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Abstract

We introduce a framework of (Lie-)global co-categories, which formalizes various
families of co-categories indexed by compact Lie groups and equipped with suitable
restriction functors along continuous group homomorphisms that occur naturally in
equivariant homotopy theory and representation theory.

As our main results, we show that in this framework unstable and stable equivari-
ant and global homotopy theory admit universal properties, refining and generalizing
the results for finite groups from [CLL25al/CLL25b|. In particular, we characterize
the passage from unstable to stable equivariant and global homotopy theory at the
level of global co-categories as universally inverting the action of representation
spheres in an appropriate sense. Building on this, we define parametrized equivariant
and global Thom spectrum functors and show that they recover classical Thom
spectrum constructions defined in terms of pointset models.

The authors are associate members of the Hausdorff Center for Mathematics at the University of
Bonn (DFG GZ 2047/1, project ID 390685813). Parts of this article were written while E.B. was a
guest at the Centre for Geometry and Topology (DNRF151) at the University of Copenhagen, she
would like to thank the Centre for its hospitality.
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Introduction

QUIVARIANT HOMOTOPY THEORY studies spaces with an action of a suitable

group—typically a finite group or more generally a compact Lie group—and their
invariants. Throughout the history of the subject, equivariant methods have found
spectacular applications also in non-equivariant settings, for instance in Carlsson’s
proof of the Segal conjecture |[Car84], Manolescu’s disproof of the triangulation
conjecture [Man16], or the resolution of the Kervaire invariant one problem by Hill,
Hopkins, and Ravenel [HHR16].

While the foundations of equivariant homotopy theory were originally laid
in the 1980’s using pointset models |[LIMS86|, in recent years there has been a
flurry of activity to introduce oco-categorical techniques into the subject. This has
led to new descriptions of the fundamental (oo-)categories studied in equivariant
homotopy theory [Barl7,(CMNN24,/(CLL24b, CHLL24[LLP26| as well as to
universal properties for them [Nar16l|[Sha23||CLL25al|CLL25b]|, formulated using
the language of parametrized higher category theory [BDG™16]. The parametrized
perspective has since been successfully applied to a wide array of equivariant
questions, ranging from the construction of multiplicative refinements of equivariant
algebraic K-theory |CHLL24, HR26| or global versions of TMF and tempered
cohomology [GLP24, BDL26| to more geometric topics like the study of group
actions on manifolds [HKK24a | HKK?24bl[KK25[;: moreover, it has once more also
led to new results outside equivariant homotopy theory, for example in chromatic
homotopy theory [BM24] or the theory of 6-functor formalisms |[CLL25c]|.

However, so far many of these co-categorical results have been confined to the
setting of G-equivariant homotopy theory for finite groups G. The purpose of this
monograph is to push the theory beyond this case and to in particular establish
parametrized universal properties for equivariant homotopy theory in the generality
of all compact Lie groups. Before we explain our new results, however, let us spend
some time to review the situation for finite groups.

Parametrized higher categories. A common theme throughout equivariant
homotopy theory is that it is often helpful to not restrict one’s attention to a
fixed group, but to work with a whole family of groups, like all finite groups, all
compact Lie groups, or at least all subgroups of a given group. In particular, the
oo-categories of G-spectra for varying G come with various ‘change of group’ functors
(restriction functors, their adjoints, the Hill-Hopkins—Ravenel norms, geometric
fixed points, ... ), and these are important tools to construct G-spectra from simpler
data or to conversely reduce questions to smaller groups in an inductive fashion.

It should therefore not be too surprising that in order to obtain a universal
property, one should not consider G-equivariant homotopy theory for a fixed group
G, but instead for all suitable groups G at the same time. This kind of structure
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2 INTRODUCTION

is actually not unique to equivariant homotopy theory, and instead pops up in
many areas of pure mathematics, with other examples being given by categories of
representations or (in the finite group case) derived categories of group algebras or the
equivariant Kasparov co-categories of [BEL21]. If one is willing to restrict to finite
groups, these structures were formalized under the name Fin-global oco-categories in
|CLL25a]E| Such a Fin-global oo-category C consists of an oco-category C(G) for
every finite group G, together with restriction functors f*: C(G') — C(QG) for all
homomorphisms f: G — G’ as well as higher structure witnessing that restriction
along an inner automorphism is the identity; more formally, a Fin-global co-category
is a contravariant functor out of the (2,1)-category Gloz;, of finite connected 1-
groupoidsﬂ and a Fin-global functor is just a natural transformation. What makes
this very basic definition actually useful is that many foundational concepts of
higher category theory like adjunctions, limits and colimits, or presentability admit
‘genuine’ versions for Fin-global co-categories via the general theory of parametrized
higher categories [BDGT16,[MW24|. As one example, [CLL25b] introduces a
notion of equivariant presentability; while this has a natural formulation internal
to parametrized higher category theory, it can also be described in more down-to-
earth terms as follows: a Fin-global co-category C: Glo®® — CAT, is equivariantly
presentable if and only it factors through Prl and restriction along any injective
homomorphism admits a left adjoint satisfying a basechange condition analogous to
the Mackey double coset formula.

The framework of Fin-global co-categories is then a natural home for equivariant
homotopy theory in the same way ordinary oo-categories provide a natural home for
non-equivariant homotopy theory: |[CLL25b] constructs Fin-global co-categories of
equivariant spaces and equivariant spectra by localizing classical pointset models
and shows that these enjoy universal properties analogous to their non-equivariant
counterparts—the former is the free equivariantly presentable Fin-global co-category,
whereas the latter is the free equivariantly presentable Fin-global co-category that
moreover satisfies a genuine version of stability.

Only demanding the existence of left adjoints for injective group homomorphisms
is of course somewhat arbitrary. If one instead demands the existence of well-behaved
left adjoints for all group homomorphisms, this naturally leads to global homotopy
theory, which we will recall next.

Global homotopy theory. Equivariant enhancements of important cohomol-
ogy theories like singular cohomology, topological K-theory, or various versions
of bordism have a tendency to not crop up individually and isolated from each
other, but to come to us as a ‘compatible family’ of G-spectra as the (compact Lie)
group G varies. Just like it can be convenient to work with the oo-categories of
G-spectra for various G simultaneously, global homotopy theory takes the point of
view that in the above situation one should consider the whole compatible family as
the fundamental object. In Schwede’s approach to the subject [Sch18], this idea is
implemented using the notion of a global spectrum, again defined via a model; the
relation to the heuristic notion of a ‘compatible family of equivariant spectra’ was

The cited reference uses the name ‘global (co-)categories’ instead; for us it will however be more
convenient to reserve this name for the case where one considers all compact Lie groups.

There is also a refinement of this notion that additionally encodes structure like the Hill-Hopkins—
Ravenel norms and geometric fixed points for equivariant spectra, see e.g. [LLP26|; however, for
the discussion of the universal properties only the restriction functoriality will be relevant.
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then later made precise in [LNP25|. Let us highlight three examples where the
global perspective is useful even if one is only interested in results for a fixed group:

(1) In [Hau22|, Hausmann proves that the equivariant homotopy ring of
tom Dieck’s A-equivariant homotopical complex bordism spectrum MU 4
carries the universal A-equivariant formal group law in the sense of Cole—
Greenlees—Kriz for any compact abelian Lie group A, generalizing a famous
non-equivariant result of Quillen’s. While this result can be stated purely
in terms of equivariant homotopy theory, Hausmann’s argument starts from
the observation that the A-spectra MU 4 come from a global spectrum
MU, and one of the key steps in his proof is to show that the universal
A-equivariant formal group laws for varying A can similarly be organized
into a global structure, which he calls a global group law. The global
structure then allows him to establish various algebraic properties of the
universal equivariant formal group laws, from which he deduces his result.
In the same paper and using a similar strategy, Hausmann also shows
that the homotopy groups of the A-equivariant homotopical real bordism
spectrum MO 4 carry the universal A-equivariant 2-torsion formal group
law for any elementary abelian 2-group A.

(2) In [Sch22b|, Schwede exploits the global structure on MU to prove
regularity results for certain classes in the equivariant homotopy ring
of MUy ). These results were used by La Vecchia [LV24] to prove an
Atiyah—Segal type completion theorem for MU for any compact Lie group
G (generalizing earlier work of Greenlees—May |GM97|, who considered
the case where G has abelian identity component), and by Schwede himself
[Sch24] to compute the equivariant homotopy ring of MUy, after a
suitable completion.

(3) In the forthcoming [Sch26], Schwede proves equivariant generalizations of
Snaith’s Theorem [Sna81| expressing the complex topological K-theory
spectrum as a localization of the suspension spectrum of CP*°. Similarly
to the previous examples, his proof proceeds by first exhibiting a global
refinement KU of complex topological K-theory as a suitable localization,
taking advantage of the global structure, and then deducing the equivariant
results from this.

|CLL25a] shows that if one imposes the stronger, ‘global’ presentability condi-
tion (with well-behaved left adjoints for all homomorphisms), this leads to universal
descriptions of unstable and stable global homotopy theory with respect to finite
groups: in particular, if we evaluate the free globally presentable and genuinely
stable Fin-global co-category at the trivial group, this yields the localization of the
oo-category of global spectra at the so-called ‘Fin-global weak equivalences,’ i.e.
where we discard all equivariant information for non-discrete compact Lie groups.
More generally, one can describe the universal example completely in terms of the
pointset models of G-global spectra from [Len25a).

