so
that at an inner product space V , q(V ) is the image qV : ΩV (X(V ))→ Gr(V ) of
X(V ) ∈ Top∗ under the right adjoint qV from the previous construction. This
becomes a functor via the functoriality of the individual qV , and this functor is again
topological as mapping spaces in functor categories are topologized as subspaces of
the product, and since each qV was topological. For a map f : A→ Gr of orthogonal
spaces the unit transformations ηV (f(V )), V ∈ L from A.2 assemble into a map of
orthogonal spaces η(f) : q(th(f))→ X with qTh(f) ◦ η(f) = f .

For a pointed orthogonal space X, the counit natural transformations

εV (X(V )) : th(Ω(X)(V )) = T (ΩV (X(V )))→ X(V ), V ∈ L

define a map of pointed orthogonal spaces εX : th(Ω(X))→ X. The maps ε(X) for
X ∈ L-Top∗ and η(f) for f ∈ L-Top/Gr define natural transformations id→ q◦th
and th ◦ q→ id which exhibit q as left adjoint to th. Pulling through the actions
as before, we then obtain for every compact Lie group G an adjoint pair

th : G-L-Top/Gr ⇄ G-L-Top∗ : q.

Similarly to the above, we can construct a topological right adjoint

Q : G-OrthSp→ G-L-Top/BOP

to the Thom spectrum functor Th : G-L-Top/BOP → G-OrthSp from Construc-
tion 9.22 by assembling the right adjoints to the individual Thom space functors.
In essence, the functor Q ‘bundles’ all loop spaces of all values of an orthogonal
spectrum into a single object, organized as an orthogonal space over BOP:



A. A THOM SPECTRUM FUNCTOR WITH MARVELOUS PROPERTIES 171

Construction A.4. We let X be an orthogonal spectrum, and we let V be an
inner product space. We set

(ΩX)(V ) := ΩV⊕V (X(V )) =
∐
d≥0

L(Rd, V ⊕ V )×O(d) Ω
dX(V ) ,

the total space of the locally trivial bundle over BOP(V ) = Gr(V ⊕ V ) whose fiber
over a linear subspace L of V ⊕V ‘is’ the L-loop space ΩLX(V ). The reference map

Q(X)(V ) := qV⊕V (X(V )) : (ΩX)(V )→ BOP(V )

is the bundle projection sending [ψ, f ] to ψ(Rd).
In order to define the structure maps of the orthogonal space Ω(X), we consider

the continuous map

j : L(Rd, V ⊕ V )→ L(Rd+e, (V ⊕ Re)2), j(ψ)(x, y) = κV,Re(ψ(x), (y, 0)),

where x ∈ Rd, y ∈ Re, and κV,Re : (V ⊕ V )⊕ (Re⊕Re)→ (V ⊕Re)2 is the shuffling
isomorphism. We define the structure map

(ΩX)(V,W ) : L(V,W )× (ΩX)(V )→ (ΩX)(W )

as the disjoint union, over d ≥ 0, of the maps

L(V,W )×
(
L(Rd, V 2)×O(d) Ω

dX(V )
)
−→ L(Rd+e,W ⊕W )×O(d+e) Ω

d+eX(W )

(φ, [ψ, f ]) 7−→ [(A⊕A) ◦ j(ψ), X(A) ◦ σ ◦ (f ∧ Se)],
(A.2)

where e = dim(W )− dim(V ), A : V ⊕ Re ∼−−→ W is any linear isometry such that
A|V = φ, and σ : X(V ) ∧ Se → X(V ⊕ Re) and X(A) : X(V ⊕ Re) → X(W ) are
the structure maps of X. We omit the easy verification that this is independent
of the choice of A and compatible with the composition of L as well as with the
projections to BOP.

While clearly expected, it might not be entirely obvious that the resulting action
map is continuous; so we provide an argument.

Proposition A.5. For every orthogonal spectrum X and all inner product
spaces V and W , the map (A.2) is continuous.

Proof. Product with L(V,W ) preserves disjoint unions, so we may show that
the restricted map (A.2) is continuous for every d ≥ 0, where e = dim(W )−dim(V ).
We may assume without loss of generality that W = V ⊕ Re. The map

j : L(Rd, V 2)→ L(Rd+e, (V ⊕ Re)2), j(ψ)(x, y) = κV,Re(ψ(x), (y, 0))

is continuous, where x ∈ Rd, y ∈ Re, and ψ ∈ L(Rd, V 2). Moreover, the homomor-
phism

O(V ⊕ R) −→ O((V ⊕ R)2)

A 7−→
(
A 0
0 A

)
defines a continuous O(V ⊕ R)-action on the target of j, so the map

O(V ⊕ Re)× L(Rd, V 2)× ΩdX(V ) −→ L(Rd+e, (V ⊕ Re)2)× Ωd+eX(V ⊕ Re)
(A,ψ, f) 7−→ ((A⊕A) ◦ j(ψ), σ ◦ (f ∧ Se))
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is continuous, too. This map participates in the commutative square:

O(V ⊕ Re)× L(Rd, V 2)× ΩdX(V ) L(Rd+e, (V ⊕ Re)2)× Ωd+eX(V ⊕ Re)

L(V, V ⊕ Re)×
(
L(Rd, V 2)×O(d) Ω

dX(V )
)

L(Rd+e, (V ⊕ Re)2)×O(d+e) Ω
d+eX(V ⊕ Re)

(A,ψ,f)7→(A|V ,[ψ.f ]) proj

(A.2)

Since the composite through the upper right corner is continuous and the left vertical
map is a quotient projection, the lower horizontal map is continuous, too. This
completes the proof. □

This concludes the definition of the topological functor Q. The unit and counit
of the adjunction between the functors

Th : G-L-Top/BOP ⇄ G-OrthSp : Q

are levelwise the units and counits of the adjunction from Construction A.2.
We will need the following observation to show that the Thom space and Thom

spectrum functor are fully homotopical:

Lemma A.6. Let G be a compact Lie group with a collection F of closed
subgroups, and let V be a G-representation. Then for any commutative triangle

B1 B2

Gr(V )
fh

h

f

in G-Top such that h is an F -weak equivalence, the induced map T (fh)→ T (f) is
again an F-weak equivalence.

Proof. We start with the non-equivariant case, i.e. when the group G is trivial.
If Ei, i = 1, 2 denote the two pullbacks of the tautological bundle over Gr(V ), then
the square

S(E1) B1

S(E2) B2

h

is cartesian and both horizontal maps are locally trivial fiber bundles, hence Serre
fibrations. Thus, this is already a homotopy pullback. Since h is a weak equivalence,
the left vertical map in the square is a weak equivalence, too. The Thom spaces
T (fh) and T (f) are the unreduced mapping cones of the two horizontal maps in
the pullback square. The formation of unreduced mapping cones is homotopical for
weak equivalences, for example by [DI04, Lemma A.1] for n = 1; so the induced
map T (fh)→ T (f) is a weak equivalence.

For the general case, we have to understand fixed points of Thom spaces of
equivariant bundles. If g : X → Gr(V ) is an equivariant continuous map and
H ⊂ G, then one directly checks that the H-fixed points of the pullback g∗ζ of the
tautological bundle agree as a set with the pullback of the tautological bundle over
Gr(V H) along the composite