Beyond finite groups. While the Fin-global framework has been successfully
applied for example to the study of equivariant algebraic K-theory in [Len25b]
and [CHLL24[|LLP26|, it is not yet the correct home for global and equivariant
homotopy theory with respect to general compact Lie groups, as considered for
example in the applications 7 above. In fact, even if one were ultimately only
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interested in the case of finite groups, the above global arguments require one to
consider non-discrete compact Lie groups: the definition of a global group law in
(]T[) involves U(1)-equivariant data, and similarly the global localization result from
[Sch26| outlined in (3) is phrased in terms of U(n)-equivariant homotopy classesﬂ

It is therefore natural to look for a framework of global co-category theory
refining Fin-global oco-category theory and allowing one to formulate universal
properties for equivariant and global homotopy theory with respect to all compact
Lie groups. And indeed, the global orbit category Glo of Gepner and Henriques
IGHO7| (which we review in Definition provides a natural replacement of
Glozin, which allows us to simply define the co-category of global oco-categories
as CAT g = Fun(Glo°?, CAT,). Unfortunately however, generalizing the above
Fin-global results to global co-categories is not at all straightforward: in particular,
neither the notion of parametrized stability used in [CLL25a] nor its generalization
from [CLL24b] are sufficient to formulate the universal properties of equivariant
or global spectra for compact Lie groups. Moreover, while the framework of
parametrized higher category theory already allows us to state the expected universal
properties of global and equivariant spaces, the proof given in the finite group case
breaks down in the new setting: namely, it crucially used that Gloz;, is a 2-category
to reduce the verification of the universal property to a technical, but ultimately
doable computation, whereas Glo is not an n-category for any n < oc.

Despite these obstacles, we will demonstrate that there is still a good theory of
global co-categories with respect to all compact Lie groups. In particular, we will
prove universal properties of unstable and stable, equivariant and global homotopy
theory in this framework, and we will use this to devise an oco-categorical approach
to equivariant and global Thom spectra like MO and MU.

Unstable results. Let us now describe our results in more detail, beginning
with the unstable situation. The general theory of parametrized presentability from
[MW22[|CLL25b]| specializes to notions of equivariant and global presentability for
global co-categories; as in the finite group case, these differ in that the former only
demands the existence of well-behaved left adjoints for injective homomorphisms,
while the latter requires them for all homomorphisms.

Our first main results describe the free equivariantly and globally presentable
oo-categories in terms of classical models of unstable equivariant and global ho-
motopy theory, respectively. More precisely, we introduce a general continuous
Borel construction, which associates to a topologically enriched category C a certain
global co-category sending a compact Lie group G to the nerve of the topological
category G-C of (continuous) G-objects in C, with the evident restriction func-
toriality in group homomorphisms. Applying this to C = Top and localizing in
each degree at the G-equivariant weak equivalences classically considered in equi-
variant homotopy theory yields a global co-category & sending G to the co-category
G-Top|G-weak equivalences_l] of G-spaces and sending a homomorphism of com-
pact Lie groups to the derived functor of the pointset level restriction. Similarly,

Both of these are instances of a common pattern: if we have a global spectrum together with a
G-equivariant homotopy class for any group G and any (unitary) representation V' such that these
are suitably compatible with restrictions, then the universal such classes, from which all other can
be obtained by restriction, come from the tautological U(n)-representations. In settings where one
only cares about abelian compact Lie groups, one can instead restrict to tori or even just to U(1)
as any representation of an abelian compact Lie group splits into 1-dimensional summands.
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starting with the pointset model of global spaces from [Sch18] yields a global
oo-category &, sending the trivial group to the co-category of global spaces from
op. cit. and more generally sending a compact Lie group G to the oco-category of
G-global spaces from [Bar23|, with restrictions again defined as derived functors of
pointset level functors. We then prove:

THEOREM A (See Theorem (3.3). The global co-category &, is the free globally
presentable global co-category. More precisely, for any other globally presentable C,
evaluation at the terminal object defines an equivalence

@L (§g17 C) - Ca

where the left-hand side denotes the global co-category of left adjoint global functors
(see Remark . In particular, we obtain for any such C a natural equivalence
between C(1) and the ordinary co-category of left adjoint global functors S, — C.

THEOREM B (See Corollary |3.52). The global co-category & is the free equiv-
ariantly presentable global co-category.

The proofs of both results proceed by comparing the pointset models to certain
global co-categories provided by the general theory of parametrized higher categories,
which we already know to satisfy the desired universal properties. Most of the
work then goes into proving the global statement, with the equivariant version
being a rather easy consequence of it: namely, the general theory from [CLL25b]
exhibits the free equivariantly presentable global co-category as a full subcategory
of the free globally presentable one, reducing us to similarly exhibiting the pointset
model of G-spaces as a full subcategory of G-global spaces and checking that these
embeddings are compatible with our identification from Theorem [A]

Let us point out that it would be considerably easier to prove that &, and &
agree after evaluation at any fired G with the free globally or equivariantly pre-
sentable global co-category: for example, [CLL25b| describes the free equivariantly
presentable global co-category in terms of co-categories of presheaves, and the
pointwise equivalence to & essentially amounts to Elmendorf’s Theorem [Elm83].
In that sense, our new contribution is the description of the whole Glo-functoriality
in terms of the model, which requires completely different ideas. While identifying
the functoriality including all higher coherences may seem like a mere technicality at
first, it is actually crucial if one wants to interpret classical pointset constructions as
functors out of or into &, and & (which then often allows one to use the universal
properties to say something about these constructions) or if one wants to relate &
and &, to other global co-categories defined in terms of models. In particular, both
our proof of the universal property of global spectra as well as our results on global
Thom spectra require the full strength of Theorem [A] even if one only cares about
the case of a fixed group—just like the applications [CHLL24|LLP26,Len25b| of
the earlier Fin-global results mentioned above would not have been possible without
a complete model-level description of the functoriality.

Symmetric monoidal structures. Recall that the cartesian symmetric
monoidal structure on the co-category Spc upgrades it to the initial symmetric
monoidal co-category that is presentably symmetric monoidal, meaning that the
underlying oo-category is presentable and the tensor product preserves colimits in
each variable. There is again a natural parametrized version of this, leading to the
notions of equivariantly presentably symmetric monoidal and globally presentably
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symmetric monoidal global co-categories. Building on the results above, we then
also prove universal properties for suitable symmetric monoidal enhancements of
G and G, (again defined in terms of the model). For simplicity, we only state
the global case in this introduction and refer the reader to Corollary for the
corresponding statement in the equivariant case:

CoOROLLARY C (See Corollary |3.76|). The box product from [Sch18,[Bar23|
derives to the cartesian symmetric monoidal structure on G, and this yields the
initial globally presentably symmetric monoidal global co-category.

Stable results. As mentioned above, the notion of genuine stability from
[CLL25a) is not yet sufficient to describe the universal property of global and
equivariant spectra in our setting, so we have to take a different approach:

In Corollary [£.9] we prove a based version of Theorem [B] identifying the free
pointed equivariantly presentable global oco-category with the analogous localiza-
tion &, of the continuous Borel category associated to Top,. The category of
equivariantly presentable global co-categories admits a parametrized version of the
Lurie tensor product (Proposition , and Corollary implies via the general
theory of smashing localizations from |[Lurl?7] that every pointed equivariantly
presentable global co-category admits a unique &,-module structure. Adapting
an idea from |[Lin24], we then define a pointed equivariantly presentable global
oo-category C to be representation stable if for every compact Lie group G and every
finite-dimensional G-representation V' the tensoring SV ® —: C(G) — C(G) is an
equivalence, where SV denotes the 1-point compactification of V' (whose underlying
non-equivariant space is a dim(V')-dimensional sphere).

We show in Corollary that the categories of representation stable equivari-
antly or globally presentable global co-categories are smashing localizations of the
categories of equivariantly or globally presentable global co-categories, respectively.
This in particular implies the existence of free equivariantly and globally presentable
representation stable global co-categories, which we then again describe explicitly
via classical models of equivariant and global stable homotopy theory. In more
detail, we construct a global co-category Gp by localizing the continuous Borel
category associated to the topological category of orthogonal spectra [MMSS01]
at the equivariant weak equivalences from [MMO2]; this then sends a compact
Lie group G to one of the classical definitions of the co-category &p, of genuine
G-spectra, with functoriality via the (left) derived functors of restrictions. If we
instead localize with respect to a finer notion of weak equivalence, this yields a global
oo-category ©p, whose value at the trivial group is now literally the oo-category of
global spectra from [Sch18| (as opposed to its localization at the Fin-global weak
equivalences), while its value at a general compact Lie group G is the oco-category
Gpg_g of G-global spectra in the sense of [Sch22a]. We then prove:

THEOREM D (See Theorem and Corollary . The global co-category
Gp is the free representation stable equivariantly presentable global co-category.
Moreover, the smash product of orthogonal spectra derives to a symmetric monoidal
structure on Gp, making it into the initial representation stable equivariantly
presentably symmetric monoidal global co-category.

THEOREM E (See Theorem and Corollary [7.84)). The global co-category
©p,, is the free representation stable globally presentable global co-category. More-

over, the smash product derives to a symmetric monoidal structure on &p,|, making
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it into the initial representation stable globally presentably symmetric monoidal
global co-category.

A similar characterization of the oco-category of global spectra as a suitable
stabilization internal to Gg-modules in Pr" had been announced by Gepner and
Nikolaus [Nik15]. As we learned from them, their argument contained a gap, and
it is not clear whether their original claim is true. We comment on the relation to
our result in more detail in Remark

Let us point out that the proofs of Theorems [D] and [E] are quite different
from each other: In the equivariantly presentable setting, we build on work of
Cnossen |[Cno23| to show that representation stabilization is essentially a pointwise
construction, allowing us to prove the symmetric monoidal part of Theorem [D| by
combining Theorem [B| with earlier work of Gepner—Meier |GM23|; we then use
the general theory of representation stabilization we develop here to deduce the
non-monoidal version from this in a second step.

In contrast to that, representation stabilization in the globally presentable setting
is a genuinely parametrized phenomenon; in particular, global spectra are not just
the naive pointwise stabilization of global spaces (see Remark , meaning we
have to work considerably harder for the proof of Theorem [E]

Global and equivariant Thom spectra. With the above universal properties
at hand, one can now try to recast classical pointset level constructions from
equivariant and global homotopy theory in a model-independent fashion. We
demonstrate the feasibility of this approach in the case of Thom spectra.

In we introduce a symmetric monoidal global co-groupoid VRep® of virtual
representations, and we give two equivalent constructions of a global refinement

Ja: VRep® — &p

of the classical J-homomorphism BO x Z — pic(Sp): one (Construction using
our continuous Borel construction, and one obtained from the non-equivariant con-
struction by general parametrized techniques (see Theorem and Remark .
Using general results from parametrized higher category theory, we identify the free
globally presentably symmetric monoidal global oo-category under VRep® with a
certain symmetric monoidal global co-category 5@%10 /VRep® of global co-groupoids
over VRep®. This allows us to define the global Thom spectrum functor as the
unique symmetric monoidal left adjoint global functor Th,,: mglo /VRep® @S
extending the global J-homomorphism J,;, in analogy with the construction of
the non-equivariant Thom spectrum functor from [ABG ™14}, also cf. [HKZ20|.
Evaluating at any compact Lie group G, this in particular yields a symmetric
monoidal left adjoint Thom spectrum functor

® . ® — ® ®
ThG—gl' SpCG—gl/trivGVRcEEB T PSh(GlO/IBG)/triVGVReQEB - GPG-gI’

and the fact that these come from a global left adjoint encodes strong compatibilites
with respect to restrictions and inductions, see Remark for a precise statement.

As our last main result, we then show that the symmetric monoidal global
functor Th,, admits a pointset description as a global refinement, originally due to
Schwede, of a construction of Sagave and Schlichtkrull [SS19]. While we have to
refer the reader to §9.1] for the details of this construction and to Theorem [9.57] for
the precise statement of our comparison, this has the following concrete consequence:
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THEOREM F (See Theorem [9.63). There exists an equivalence

MO =~ colim
M[o]
of global spectra between the global real homotopical bordism spectrum MO from
[Sch18| and the globally parametrized colimit of the restriction of the global
J-homomorphism to the subgroupoid of zero-dimensional virtual representations.

In fact, we can also describe the universal cocone explicitly in terms of the
so-called equivariant Thom classes of MO, see Remark

As the reader might expect at this point, we moreover discuss an equivariant
version of the above results. In particular, we construct an equivariant Thom
spectrum functor by similarly extending an equivariant version J: VRep® — &p® of
the J-homomorphism. At every compact Lie group G, this evaluates to a symmetric
monoidal left adjoint

. & &
Theg: SpCG/VRe e — 6va
and these functors commute with restrictions along arbitrary group homomorphisms

and inductions along injective group homomorphisms, see Remark for a precise
statement. We will then explain how the equivariant Thom spectrum functor can
be recovered from the global Thom spectrum functor in two different ways (see
Proposition and Theorem , which in particular allows us to describe
the G-equivariant homotopical real bordism spectrum MO of Brocker and Hook
(the underlying G-spectrum of MO) as a ‘G-parametrized’ colimit in analogy to

Theorem [F] see Corollary

Outline. The first part of this monograph (Sections is devoted to the
proof of the universal properties of unstable equivariant and global homotopy theory.
We begin in Section [1| by recalling the necessary background from parametrized
higher category theory and by formally defining global co-categories as well as the
continuous Borel construction. In Section [2] we recall the relevant pointset models
of G-equivariant and G-global unstable homotopy theory, and we prove some new
results on the change-of-group adjunctions for (the pointset models of) G-global
spaces that are crucial for establishing the universal property. Section [3]is then
devoted to the proof of Theorems [A] and [B] as well as their symmetric monoidal
versions. Finally, we discuss pointed versions of these results in Section

The second part (Sections is concerned with the universal properties of
stable equivariant and global homotopy theory. We begin by defining the notion
of representation stability (as well as a generalization to arbitrary parametrized
oo-categories) and establishing its basic properties in Section [5} In Section |§| we
then prove Theorem [D| on the universal property of equivariant spectra, while the
proof of the global analogue (Theorem [E)) is the content of Section

In the third part, we study Thom spectra. We introduce the oo-categorical
versions of the global and equivariant Thom spectrum functors in Section [§ The
corresponding pointset construction is then discussed in Section [0] where we also
show that the approaches agree, in particular yielding the proof of Theorem [F] as
well as of its equivariant counterpart.

The paper has three appendices. Appendix [A] by Stefan Schwede establishes
some homotopical properties of the pointset global Thom spectrum functor that
are needed to prove our comparison result. In Appendix [B] we recall several results
about model categories and their associated oco-categories for easy reference, while
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Appendix [C] similarly collects some facts about the pointset topology of actions of
compact Lie groups.

Notation and conventions. We will write Top for the category of com-
pactly generated weak Hausdorff spaces, and we will refer to its objects simply as
‘(topological) spaces.’

Throughout, we denote generic co-categories in a calligraphic font (C, D, ...) and
named oo-categories in an upright font (Spc, Sp,...) or, in the case of localizations
of pointset models, in a blackletter font (&, &p,...). We denote (enriched) 1-
categories in boldface (C, Top,...). For an enriched category C, we denote by
maps(—, —) or mapsg(—, —) its enriched mapping objects, and for an oo-category
C, we denote by Hom(—, —) or Homeg(—, —) its mapping co-groupoids.

For a quasi-category S (i.e. a simplicial set satsfying the inner horn filling
condition), we denote by ¢S C S its maximal Kan subcomplex. We will also
write ¢ for the functor Cats, — Spc of co-categories induced by this pointset level
construction, i.e. the right adjoint to the inclusion.

Acknowledgements. We would like to thank David Gepner, Markus Haus-
mann, Christian Kremer, Fabio Neugebauer, Thomas Nikolaus, and Stefan Schwede
for helpful feedback on earlier versions of this paper. We are moreover grateful to
Stefan Schwede for contributing Appendix [A] and to Thomas Nikolaus for helpful
discussions about the relation between our work and [Nik15|. Finally, we would
like to thank David Gepner, Thomas Nikolaus, and Stefan Schwede for sharing
Corollary [8:27 with us.






PART 1

The unstable story

In this first part we will introduce global co-categories as a rigorous implementa-
tion of the idea of a ‘compatible’ family of co-categories indexed by all compact Lie
groups. The key examples of interest to us here are a certain global co-category &
built from the oo-categories &g of G-equivariant spaces for all compact Lie groups
as well as a global analogue G, built from the oo-categories of G-global spaces in
the sense of Barrero [Bar23)|.

Using the framework of parametrized higher category theory, we will see that
many foundational concepts of higher category theory like colimits or presentability
have ‘genuine’ analogues for global co-categories, and we will show as our main
results that the global co-categories G and &, admit universal properties analogous
to the universal property enjoyed by the oo-category Spc of spaces in classical higher
category theory.

1. Global oco-categories

1.1. The global orbit category. We will define global co-categories as oco-
category-valued presheaves on a certain oo-category Glo of compact Lie groups,
which we will now construct.

DEFINITION 1.1. We write topCat for the 1-category of small topologically
enriched 1-categories. For a compact Lie group G, we denote by BG € topCat the
associated topological groupoid with one object.

REMARK 1.2. The category topCat is cartesian closed [Kel05, §2.3], and the
internal homs Fun.nt(C,D) can be explicitly described as follows (see §2.2 of
op. cit.): the objects of Fungon:(C, D) are the enriched functors and the space of
morphisms F' — G is given by the enriched natural transformations, topologized as
a subspace of [ . maps(F(c), D(c)).

Using this, we may view topCat as a category enriched over itself, which we
will again denote by topCat; if at some point we wish to distinguish this enriched
category from its underlying 1-category, we will denote the latter by topCat,.
The 1-functor Funcent(—, —) then canonically upgrades to an enriched functor
topCat°? x topCat — topCat.

ExampLE 1.3. For any compact Lie groups G, H we may describe the en-
riched category Fun,.,.(BG, BH) explicitly as follows: its objects are the Lie group
homomorphisms f: G — H, and the space maps(fi, f2) of maps between two
homomorphisms f1, fo is given by the subspace of H consisting of those h € H such
that fa(g) = h- fi(g)-h™! for all g € G. In particular, maps(f, f) is the centralizer
C(im f) of the image of f.

11
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CONSTRUCTION 1.4. Given any functor f: topCat, — SSet preserving finite
products, we can change the enrichment along f to obtain an SSet-enrichment of
topCat,. We will apply this to the composite

Nso
topCat, —=+ QCat — Kan,

where Niop, denotes the topological nerve ([Lur09, Definition 1.1.5.5]) and ¢ is
the functor sending a quasi-category to its maximal Kan subcomplex. We write
topCat, for the resulting simplicial (in fact, Kan-enriched) category.

DEFINITION 1.5. We write Glo for the full simplicial subcategory of topCat o
spanned by the objects BG for compact Lie groups G. We will moreover denote by
Glo := Na(Glo) the associated oco-category.

DEFINITION 1.6. A global co-category is a functor Glo°® — CAT, into the very
large oco-category of large oo-categories. We write CATq)o = Fun(Glo°?, CAT,)
for the very large co-category of global co-categories.

REMARK 1.7. There are various alternative definitions of Glo appearing through-
out the literature. We will review them in Remark [3:23] where we will in particular
show that they agree with our definition.

WARNING 1.8. The enriched functor Ny, descends to a functor Glo — Spc
of co-categories (sending BG to the classifying space BG of the topological group
G), and by a theorem of Rezk [Rez18, Theorem 1.2] this is fully faithful when we
restrict to the full subcategory spanned by the compact Lie groups with abelian
identity component. It is however not fully faithful on all of Glo.

REMARK 1.9. The oo-category Glo receives a functor from the 1-category of
compact Lie groups and continuous group homomorphisms, induced by the inclusion
topCat, — topCat,. Thus, a global co-category C in particular encodes a family
of oco-categories C(G) indexed by compact Lie groups together with compatible
restriction functors for all Lie group homomorphisms. In light of Example we
can think of the remaining data of a global co-category as witnessing that restrictions
along inner automorphisms are the identity.