XH → Gr(V )H
(−)H−−−→ Gr(V H),
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where (−)H denotes the map sending an H-invariant subspace to its H-fixed
points. The latter map is continuous: by [Sch18, Proposition B.17], Grd(V )H =
(L(Rd, V )/O(d))H splits as the coproduct over conjugacy classes of homomorphisms
φ : H → O(d) of the spaces L(φ∗(Rd), V )H/C(φ), where C(φ) ⊂ O(d) denotes the
centralizer of the image of φ. If f : φ∗(Rd)→ V is H-equivariant and isometric, then
f(Rd)H = f((φ∗(Rd))H), so that the restriction of (−)H to L(φ∗(Rd), V )H factors
as the map L(φ∗(Rd), V )H → L((φ∗(Rd))H , V ) induced by the inclusion followed
by the quotient map. This completes the proof that (−)H is continuous. As both
the H-fixed points of g∗ζV as well as the pullback of ζV H along the continuous map
(−)H ◦gH are closed subspaces of g∗ζ, this then shows that they agree as topological
spaces.

The identification of the fixed point bundle immediately implies the analogous
description of the sphere bundle of the fixed points; as formation of unreduced
mapping cones commutes with fixed points by [Sch18, Proposition B.1], this gives
us a natural homeomorphism T (g)H ∼= T ((−)H ◦ gH). Applying this to f and fh
and varying H ∈ F , the general case of the lemma therefore follows from the above
non-equivariant special case. □

Lemma A.7. (1) The Thom space functor th : G-L-Top/Gr → G-L-Top∗
is left Quillen and fully homotopical with respect to the G-global level
model structures.

(2) The Thom spectrum functor th : G-L-Top/BOP → G-OrthSp is left
Quillen and fully homotopical with respect to the G-global level model
structures.

Proof. By Lemma A.6, the Thom space and spectrum functor preserve G-
global level weak equivalences. We have already seen that the Thom space and
Thom spectrum functors are left adjoints, so it only remains to show that they
preserve cofibrations, then it follows that they are left Quillen.

By Proposition 2.20 together with [Hir03, Theorem 1.5], the maps

L(V,−)×φ G× ∂Dn L(V,−)×φ G×Dn

Gr, f♭

(A.3)

where V is a faithful H-representation, H is a compact Lie group, φ : H → G
is a continuous group homomorphism, n ≥ 0, and f ♭ is arbitrary, form a set of
generating cofibrations for G-L-Top/Gr. By adjunction, f ♭ corresponds to a map

f : Dl → Gr(V )φ. Denote by

π : Ef := EGr(V )×Gr(V ) D
l → Dl

the bundle classified by f and by j : Ef → EGr(V ) the projection. For an inner
product space W , the map

G×φ L(V,W )× Ef → EGr(W ), (g, ψ, x) 7→ ψ(j(x))

exhibits

(G×φ L(V,W ))× Ef
G×φL(V,W )×π−−−−−−−−−−→ G×φ L(V,W )×Dl



174 APPENDIX

as the bundle classified by f ♭, i.e.

G×φ L(V,W )× Ef EGr(W )

G×φ L(V,W )×Dl Gr(W )

⌟

f♭(W )

is a pullback of topological G-spaces. It follows that th sends (A.3) up to isomor-
phism to (G×φ L(V,−))+ ∧ (T (f |∂Dl) ↪→ T (f)).

By Lemma 4.22, (G×φ L(V,−))+ ∧ − : G-Top∗ → G-L-Top∗ is left Quillen.
We are therefore reduced to showing the following claim: for every inner product
space V and every continuous map f : Dl → Gr(V ), the associated map il of
Thom spaces over ∂Dl and Dl is a cofibration of based G-spaces. Because Dl is
contractible, the pulled back bundle is trivial, so after choosing a trivialization, we
can identify the map il with the cofibration

∂Dl
+ ∧ SV ↪→ Dl

+ ∧ SV ,

for some representation V , completing the proof of the case of Thom spaces.
In the case of Thom spectra, we similarly let V be a faithful representation for

a compact Lie group H, φ : H → G a homomorphism, and h : Dl → BOP(V )H a
continuous map. Denote by π : Eh := EGr(V ⊕V )×BOP(V )D

l → Dl the associated
bundle and by i : Eh → BOP(V ) the canonical map. For an inner product space
W , denote by e⊥(V,W ) = {(A,w) ∈ L(V,W ) ×W : w ∈ A(V )⊥} → L(V,W ) the
orthogonal complement bundle. Then