REMARK 1.10. The 1-category of compact Lie groups admits a topological en-
richment via the compact open topology on mapping spaces, yielding a topologically
enriched category CpctLie. We remark purely for motivational purposes that the
functor from the previous remark factors through a functor Ny, (CpctLie) — Glo
(although this is not immediately apparent from our construction!), which in turn
lifts uniquely to an equivalence Ny, (CpctLie) — Glo, to the co-category of pointed
objects in Glo, see |GM23|, Remark 2.14]E|

Many interesting examples of global co-categories arise via the following contin-
uous Borel construction:

CoONSTRUCTION 1.11. Let C be a small topological category. Then we have a
topCat-enriched functor Fungq,:(—, C): topCat® — topCat, and after changing
the enrichment we may view this as a simplicially enriched functor topCat(X’ —
topCat,.

The cited references uses an a priori different definition of Glo (and denotes it by Orb), but by
Remark this is equivalent to our construction.
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We will now explain how to also make N, into a simplicially enriched func-
tor topCat, — QCat, with the simplicial enrichment on the target given by
maps(C, D) := ¢ Fun(C, D). For this let us first consider the case where we instead
take the enrichment on the target via maps(C,D) = Fun(C,D), and similarly
make topCat into a QCat-enriched category by transferring its self-enrichment
along Niop. Then the unenriched functor Niop: topCat — QCat canonically up-
grades to a simplicially enriched functor, given on morphism simplicial sets by the
Beck—Chevalley mapsE|

NiopFun o (C, D) — Fun(Niop(C), Niop (D)) (1.1)

associated to the canonical isomorphism Niop(— X —) = Nyop(—) X Niop(—). Each
of the simplicial maps is a functor between quasi-categories, so it restricts to
t NyopFungon (C, D) — ¢ Fun(N;op (C), NiopD), giving the desired Kan-enrichment
of Niop: topCat, — QCat.

In summary, we arrive at a Kan-enriched functor

Funcont (—,C)
—_—

Nto
Glo®? — topCat, topCat,, —=+ QCat,

which after applying simplicial nerves gives us a functor Glo®® — Cats, of co-
categories. We denote this by Ntop(Cb) and call it the global co-category of continu-
ous Borel objects in C.

Performing the above construction in a larger universe then produces a global
oo-category Ntop(Cb) from any (not necessarily small) topological category C.

REMARK 1.12. Using the enriched functoriality of Funcon(—,C) in C, one
easily upgrades the assignment C — Nmp(Cb) from the previous construction to a
simplicially enriched functor topCat, — Funa (Glo°?, QCat), with the evident
definition on 0-simplices (i.e. 1-morphisms). Passing to a larger universe and taking
simplicial nerves, we then obtain functor

Niop((=)"): NA(TOPCAT A) — Fun(Glo®”, CAT ). (1.2)

ExaMpPLE 1.13. For C = BG, the continuous Borel construction just recovers
the functor Glo°® — Spc C Cate represented by BG € Glo.

EXAMPLE 1.14. If we apply the above construction to the topological category
¢ LL of finite dimensional inner product spaces and R-linear isometric isomorphisms
(topologized as orthogonal groups), we obtain a global co-category Rep = Niop(t Lb)
sending BG to the oco-groupoid of finite-dimensional G-representations and G-
equivariant isometric isomorphisms.

ExAaMPLE 1.15. A common theme throughout this monograph will be that many
universal examples of global co-categories arise as Dwyer—Kan localizations of con-
tinuous Borel categories, and that this gives rise to universal properties for categories
classically studied in equivariant and global homotopy theory. In particular, we
will see in Corollary that localizing the continuous Borel category Ntop(Topb)
in each degree G at the G-equivariant weak equivalences typically considered in
unstable equivariant homotopy theory yields the global co-category freely generated
by the point under certain ‘genuine’ colimits. Similarly, Theorems [6.34] and

We refer the reader to [CLL24a, Appendix C] or |CLL25b} Appendix A] for general facts about
Beck—Chevalley maps.
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will provide universal properties for suitable localizations of the continuous Borel
category of orthogonal spectra, providing a purely oco-categorical approach to stable
equivariant and global homotopy theory for compact Lie groups.

While we will mostly focus on global co-categories as defined above (recording
information for all compact Lie groups), our results often directly transfer to the
setting where one restricts attention to a suitable collection of compact Lie groups:

VARIANT 1.16. To any collection F of compact Lie groups closed under isomor-
phisms we may associate the full subcategory Glor C Glo spanned by the objects of
F, and we will refer to functors Glo?? — CAT  as F-global co-categories. Global co-
categories as introduced in Definition [I.6] then correspond to the collection A of all
compact Lie groups. On the other hand, in the case of the collection F = Fin of finite
groups (i.e. discrete compact Lie groups), Gloz;, simply is the usual (2, 1)-category
spanned by the (unenriched) groupoids BG. The resulting Fin-global co-categories
have been extensively studied in [CLL25al|CLL25bl|/CLL24al|CLL24b|LLP26|;
note that all of these sources refer to Fin-global oco-categories simply as global
(00-)categories.

1.2. Parametrized higher category theory. The notion of an F-global co-
category is only a special case of the general notion of a T-co-category as introduced
in BDG"16]:

DEFINITION 1.17. Let T be any small co-category. A T-oco-category is a functor
T°P — CAT . We write CATp := Fun(7T°P, CAT ) for the (very large) co-category
of T-oo-categories.

REMARK 1.18. By the universal property of presheaves, any T-oo-category
admits a unique extension to a limit-preserving functor PSh(T)°? — CAT,, yield-
ing an equivalence CATy ~ Fun"™(PSh(T)°?, CAT,). In what follows, we will
often evaluate T-oco-categories at general presheaves, which is to be understood as
passing to the limit extension first. In particular, we will freely cite results from
[Mar21,MW24|[MW 22|, which defines T-oco-categories as limit-preserving func-
tors PSh(T)°? — CAT (and, in fact, works more generally with limit preserving
functors B°? — CAT,, for co-topoi B).

ExaMPLE 1.19. As already alluded to above, F-global co-categories are precisely
Glor-oo-categories in the sense of Definition [1.1

ExXAMPLE 1.20. For any compact Lie group G, we define the co-category Orbg
as the full subcategory of Ni,,(G-Top) spanned by the transitive G-spaces, i.e.
those of the form G/H for closed subgroups H C G. We will refer to Orbg-oo-
categories as G-oo-categories. For finite G (where Orbg is just a 1-category), this
notion was already introduced in [BDG™ 16|, building on earlier 1-categorical work
of Hill-Hopkins, and this was the example guiding much of the early development
of parametrized higher category theory.

We now discuss some generic examples of parametrized oo-categories:

ExAMPLE 1.21. The inclusion Spc — CAT, induces a fully faithful functor
PSh(T') < CATy for any small T. We will denote the T-oo-category associated to
a presheaf X by X. If A € T is arbitrary, then we will typically conflate it with its
Yoneda image in PSh(7T'), and hence again write A for the corresponding represented
T-oo-category.
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ExXAMPLE 1.22. Let T be any small co-category. The T'-oo-category of T-spaces
is defined as the functor Spcy: A +— PSh(T'),4 with functoriality via pullback, i.e.
this is the cartesian straightening of the pullback of evy: Ar(PSh(T")) — PSh(T)
along the Yoneda embedding.

REMARK 1.23. Note that since PSh(T) is a topos, the cartesian unstraightening
of evy is a limit preserving functor, i.e. the limit extension of Spcy is given by
X — PSh(T') ) x with functoriality via pullback.

EXAMPLE 1.24. For an oo-category &, we define the T-oco-category £, of T'-
objects in £ as the composite

7o L=y Caror FEE L caT,
where T)_: T' — Cat is the cocartesian unstraightening of evy: Ar(7) — T

Note that for &€ = Spc this recovers the previous example—more precisely,
[CLL25a, Remark 2.1.16] shows that the left adjoints PSh(T)4) — PSh(T),a
extending y,4: T/4 — PSh(T'),4 for A € T' can be assembled into a global functor
and that this is an equivalence; we will therefore typically not distinguish between
these two perspectives on Spcy.

In addition to the case & = Spc, we will also be interested in the case £ = CAT o,
where we will abbreviate CAT . := (CAT o).

1.2.1. T-oco-categories of T-functors. Below we want to introduce parametrized
notions of adjunctions and colimits. Ultimately, these all rely on the fact that CATp
is cartesian closed (since CAT, is so).

DEFINITION 1.25. We denote the internal hom between C,D € CATr by
Fun,(C,D). If T is clear from the context, we will often also simply write Fun(C, D).

DEFINITION 1.26. Denote by 1 € PSh(T) the terminal object. For T-oco-
categories C, D, we define Funr(C, D) := Fun,(C, D)(1) (implicitly passing to the
limit extension if T does not have a terminal object), and refer to it as the oo-
category of T-functors. If T is clear from the context, we will also simply write
Fun(C, D).

EXAMPLE 1.27. For any T-co-category K, we write PSh,(K) := Fun(K°P,Spcy)
and call it the T-co-category of (T'-)presheaves on K. If K is locally small (meaning
that each K(A) is locally small), then [Mar21, discussion before Remark 4.7.7]
defines a parametrized Yoneda embedding y: KK — PSh,(K), and by Theorem 4.7.8
of op. cit. this is fully faithful (meaning that K(A) — PSh;(K)(A) is fully faithful
for every A € T or, equivalently, for every A € PSh(T)).

REMARK 1.28. If C is any T-oo-category and X € PSh(T), then Fun(X,C) ~
C(X x —) naturally in C and X, see [CLL25a, Corollary 2.2.9].

REMARK 1.29. Using the equivalence from the previous remark, we can easily
describe the parametrized Yoneda embedding for T-spaces:

Specializing [Mar21], Proposition 4.7.20°P], an object of Spcp(X x —)(A) corre-
sponding to a map (u,v): Z — X x A in PSh(T) is contained in the Yoneda image
if and only if v is an equivalence, and the proof shows that in this case it is the
image of v™! ou: A — X; in other words, we have y(f) = ((f,id): A — X x A)
for any map f: A — X of T-spaces. Combining this with the non-parametrized
Yoneda lemma, we see that the Yoneda embedding X — Spc, (X X —) is the unique
T-functor sending idx to the diagonal A: X — X x X.
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REMARK 1.30. Combining the equivalence from Remark with the (inter-
nalized) adjunction equivalence, we have specific equivalences

Fun(C, D)(X) ~ Fun(C, Fun(X, D)) ~ Fun(C, D(X x —))

naturally in C,D € CATr and X € PSh(T), also see [CLL25a, Corollary 2.2.9]
again. Throughout, we will usually describe objects of Fun(C, D)(X) in terms of these
(fixed) equivalences, i.e. by specifying functors C — Fun(X, D) or C — D(X x —).

There is also another description of Fun(C, D) that we will sometimes need:

CONSTRUCTION 1.31. Let T be any small oco-category, and let A € T be
arbitrary. Then restriction along the forgetful functor fgt: T)4 — T defines a
functor fgt*: CATy — CATr,,. This has a right adjoint fgt, given by right Kan
extension.

REMARK 1.32. The forgetful functor uniquely extends to a cocontinuous functor
fgt,: PSh(T)4) — PSh(T'), and we may identify fgt*: CATy — CATr,, with
the functor Fun™(PSh(T), CAT.,) — FunR(PSh(T/A), CAT,) given by restriction
along fgt,. As the right adjoint fgt*: PSh(T) — PSh(T},) is again cocontinuous, it
then follows from (homotopy) 2-functoriality of Fun®(—, CAT..) that fgt, is given
by restriction along fgt*, with unit and counit induced analogously. More explicitly,
the unit n: C — fgt,fgt*C can be naturally identified with pr*: C — C(A x —) for
C € CATy, while the counit is given by restriction A*: D — D((A x A) x 4 —) along
the diagonal for any T/ 4-oo-category D.

REMARK 1.33. Let A € T and write fgt: T" — T4 for the forgetful functor
again. Combining the previous remark with Remark one can identify

Funy(C,D)(A) ~ Fung,, (fgt*C, fgt™D) (1.3)

naturally in C,D. By |CLL25a, Corollary 2.2.11] and its proof, the resulting
equivalence can also be described more directly as follows: the Beck—Chevalley map

fgt*Fun, (C, D) —2s Fung, (fgt™C, fgt™C x fgt"Funy(C, D))
~ Funy,, (fgt"C, fgt" (C x Funy(C, D))) — Funy,, (fgt*C, fgt"D)

associated to the natural equivalence fgt*C x fgt*(—) ~ fgt*(C x —) is invertible,
and (1.3]) is obtained by evaluating this equivalence on global sections.

1.2.2. Adjunctions. Since CAT, is cartesian closed, it is in particular tensored
and cotensored over itself. Thus, also CAT7 is tensored and cotensored over CAT o,
by performing these operations levelwise. The tensoring allows us to view CATp
as a CAT . -enriched oo-category (that is, an (oo, 2)-category), with mapping co-
categories given by the oo-categories Fun(C, D) introduced above. For our purposes,
it will be enough that this allows us to upgrade the homotopy 1-category of CATr to
a (2,2)-category; we will therefore refrain from using (0o, 2)-categorical techniques,
and beg the reader who would prefer a more highbrow approach for their forgiveness.

Using the (homotopy) enrichment, we obtain an internal notion of natural
transformations between functors C — D as morphisms in Fun(C, D), or equivalently
as T-functors C x [1] — D or C — Fun([1], D). In particular, we obtain an internal
notion of adjunction, consisting of functors F': C — D, G: D — C and natural
transformations n: id — GF and €: FG — id satisfying the triangle identity up to
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homotopy. Below we will almost exclusively use the following pointwise criterion
for adjunctions:

LEMMA 1.34 (See [IMW 24| Proposition 3.2.9 and Corollary 3.2.11]). Let F': C —
D be a T-functor. Then F' admits a right adjoint if and only if Fa: C(A) — D(A)
admits a right adjoint G 4 for every A € T such that these right adjoints satisfy
the Beck—Chevalley condition: for every f: A — B in T the Beck—Chevalley
map f*Gp — Gaf* associated to the naturality equivalence f*Fp ~ Fuf* is an
equivalence.

Moreover, in this case the functor Fx: C(X) — D(X) admits a right adjoint
G x more generally for any X € PSh(T), and the Beck—Chevalley condition holds
more generally for all maps in PSh(T). |

REMARK 1.35. Note that if F: C — D and G: D — C are T-functors and
n:id — GF,e: FG — id are natural transformations exhibiting them as adjoint,
then nx:id - GxFx and ex: FxGx — id exhibit Fx as left adjoint to Gx for
any X € PSh(T"). It follows formally that in the situation of the previous lemma the
right adjoint G is given pointwise by the right adjoints Gx, with unit and counit
similarly given pointwise.

REMARK 1.36. Assume that for any f: A — B in T the restriction functors
f*:C(B) = C(A) and f*: D(B) — D(A) admit left adjoints fi: C(A) — C(B) and
fi: D(A) — D(B). By general nonsense about Beck—Chevalley maps, the Beck—
Chevalley map f*Gp — Gaf* from Lemma[1.34]is an equivalence if and only if the
Beck—Chevalley map fiF4 — Fpfi is so. Below, we will see that (under additional
assumptions on C and D) the latter Beck—Chevalley condition can be interpreted as
F preserving certain parametrized colimits.

1.2.3. Limits and colimits. Having introduced adjunctions, we can now talk
about colimits and limits in 7T-co-categories.

DEFINITION 1.37. Let C, K be T-oco-categories. We say that C has K-shaped
colimits if the T-functor constyx: C — Fun(K,C) (induced by K — 1) admits a
left adjoint colimy. If also D has K-shaped colimits, then we say that a T-functor
C — D preserves K-shaped colimits if the Beck—Chevalley map colimx oFun(K, F') —
F o colimg is invertible.

Dually, we define what it means to have KC-shaped limits and to preserve them.

REMARK 1.38. In light of Remark [I.35 the Beck—Chevalley condition from the
previous definition can be rephrased as saying that the ordinary Beck—Chevalley
map colimy (A) o Fun(K, F)(A) — F(A) o colimg (A) is invertible for every A € T.

EXAMPLE 1.39 (See [CLL25al, Lemmas 2.3.9 and 2.3.10]). Let K be an ordinary
oo-category, and write K := const K for the corresponding constant T-oco-category.
Then a T-oco-category C has K-shaped colimits if and only if it factors through the
non-full subcategory CAT o, (K) C CAT, of oo-categories with K-shaped colimits
and functors preserving these colimits; moreover, in this case also its limit extension
factors through CAT o (K).

Likewise, a T-functor F': C — D preserves K-shaped colimits if and only if
F(A): C(A) — D(A) preserves K-shaped colimits for every A € T or equivalently
A € PSh(T).
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DEFINITION 1.40. We say that a T-co-category C has an initial object if it
has (const ()-colimits. Dually, a T-oo-category C has a terminal object if it has
(const 0)-indexed limits.

By the above example, a T-co-category C admits a terminal or initial object if and
only if C(A) admits a terminal or initial object for all A € T and f*: C(B) — C(A4)
preserves terminal or initial objects, respectively, for all f: A — B in T.

DEFINITION 1.41. We say that a T-oco-category C is fiberwise cocomplete if it
has (const K)-shaped colimits for all small co-categories K, i.e. if it factors through
the non-full subcategory CATS C CAT.,. Analogously, we say that F': C — D is
fiberwise cocontinuous if and only if it preserves const K-colimits for all K € Catye.

While it might seem natural to define a cocomplete T-oo-category C as one
having K-shaped colimits for all small T-co-categories, it turns out that this is not
yet a well-behaved notion, see e.g. [MW24, Remark 5.1.2 and Example 5.4.12].
Instead one defines:

DEFINITION 1.42. Let U C CAT, be any full T-subcategory. We say that a
T-oo-category has U-colimits if the T 4-oo-category fgt’C has K-shaped colimits
for every A € T and K € U(A) C CATr,,. If also D has U-colimits, then we say
that a T-functor F': C — D is U-cocontinuous if fgt’y F' preserves K-shaped colimits
for all A € T and K € U(A4).

Dually, we define what it means to have U-limits and to be U-continuous.

DEFINITION 1.43. A T-oo-category is called (T-)cocomplete if it has Cat-
colimits, and a T-functor is called (T'-)cocontinuous if it is Catp-cocontinuous.

For T' = Glo, we will also speak of global cocompleteness and global cocontinuity.

REMARK 1.44 (See [MW24| Propositions 4.3.1 and 4.3.2]). Throughout, we
will use without further mention that parametrized colimits in functor categories
are ‘pointwise.” More precisely: If K is any T-oco-category and C is U-cocomplete,
then Fun(XC,C) is again U-cocomplete. Moreover, if K — £ is any functor, then the
restriction Fun(£,C) — Fun(XC,C) is U-cocontinuous, as is postcomposition with
any U-cocontinuous C — D.