(G×φ e⊥(V,W ))× Eh → EGr(W ⊕W ), (g, (A,w), e) 7→ (w, 0) + (A⊕A)(i(e))

(where g ∈ G, A ∈ L(V,W ), w ∈ A(V )⊥, and e ∈ Eh) exhibits

G×φ e⊥(V,W )× π : (G×φ e⊥(V,W ))× Eh → G×φ L(V,W )×Dl

as the G-equivariant bundle classified by h♭(W ). We may therefore identify the
image under Th of a generic generating cofibration

L(V,−)×φ G× ∂Dn L(V,−)×φ G×Dn

BOP, h♭

with G+ ∧φ O(V,−) ∧ (T (h|∂Dl) ↪→ T (h)). As above, the second smash factor is
a cofibration of based G-spaces, so the whole expression is a G-global cofibration
of orthogonal G-spectra by Lemma 7.20, proving that the Thom spectrum functor
preserves cofibrations. □

Theorem A.1 is now a consequence of the above and the following observation:

Lemma A.8. Suppose that φ : V →W is an equivariant linear isometric embed-
ding of faithful G-representations.
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(1) If X ∈ G-L-Top∗ is fibrant in the G-global model structure, the square

Ω(X)(V )G Gr(V )G

Ω(X)(W )G Gr(W )G

Ω(X)(φ)G

q(X)

Gr(φ)G

q(X)

is a homotopy pullback.
(2) Suppose that X ∈ G-OrthSp is fibrant in the G-global model structure.

Then the square

Ω(X)(V )G BOP(V )G

Ω(X)(W )G BOP(W )G

Ω(X)(φ)G

Q(X)

BOP(φ)G

Q(X)

is a homotopy pullback.

Proof. Let Z be a based G-space. We first describe the fixed-point space
ΩR(Z)

G for a G-representation R. The group O(d) acts freely on L(Rd, R)× ΩdZ;
so the G-fixed point space (ΩTX)G decomposes as the disjoint union, indexed by
all d ≥ 0 and all conjugacy classes of continuous homomorphisms α : G→ O(d), of
the spaces

(L(Rd, R)× ΩdZ)α/C(α)

by another application of [Sch18, Proposition B.17]; here C(α) again denotes the
centralizer in O(d) of the image of α. If we write U for the d-dimensional G-

representation α∗(Rd), then C(α) is the compact Lie group OG(U) of G-equivariant
linear self-isometries of U . We can thus rewrite the fixed point space (ΩT (Z))

G

as the disjoint union, indexed by representatives U of all isomorphism classes of
G-representations, of the spaces

LG(U, V )×OG(U) (Ω
UZ)G.

Suppose now that X is a pointed orthogonal G-space. By the above, the
commutative square in question is the disjoint union, indexed over representatives
of isomorphism classes U of G-representations

LG(U, V )×OG(U) (Ω
UX(V ))G LG(U, V )/OG(U)

LG(U,W )×OG(U) (Ω
UX(W ))G LG(U,W )/OG(U).

[ψ,f ]7→[φ◦ψ,X(φ)◦f ] [ψ]7→[φ◦ψ]

The two horizontal maps arise from the projections to the first factors, and they are
both locally trivial fiber bundles, and in particular Serre fibrations. The generic
fiber of the top horizontal map is (ΩUX(V ))G, which maps to the corresponding
fiber (ΩUX(W ))G of the bottom horizontal map via (ΩUX(φ))G. As V is a faithful
G-representation and X is a fibrant orthogonal G-space, X(φ) is an equivariant
weak equivalence of pointed G-spaces. By Lemma 4.15, ΩU : G-Top∗ → G-Top∗ is
right Quillen, and hence homotopical by Ken Brown’s Lemma. Thus, (ΩUX(φ))G

is a weak homotopy equivalence, proving the statement for Thom spaces.
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Now we prove the statement for Thom spectra. By replacing W by the or-
thogonal complement of the image of φ : V → W , we can assume without loss of
generality that φ : V → V ⊕W is the embedding of the first summand of a direct
sum. Then the commutative square in question becomes the disjoint union, indexed
over representatives U of isomorphism classes of G-representations, of commutative
squares of the form