In practice, one often uses a pointwise description of cocompleteness, similarly
to the pointwise criterion of adjunctions. This is particularly easy to state for
U C Spey:

LEMMA 1.45 (See |[CLL25a, Lemma 2.3.14 and Remark 2.3.15]). Let U C
Spep C CAT be any full subcategory. Then a T-oo-category C is U-cocomplete if
and only if the following conditions are satisfied:

(1) For every A € T and (u: X — A) € U(A) C PSh(T),4 the restriction
u*: C(A) — C(X) admits a left adjoint w,.
(2) For every A, B € T and every pullback square

y 25 X
|
BT}A

in PSh(T') such that u € U(A) (whence v € U(B)), the Beck—Chevalley
map vg* — f*w, is invertible.
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Moreover, in this case conditions (1) and (2) hold more generally without the
representability condition, i.e. for all A, B € PSh(T). |

LEMMA 1.46 (See |CLL25al Lemma 2.3.16]). Let U C Spcy be any full sub-
category, and let F': C — D be a T-functor between U-cocomplete T-co-categories.
Then the following are equivalent:

(1) F is U-cocontinuous.

(2) The Beck—Chevalley map wF — Fu, is invertible for every A € PSh(T)
and u € U(A).

(3) The previous condition holds for all A € T. O

Together with the notion of fiberwise cocompleteness from Definition this
is enough to describe T-cocompleteness:

PROPOSITION 1.47 (See [MW 24| Proposition 5.4.1]). A T-oo-category C is
T'-cocomplete if and only if it is fiberwise cocomplete and Spcy-cocomplete. Analo-
gously, a functor F': C — D of T-cocomplete co-categories is T-cocontinuous if and
only if it is fiberwise cocontinuous and Spcp-cocontinuous. O

REMARK 1.48. As a consequence of Remark left adjoint functors of T-
cocomplete oo-categories are T-cocontinuous. More generally, any left adjoint of
U-cocomplete T-oo-categories is U-cocontinuous, see [MW 24, Proposition 5.2.5].

There is also a notion of parametrized Kan extensions:

THEOREM 1.49 (See [MW24, Theorem 6.3.5 and Corollary 6.3.7]). Let f: A —
B be a T-functor such that A is small and B is locally small, and let C be any
T-cocomplete T-co-category. Then the restriction f*: Funp(B,C) — Funp(A,C)
admits a left adjoint fi. If f is fully faithful, so is fi. ]

Next, we introduce T-oo-categories of T-cocontinuous functors:

CONSTRUCTION 1.50. Let C,D be T-cocomplete T-oo-categories. We write
Fun®-¢¢(C, D) for the subfunctor of Fun(C,D): PSh(T)°? — CAT,, given at an
object X € PSh(T') by the full subcategory of Fun(C,D)(X) spanned by the T-
cocontinuous functors C — Fun(X, D). |CLL25al, Proposition 2.3.28] shows that
Fun’-¢(C, D) is a limit-preserving functor PSh(T) — CAT,, i.e. a T-oco-category.

REMARK 1.51. The above follows [CLL25a], whereas [MW24]| instead defines
Fun”-¢(C, D) in terms of the description from Remark For the equivalence of
these two approaches see [CLL25al, Proposition 2.3.26].

Using this, we can now state the universal property of parametrized presheaves:

THEOREM 1.52 (See [MW 24| Theorem 7.1.1]). Let K be a small T-co-category
and let C be a T-cocomplete T-oo-category. Then the functor y* : Fun(PSh(K),C) —
Fun(K,C) given by restriction along the Yoneda embedding from Example
induces an equivalence

Fun"**(PSh(K), ) == Fun(K, C). 0

If € =1, then the Yoneda embedding 1 — PSh(1) ~ Spcy is the inclusion of

the terminal object as a consequence of Remark Thus, we get:

COROLLARY 1.53. Let C be a T-cocomplete T-co-category. Then evaluation at
the terminal object defines an equivalence

Fun”"**(Spey, C) == C. O
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1.2.4. Presentable T-0o-categories. We now review the notion of parametrized
presentability:

DEFINITION 1.54. A T-oco-category C is called fiberwise presentable if it factors
through the non-full subcategory Pr¥ ¢ CAT. of presentable co-categories and left
adjoint functors. We say that C is (T )-presentable if it is fiberwise presentable and
T-cocomplete (Definition [T.43).

ExAMPLE 1.55. The T-oco-category Spcr is T-presentable, see [CLL25a, Ex-
ample 2.4.4]. More generally, if K is any small T-oco-category, then PSh,.(K) is
T-presentable by Example 2.4.5 of op. cit.

REMARK 1.56. [MW22] instead defines T-presentable T-oco-categories as suit-
able Bousfield localizations of presheaf T-co-categories; for the equivalence to the
above definition see [MW22| Theorem 2.4.2.5].

As a consequence of Remark we have the following parametrized version
of the Adjoint Functor Theorem, see also [MW22| Proposition 2.4.3.1 and 2.4.3.3]:

PROPOSITION 1.57. (1) Let C be T-presentable and let D be T-cocomplete
and locally small. A T-functor F': C — D is a left adjoint if and only if it
is T'-cocontinuous.

(2) Let C,D be T-presentable. A T-functor G: C — D is a right adjoint if

and only if it is T-continuous and fiberwise accessible (meaning that each

C(A) — D(A) is accessible). O

DEFINITION 1.58. We denote by Pr% C CAT7 the non-full subcategory with

objects the T-presentable T-co-categories and with morphisms the left adjoint (or,
equivalently, T-cocontinuous) functors.

We will moreover write Pr% C CATy for the non-full subcategory with the
same objects, but whose morphisms are the right adjoint T-functors.

REMARK 1.59. If D, £ are presentable, then the Adjoint Functor Theorem simi-
larly lets us identify Fun”=¢(D, £)(A) ~ Fun’ (D, £(A x —)) with the subcategory
of Fun(D, (A x —)) spanned by the left adjoint T-functors, and we will therefore
typically write Funk (D, £) := Funl-<¢(D, £).

PROPOSITION 1.60. If D, £ are T-presentable, then so is Funk (D, £).

PROOF. If D =~ PShy(Dy), then Funk(D, €) ~ Funy(Dy, ) by Theorem [1.52]

and so the claim is an instance of [MW22| Corollary 2.4.2.7].
In the general case, we use [MW22, Remark 2.4.4.12] to find a pushout

A%B

I

CT>D

in PrIf such that A, B,C are presheaf categories. Taking Hom(—,@(é x [n], 5))
for varying A € T and n > 0 we then arrive at a pullback

Funk(D, ) —— Funl(C, &)

l lp*

2
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in CATr. By the above special case, all objects except possibly the top left
one are presentable; moreover, f* and p* are cocontinuous since FunT'CC(X V) C
Fun(X,)) is closed under T-colimits for any T-cocomplete X', ) by [IMW 22| Lemma
2.6.1.3]. The claim now follows since Pr% < CATy preserves small limits by
[MW 22, Proposition 2.4.4.10]. O

We also want to consider a (typically non-presentable) T-oo-category Fun®(C, D)
of right adjoint functors for presentable C, D:

CONSTRUCTION 1.61. Let C,D be presentable. We define Fun}(C,D) C
Fun,(C,D) as the full T-subcategory given in degree A € T by the right ad-
joint functors F': C — Fun(A4, D). Note that this is indeed a T-subcategory: if
f: B — Ais any map in T, then f*F is the composite

¢ % Fun(B, D) L Fun(4, D),
and the second functor is a right adjoint by Theorem

LEMMA 1.62. For any A € T, the adjunction fgt*: CATy = CATr,, :fgt,
restricts to an adjunction Pr% = Pr%A.

In particular, we see that Fun®(C,D)(A) corresponds in the description of
Fun(C,D)(A) from Remark to the full subcategory spanned by the right
adjoints fgt*C — fgt*D, which is the definition used in [MW 24, Remark 3.3.6].

PROOF. The functor fgt* sends presentable T-co-categories to presentable T a-
oo-categories by [MW22, Remark 2.4.2.10]. Moreover, fgt, sends T, 4-cocomplete
T p-oo-categories to T-cocomplete T-oo-categories by |CLL25al Proposition 2.3.26],
and it preserves fiberwise presentability by the explicit description given in Re-
mark [T.32] Thus, both adjoints restrict accordingly on the level of objects.

Next, we will show that they also restrict accordingly on the level of morphisms.
As fgt* commutes with the CAT-tensors, it preserves adjunctions; in particular,
it sends right adjoint T-functors to right adjoint T/ 4-functors. Moreover, we may
conclude from this that the right adjoint fgt, preserves CAT . -cotensors, so it also
preserves right adjoints.

It remains to show that the unit and counit are right adjoints; we will argue
for the unit, the argument for the counit being analogous. By Remark we
may identify the unit C — fgt,fgt*C with the map pr*: C — C(A x —). By Spcp-
cocompleteness, each pr*: C(B) — C(A x B) admits a left adjoint pr,, and these
satisfy the Beck—Chevalley condition as the square

AxB -2 Ax B

prl |

is a pullback for any f: B — B’. Thus, the existence of the adjoint follows from
Lemma, .34 O

For (much) later use we record the following consequence:
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COROLLARY 1.63. Let A € T arbitrary, let £ be a presentable T-co-category,
and let F': C — D be a left adjoint functor of presentable Ty y-co-categories. Then
fegt, F' is again a left adjoint, and there exists a diagram of spaces

Homp,. (fgt, D, €) et By Homp,, (fgt,C, €)

{ JN (1.4)

Homp,r (D,fgt") —— Homp,. (C,fgt*E)
T/a —oF T/a

commuting up to (unspecified) homotopy.

A more careful (and more involved) argument would show that fgt, and fgt*
restrict to functors between Pr]f and Pr% , with fgt, being left adjoint to fgt*.
/A

PROOF. Write U: D — C for the right adjoint of F. By the proof of LemmalT.62]
the T-functor fgt, U will then be right adjoint to fgt, F'.