LG(U, V 2)×OG(U) (Ω
UX(V ))G LG(U, V 2)/OG(U)

LG(U ⊕W,V 2 ⊕W 2)×OG(U⊕W ) (Ω
UX(V ⊕W ))G LG(U ⊕W,V 2 ⊕W 2)/OG(U ⊕W ).

Here the vertical maps are induced by the map L(U, V 2) → L(U ⊕W,V 2 ⊕W 2)
sending φ to (v, w) 7→ (φ(v), (w, 0)) and by the map (ΩUX(V ))G → (ΩUX(V⊕W ))G

induced by the adjunct structure map of X. The two horizontal maps again arise
from the projections to the first factors, and they are both locally trivial fiber
bundles, and hence Serre fibrations.

The generic fiber of the top horizontal map is (ΩUX(V ))G, which maps to the
corresponding fiber (ΩUX(V ⊕W ))G of the bottom map via the map induced by
the adjunct structure map. As the adjunct structure map is a G-weak equivalence
by fibrancy of X, the claim follows as before. □

We can now finally prove Theorem A.1 stated at the beginning of this section.

Proof of Theorem A.1. As the G-global model structure on G-L-Top was
constructed as a Bousfield localization of the G-global level model structure,
Lemma A.7 implies that that the Thom space functor preserves cofibrations (with
respect to the G-global model structures on both sides). This implies that its
right adjoint q preserves acyclic G-global fibrations. To show that q also preserves
G-global fibrations, we use a criterion of Dugger [Dug01, Corollary A.2]: it suffices
to show that the right adjoint preserves G-global fibrations α : X → Y between
G-globally fibrant objects. Suppose α : X → Y is a G-global fibration between fibrant
objects in G-L-Top∗. As q is right Quillen with respect to the G-level structure on
G-L-Top/Gr, q(α) is a G-global level fibration. If φ : H → G is any homomorphism,
and V ↪→W is an embedding of faithful H-representations, it then only remains to
show by the explicit description of G-global fibrations (see Definition 2.25) that the
top square in the following commutative diagram is a homotopy pullback:

Ω(X)(V )φ Ω(X)(W )φ

Ω(Y )(V )φ Ω(Y )(W )φ

Gr(V )H Gr(W )H ,

Applying the previous lemma to the H-orthogonal spaces φ∗X and φ∗Y (which
are again fibrant by Lemma 2.39) shows that the bottom and the total square are
homotopy pullbacks, whence so is the top square by the pasting law. This proves
that the Thom space functor is left Quillen for the G-global model structure.



B. BACKGROUND ON MODEL CATEGORIES 177

That the Thom spectrum functor is left Quillen can be seen completely analo-
gously.

A G-global weak equivalence of orthogonal G-spaces factors as a composite of
an acyclic G-global cofibration followed by an acyclic G-global fibration. As a left
Quillen functor, the Thom space/spectrum functor takes acyclicG-global cofibrations
to G-global weak equivalences. Since acyclic fibrations in the G-global model
structure are G-global level weak equivalences, the Thom space/Thom spectrum
functor takes these to G-global level weak equivalences by Lemma A.7, and hence
in particular to G-global weak equivalences. Thus, both the Thom space and Thom
spectrum functor preserve G-global weak equivalences. □

B. Background on model categories

In this section we collect some general facts about model categories and their
associated ∞-categories for easy reference. We begin with the following observation
relating 1-categorical and ∞-categorical slices:

Lemma B.1. Let C be a model category with collection of weak equivalencesW ,
and let Y ∈ C fibrant. Then the (∞-categorical) localization C→ C[W−1] induces
a localization C/Y → C[W−1]/Y . If C is right proper, the claim holds without the
fibrancy assumption on Y .