We now recall from [MW 22| Proposition 2.4.4.7] that there exists an equivalence
Pr]f ~ (Pr?)of’, given on objects by the identity and sending a left adjoint T-functor
to its right adjoint. We therefore see that the top arrow in agrees up to
conjugation by equivalences with fgt,U o —: Homp,r (&,1gt, D) — Homp, (&, fgt,C).
By Lemma [1.62] we may further identify this up to equivalence with

Uo—:Hompr (fgt*&,D)— Homp,z (fgt*E,C),
T/a T/a

which another application of [MW22| Proposition 2.4.4.7] then identifies (up to
equivalence) with the bottom horizontal map in (1.4]). O

2. Model categories of equivariant and global spaces

As the main result of this first part, we want to describe the free globally
presentable global co-category in terms of unstable G-global homotopy theory as
studied in [Sch18,Bar23|. In this section, we will introduce the relevant pointset
models of G-global spaces and establish their basic properties; the universal property
will then be proven in the next section.

2.1. Equivariant spaces. We begin with a quick reminder on the (genuine)
homotopy theory of G-spaces for compact Lie groups G.

DEFINITION 2.1. Let G be a compact Lie group, and let F be any collection of
subgroups of G. We call a map f: X — Y of topological G-spaces an F-equivariant
weak equivalence or F-equivariant fibration if f7: XH — YH is a weak homotopy
equivalence or Serre fibration, respectively, for every H € F.

PROPOSITION 2.2. The F-equivariant weak equivalences and fibrations partic-
ipate in a model structure on the category G-Top of topological spaces with an
action of G. This model structure is proper, topological, and cofibrantly generated
with generating cofibrations

{G/H x9D"™ — G/H x D" : H € F,n >0}
and generating acyclic cofibrations

{G/H x D" — G/H x D" x [0,1] : H € F,n > 0}.
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PROOF. [Sch18| Proposition B.7] constructs this model structure and proves
that it is topological, proper, and cofibrantly generated. The description of the
generating (acyclic) cofibrations is pointed out in the proof of loc. cit. O

ExAMPLE 2.3. In the special case where F = A is the collection of all closed
subgroups of G, we will refer to the above as the (G-)equivariant model structure
and to its weak equivalences as the (G-)equivariant weak equivalences. We write
S for the Dwyer—Kan localization of the 1-category G-Top at the G-equivariant
weak equivalences, and call it the co-category of G-spaces.

ExamPLE 2.4. If G, H are compact Lie groups, then we write Gg g for the
collection of graph subgroups, i.e. subgroups of G x H of the form

Ik = {(k, oK) : k € K}

for closed subgroups K C G and continuous group homomorphisms ¢: K — H. We
will typically denote I'k ,-fixed points as (—)%.

Note that a closed subgroup of G x H belongs to G, i if and only if it intersects
1 x H trivially. In particular, Gg g is different from the collection Gy, of subgroups
intersecting G x 1 trivially, unless G = H = 1.

2.1.1. Functoriality. The following functoriality properties for equivariant spaces
are well-known, but we include proofs for the reader’s convenience:

LEMMA 2.5. Let a: G — G’ be a continuous group homomorphism, and let F, F'
be collections of closed subgroups of G and G’, respectively, such that o(H) € F'
for every H € F. Then
ar: G-Top = G’-Top :a*
is a Quillen adjunction with homotopical right adjoint for the F-model structure on
the left and the F’'-model structure on the target.

ProOF. Note that we have an equality of functors (=) o a* = (=)*), Thus,
it follows immediately from the definitions that a* preserves weak equivalences and
fibrations. ([l

EXAMPLE 2.6. If H is any further Lie group, then the previous lemma shows
that
ay=(H x a): (H X G)-Top = (H x G')-Top :a* := (H x a)*

is a Quillen adjunction for the Gy g-model structure on the left and the Gy g/-model
structure on the target. If o is injective, it is also a Quillen adjunction for the Gg, f-
and Ggr g-model structures.

LEMMA 2.7. Let a: G — G’ be a homomorphism of compact Lie groups, and
let F,F' be families of closed subgroups (i.e. non-empty collections of subgroups
closed under subconjugates) of G and G’, respectively, such that F contains every
closed subgroup H C G for which a(H) € F'. Then

o*: G'-Top = G-Top :a,
is a Quillen adjunction with homotopical right adjoint.

ProOOF. It suffices to show that o* sends generating (acyclic) cofibrations to
(acyclic) cofibrations. By the explicit description of the generating cofibrations,
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and since G-Top is topological, it then further suffices to show that o*(G’'/H’) is
F-cofibrant for every H' € F'.

By Illman’s triangulation theorem [I1183] Theorem 7.1}, G’ admits the structure
of a (G x H')-CW-complex, where g € G acts via left multiplication by a(g) and
h € H' acts via right multiplication by h~!. Note that a(g)g’h~! = ¢’ if and only if
h=g"talg)g, ie. the (G x H)-isotropy of any g’ € G’ is contained in the collection
G of all subgroups of the form 'y o where K C G and o/: K — G’ is conjugate to
a and has image in H’'. In particular, every cell in the (G x H')-CW-structure on
G’ needs to have isotropy contained in G, i.e. the (G x H)-space G’ is G-cofibrant.
To finish the proof, it then suffices by Lemma to observe that for any ' o» € G
the image under the quotient map G x H' — G is precisely K, which satisfies
o/ (K) C H', so that o(K) € F" and hence K € F by assumption. O

EXAMPLE 2.8. Dually to Example [2.6] the previous lemma shows that
a*: (H X G")-Top = (H x G)-Top :

is always a Quillen adjunction for the G - and Gg, g-model structures, and that
it is a Quillen adjunction for the Gy g~ and Gy g-model structures if « is injective.

2.1.2. Homotopy pushouts. A priori, checking whether a commutative square
in G-Top is a homotopy pushout in the F-model structure involves replacing one
of the legs by a cofibration. Working with this directly is often inconvenient as
there are rather few cofibrations, and since cofibrations are not preserved by basic
operations like restricting the action. We therefore introduce a larger class of maps
such that pushouts along them compute homotopy pushouts:

DEFINITION 2.9. Let C be a topological model category. A map f: A — X
in C is called an h-cofibration if the evident map X II4 ([0,1] ® A) — [0,1] ® X
admits a retraction.

REMARK 2.10. In [Sch18| Definition A.28], h-cofibrations are instead defined
as the maps satisfying the left lifting property against a certain class of maps; the
equivalence to the above definition is noted directly afterwards. Note moreover
that as a collection of maps defined via a left lifting property, the h-cofibrations
are automatically closed under pushouts, retracts, coproducts, and transfinite
composition.

ExAMPLE 2.11. By definition, the h-cofibrations in Top are precisely the
Hurewicz cofibrations; as we are working in compactly generated weak Hausdorff
spaces, these are automatically closed [Sch18| Proposition A.31].

ExaMPLE 2.12. If G is any compact Lie group and F is any collection of
closed subgroups, then any F-cofibration is an h-cofibration as a consequence of
[Sch18| Corollary A.30(i)].

REMARK 2.13. For any homomorphism a: G — G’ of compact Lie groups,
the restriction functor o* preserves h-cofibrations as we may simply restrict a
retraction of the cylinder inclusion along «. Similarly, it follows from [Sch18|
Proposition B.1(i)] that also the fixed point functor (—)¢: G-Top — Top preserves
h-cofibrations.
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LEMMA 2.14. Let G be a compact Lie group, and let

A1, B

L] o)

C —— D

be any pushout in G-Top such that i is an h-cofibration. Then (2.1]) is a homotopy
pushout in the F-model structure for any collection F of subgroups.

PRrROOF. It suffices to factor f into a cofibration A — Cj followed by a weak
equivalence, and to observe that the induced map BII4 Cy — B4 C = D is an
F-weak equivalence by [Sch18| Proposition B.6]. O

We also have the following pointwise characterization of homotopy pushouts:
LEMMA 2.15. A commutative square

A——B

l l (2.2)

C —— D

in G-Top is a homotopy pushout in the F-model structure if and only if for every
H € F the resulting square on H-fixed points is a homotopy pushout in Top.

PROOF. Pick a factorization of A — B into a cofibration i followed by an
F-weak equivalence f as depicted in the following diagram:

A%BO%B

I

By definition, is a homotopy pushout if and only if g is an F-weak equivalence.
As i is in particular an h-cofibration, so is i for every H € F by Remark
moreover, [Sch18| Proposition B.1(i)] shows that if we apply H-fixed points to
the left-hand square in the above diagram, this is still an (honest) pushout square.
Thus, applying the previous lemma for G = 1, we see that g is a weak homotopy
equivalence if and only if induces a homotopy pushout on H-fixed points.
Letting H vary, this yields precisely the claim. O

2.2. Global spaces. In this subsection, we will recall Schwede’s model of
global spaces in terms of orthogonal spaces |[Sch18| as well as Barrero’s G-global
generalization of this [Bar23|.

CONSTRUCTION 2.16. We view inner product spaces of countable dimension
as topological spaces by equipping them with the weak topology with respect to
the family of finite subspaces, or equivalently with respect to any chosen exhaustive
sequence of finite-dimensional subspaces. If V and W are countably-dimensional
inner product spaces, then we write L(V,W) for the space of linear isometric
embeddings, topologized as subspace of the mapping space maps(V, W) with the
compact-open topology. We write L for the topological category of countable-
dimensional inner product spaces and linear isometric embeddings, and L C L
for the full subcategory of finite-dimensional inner product spaces. By [Sch20,
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Proposition A.2], these are indeed topological categories (i.e., the composition maps
are continuous).

REMARK 2.17. We can describe the topologies on the above mapping spaces
more concretely as follows, see [Sch20| Proposition A.5(iii)]: For a finite-dimensional
inner product space U, denote by O(U) its ortogonal group. If VW are finite-
dimensional inner product spaces and L(V, W) # (), then we have for any linear
isometric embedding ¢ € L(V, W) a homeomorphism

oOW)/O(W —i(V)) = L(V, W), [A] — Ai,
where W — i(V') denotes the orthogonal complement of (V') in W. In other words,
L(V,W) is topologized as a Stiefel manifold. If V is finite-dimensional and W
is arbitrary, then L(V,W) is topologized as the colimit of the mapping spaces
L(V,Wy) over the finite-dimensional subspaces Wy C W. Finally, if also V is

arbitrary, then L(V, W) is topologized as the inverse limit of the spaces L(Vy, W)
for finite-dimensional subspaces V, C V.