Proof. The first claim is a special case of [Cis19, Corollary 7.6.13]. For the
second claim, it will then suffice that for right proper C and any weak equivalence
Y → Y ′ to a fibrant Y ′, the induced map C/Y → C/Y ′ becomes an equivalence after
localization, which is in turn a direct consequence of [Rez02, Proposition 2.5]. □

The model categories we encounter throughout our paper are simplicial (in
fact, even topological), and several arguments exploit the simplicial structure to
say something about the associated ∞-category, although the latter a priori only
depends on the underlying unenriched model category. We therefore have to explain
how the simplicial and homotopical structures relate to each other.

Lemma B.2 (See [Hir03, Proposition 9.5.16]). Let C be a simplicial model
category. Then any homotopy equivalence (with respect to the simplicial structure)
is a weak equivalence (with respect to the model structure). □

Corollary B.3. Let C be a simplicial model category and let X ∈ C be
arbitrary. Then the map X → ∆1 ⊗ X induced by d1 : ∆

0 → ∆1 is a weak
equivalence.

Proof. One easily checks that this is a homotopy equivalence, also see [Hir03,
Proposition 9.5.20]. □

Note that crucially there are no cofibrancy conditions on X in either of these
results. Using this we can now show:

Lemma B.4. Let C be a simplicial model category, and let D ⊂ C be a full
simplicial subcategory closed under weak equivalences. Assume moreover that D is
locally fibrant. Then the inclusion N(D0) ↪→ N∆(D) of the nerve of the underlying
unenriched category induces an equivalence after localizing at the weak equivalences.



178 APPENDIX

Proof. By the previous corollary, D is closed under ∆1⊗−, while Lemma B.2
shows that any homotopy equivalence is a weak equivalence. The claim is now an
instance of [Lur17, Proposition 1.3.4.7]. □

Lemma B.5. Let C be a simplicial model category, and assume that the full
simplicial subcategory Cc ⊂ C of cofibrant objects is locally fibrant. Then N(Cc

0) ↪→
N∆(C

c) induces an equivalence on ∞-categorical localizations.

Proof. The left Quillen functor ∆1 ⊗− preserves Cc, so this follows by the
same argument as in the proof of the previous lemma. □

Finally, the simplicial structure allows us to compute mapping spaces in the
localization:

Lemma B.6. Let C be a locally fibrant simplicial model category (e.g. the un-
derlying simplicial model category of topological model category), and let X,Y ∈ C
with arbitrarily chosen cofibrant replacement α : X ′ ∼−−→ X and fibrant replacement
β : Y ∼−−→ Y ′. Then the map

mapsC(X,Y ) ≃ HomN∆(C)(X,Y )→ HomN∆(C′)[W−1](X,Y )

induced by the localization N∆(C)→ N∆(C)[W−1] agrees up to postcomposition
with an equivalence with β ◦ − ◦ α : maps(X,Y )→maps(X ′, Y ′).

Proof. As the map HomN∆(C)[W−1](X,Y )→ HomN∆(C)[W−1](X
′, Y ′) induced

by α and β is an equivalence, it will suffice to consider the case α = idX , β = idY ,
so that X is cofibrant and Y is fibrant. Using that maps : Cop ×C → SSet is a
right Quillen bifunctor, we are further reduced to showing that the localization is
fully faithful when restricted to the full subcategory of cofibrant-fibrant objects.
But this restriction is even an equivalence by [Hin16, Corollary 1.4.3]. □

Corollary B.7. Let C be a locally fibrant simplicial model category, and
let G : C → SSet be a functor that is corepresented (in the enriched sense) by a
cofibrant X ∈ C. Then G is right Quillen and

C[W−1]
RG−−−→ SSet[W−1

Quillen] ≃ Spc (B.1)

is corepresented (in the ∞-categorical sense) by the same X; here the unlabelled
equivalence in (B.1) is the unique one.

Proof. As the mapping space functor for C is a right Quillen bifunctor, G
is indeed right Quillen. It then suffices to show that the two functors C[W−1]
agree after restriction to the full subcategory of C spanned by the cofibrant-fibrant
objects, where this follows by the same argument as in the previous lemma. □

Applying this to the underlying simplicial model category of a topological model
category, we obtain:

Corollary B.8. Let C be a topological model category, and let G : C→ Top
be corepresented (in the enriched sense) by a cofibrant X ∈ C. Then G is right
Quillen and

C[W−1]
RG−−−→ Top[W−1

Quillen] ≃ Spc

is corepresented (in the ∞-categorical sense) by the same X. □



C. COMPACT LIE GROUPS ACTING ON HAUSDORFF SPACES 179

C. Compact Lie groups acting on Hausdorff spaces

In this appendix we collect some pointset topological facts about free actions of
compact Lie groups on Hausdorff spaces that are used throughout the main text.

Lemma C.1 (See [Kör18, Theorem A.9]). Let X be a Hausdorff space with
a free action of a compact Lie group G. Then the quotient map X → X/G is a
(non-equivariant) Serre fibration. □

Lemma C.2. Let G be a compact Lie group and let f : X → Y be a map of free
G-spaces, such that X is Hausdorff. Then

X X/G

Y Y/G

proj

f f/G

proj

is a pullback square.

Proof. By [Sch18, Proposition B.13(i)], the quotients X/G and Y/G are
preserved by the forgetful functor to sets. Thus, to show that the comparison map
c : X → X/G×Y/G Y is bijective, we may instead prove the analogous statement in
the category of sets. This can be checked fiberwise over X/G; the fiber over some
class [x] is then given by the orbit Gx (for some fixed representative), while the
fiber of the projection X/G×Y/G Y over the same [x] is given by {[x]}×Gf(x). By
assumption, both of these are free G-orbits, and any equivariant self-map of G is
bijective, proving the claim.

It remains to show that the induced map

Hom(K, c) : HomTop(K,X)→ HomTop(K,X/G×Y/G Y )

is bijective for every compact space K. As we already know that c is bijective, it will
be enough to show surjectivity, for which we consider any (α, β) : K → X/G×Y/G Y .
The space X/G is again Hausdorff by [tD87, Proposition 3.1(v)], so α(K) ⊂ X/G
is compact, and Proposition 3.6(ii) of op. cit. shows that also the preimage X ′ of
α(K) under X → X/G is compact. By [Sch18, Proposition B.13(iii)], the map
X ′/G×Y/G Y → X/G×Y/G Y induced by the inclusion X ′ ↪→ X is an embedding,
so (α, β) factors through a continuous map K → X ′/G ×Y/G Y , and it will be
enough to show that this admits a lift to X ′. Replacing X by X ′, we may therefore
assume without loss of generality that X is compact. But then X → X/G×Y/G Y
is a continuous bijection from a compact space to a weak Hausdorff space, hence a
homeomorphism. □

Lemma C.3 (cf. [Kör18, proof of Theorem A.7]). Let G be a compact Lie
group, and let f : X → Y be a G-equivariant map of G-free Hausdorff spaces. Then
f is a (non-equivariant) weak homotopy equivalence if and only if the induced map
f/G : X/G→ Y/G on orbits is so.

Proof. By Lemmas C.1 and C.2, the commutative square

X X/G

Y Y/G

f
⌟

f/G
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is a pullback in Top and the horizontal maps are Serre fibrations. Thus, this square
defines a homotopy pullback in the ∞-topos Spc. As Y → Y/G is surjective on π0,
i.e. an effective epimorphism, the claim follows from [Lur09, Lemma 6.2.3.16]. □
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