DEFINITION 2.18. The topological category of orthogonal spaces is defined as
the enriched functor category L-Top := Funcn: (L, Top).

REMARK 2.19. The references [Sch18|Bar23| use the notation spc for the
category of orthogonal spaces.

2.2.1. The level model structure. The G-global model structure on the category
G-L-Top of orthogonal spaces with a continuous action by a compact Lie group G
is constructed in two steps, beginning with a level model structure:

PROPOSITION 2.20 (See [Bar23| Theorem A.2 and Lemma A.7]). Let G be a
compact Lie group. There is a unique model structure on G-L-Top where a map
f: X =Y is a weak equivalence or fibration if and only if f(V)?: X(V)? = Y(V)¥
is a weak homotopy equivalence or Serre fibration, respectively, for every compact
Lie group H, every faithful H-representation V, and every continuous group
homomorphism ¢: H — G.

We call this the G-global level model structure and its weak equivalences
the G-global level weak equivalences. This model category is proper, topological,
and cofibrantly generated with generating cofibrations

{L(V, =) xu, G x (D™ — D") : V faithful H-representation,p: H — G,n > 0}
and generating acyclic cofibrations
{L(V, =) xu, G x (D" < D" x I) : V faithful H-representation,: H — G,n > 0},
where L(V, —) x, G denotes the quotient of L(V, —) x G by the diagonal of the right

H-action on L(V, —) via precomposition and the right H-action on G via . O

REMARK 2.21. Unravelling definitions, we can equivalently describe the level
weak equivalences as those maps f: X — Y such that f(V) is a Go(vy,g-weak
equivalence in (O(V) X G)-Top, and analogously for the fibrations.

REMARK 2.22. Any cofibration in the level model structure is in particular an
h-cofibration, see [Bar23| Lemma 3.15] or [Sch18| Corollary A.30(iii)].

LEMMA 2.23. Let a: G — G’ be an injective homomorphism of compact Lie
groups. Then o*: G’-L-Top — G-L-Top is left Quillen with respect to the level
model structures.
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PROOF. We may equivalently show that «, is right Quillen, which follows from
Example applied levelwise. O

LEMMA 2.24. For any V € L, the functor evy : G-L-Top — (O(V') X G)-Top
is both left and right Quillen for the level model structure on the source and the
Go(v),g-model structure on the target.

PRrOOF. The functor evy has both adjoints (given by enriched Kan extension),
and it is clear from the definitions that it preserves weak equivalences and fibrations.
It only remains to show that it also preserves cofibrations, for which it again suffices to
show that L(U, V) x, G = @ (L(U,V)) is a cofibrant in the Go (v g-model structure
for every homomorphism ¢: H — G and any finite faithful H-representation U.

By Example it will suffice to treat the case p = id. If L(U,V) = 0, there
is nothing to prove, otherwise we may identify U with a subspace of V. Then the
homeomorphism O(V)/O(V —U) — L(U, V) from Remark[2.17]is just the restriction
map, which is easily seen to be (H x G)-equivariant with respect to the action on
the source via pre- and postcomposition. By Illman’s theorem, O(V) admits the
structure of an (O(V —U) x O(V) x H)-CW-complex; moreover, the isotropy of
any cell of this decomposition has to be contained in Gov_vyxo(v),m as H acts
freely on O(V') by faithfulness of U C V. Thus, O(V) is Go(v—u)xo(v),m-cofibrant,
and hence L(U,V) = O(V)/O(V —U) is Go(v),u-cofibrant by another application
of Example O

2.2.2. The G-global model structure. The G-global model structure we are actu-
ally after will be obtained from the level model structure by Bousfield localization.

DEFINITION 2.25. A map f: X — Y in G-L-Top is called a G-global fibration
if it is a G-global level fibration and for all H-representations V, W such that V is
faithful the naturality square

XV)— X(Vow)

v
f(V)J Lf(‘@w)
Y(V) — Y(Va& W)

is a homotopy pullback in the Gp g-equivariant model structure on (H X G)-Top.

A G-orthogonal space X is called static if X — 1 is a G-global fibration, i.e. if
the transition map X (V) — X(V & W) is a G g-weak equivalence for all V, W as
above.

THEOREM 2.26 (See [Bar23, Theorem A.20]). The G-global level model struc-
ture admits a Bousfield localization whose fibrations are the G-global fibrations and
whose fibrant objects are the static orthogonal G-spaces (Definition . We call
this the G-global model structure and its weak equivalences the G-global weak
equivalences. This model structure is again proper, topological, and cofibrantly
generated. O

REMARK 2.27. We refer the reader to [Bar23| Construction A.14] for an explicit
construction of a set of generating acyclic cofibrations. All that we will need later is
that these are maps between cofibrant objects.

DEFINITION 2.28. We write &g for the Dwyer-Kan localization of G-L-Top
at the G-global weak equivalences, and call it the co-category of G-global spaces.
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In general, the G-global weak equivalences are a bit inconvenient to describe
due to some pointset level issues, see [Bar23, Definition 3.2]. For nice enough
G-orthogonal spaces there is however a simple description, which we will now recall.

CONSTRUCTION 2.29. Let X be an orthogonal space and let V' € L be an inner
product space of countable dimension. We define
X(V) = colim X(U),

ucv
finite dimensional

where the colimit runs over the poset of finite dimensional subspaces U C V', with the
evident transition maps. Note that for finite dimensional V', this poset has a terminal
object given by V itself, and so we have a canonical isomorphism X (V) = X (V).
If f: V — V' is any linear isometry, then the maps U — f(U) C V' for
U C V finite assemble into a map X (V) — X(V'), and as shown as part of
[Sch20, Construction 3.2], this makes X : L— Top into a topologically enriched
functor. Together with the obvious functoriality of X — X in maps of orthogonal

spaces, we therefore obtain a functor
L-Top = Fun,y (L, Top) — Funy (L, Top) =: L-Top (2.3)
which is a section of the restriction functor.

LEMMA 2.30. The functor (2.3)) is topologically enriched.

PROOF. Recall that mapping spaces in enriched functor categories are topol-
ogized as a subspace of the product. By the universal property of the latter, the
claim therefore amounts to saying that

mapsy, top (X,Y) — mapsr,, (X(V),Y(V))

is continuous for all X,Y € L-Top and V' € L. Adjoining over and plugging in the
definition of X (V'), this is equivalent to continuity of

X(U) X mapSL-Top(Xa Y) — ?(V)
for all finite-dimensional U C V. But this map is simply the composite

X(U)xevy
EEE—

X(U) x maps(X,Y) X(U) xmaps(X(U),Y(U)) =5 Y (U) = Y(V),

and each of these maps is evidently continuous. (I

CONSTRUCTION 2.31. By the above lemma, lifts to a functor G-L-Top —
G-i-Top for every compact Lie group G. If now H is a compact Lie group and V is
an orthogonal H-representation of countable dimension, then postcomposition with
evaluation at V yields a functor evy: G-L-Top — (H X G)-Top, X — X (V).

CONVENTION 2.32. From now on we will no longer distinguish notationally
between an orthogonal space and its extension to L. In particular, we will denote
evy on objects by X — X (V).

If X is an orthogonal space, then the values of (its extension) at infinite
dimensional inner product spaces are in general not homotopically meaningful as
sequential colimits in Top do not preserve weak homotopy equivalences. We will
now single out a class of orthogonal spaces for which this problem goes away:
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DEFINITION 2.33. An orthogonal space X (possibly equipped with an action
of a compact Lie group) is called closed if for every linear isometric embedding
V — W of finite-dimensional inner product spaces V, W, X (V) — X (W) is a closed
embedding.

LEMMA 2.34 (See |Bar23, Proposition 3.5]). A map f: X — Y of closed
orthogonal G-spaces is a G-global weak equivalence if and only if the induced map
fU): X(Un) = Y (Up) is a Gy g-weak equivalence for every compact Lie group
G and any complete H-universe Uy, i.e. any countable H-representation into
which any finite-dimensional H -representation embeds. [

There is also a sufficient supply of closed orthogonal G-spaces:

LEMMA 2.35. Every cofibrant G-orthogonal space is closed.

PROOF. By Lemma [2:23] it suffices to treat the case G = 1, which is in turn
the content of [Sch18| Proposition 1.2.11(iii)]. O

2.2.3. A presheaf model. As the main result of [Sch20], Schwede proved a global
Elmendorf theorem in the form of a chain of Quillen equivalences between the global
model structure on L-Top and a certain model category of enriched presheaves. For
our purposes, the following oco-categorical version will be more convenient:

PROPOSITION 2.36. Let G be a compact Lie group, and write Og-g1 C Sg.gl
for the full subcategory spanned by the objects of the form L(V,—) x, G for
compact Lie groups H, continuous group homomorphisms ¢: H — G, and faithful
H-representations V. Then the inclusion O¢g.g1 — Gg.g1 extends to an equivalence
PSh(Dg_gl) = Gg_gl.

The proof requires some preparations. We write GCGI?;ed for the Dwyer—Kan

localization of the full subcategory of G-L-Top spanned by the closed orthogonal
G-spaces, so that the inclusion induces an equivalence G‘é'fglcd — Gq.gl, With

inverse given by cofibrant replacement.

LEMMA 2.37. Let ¢: H — G be a homomorphism of compact Lie groups, let
Uy be a complete H-universe, and let V be any faithful H-representation. Then
L(V,—) X, G € S&¢.g corepresents the composite

(—)"’oequ

Sg.g = 5% Spe. (2.4)

Moreover, this functor is cocontinuous.

PROOF. It is clear that L(V, —) x, G is cofibrant and corepresents

G-L-Top -+ (H x G)-Top 7, Top (2.5)
in the enriched sense. Corollary therefore shows that it corepresents the right
derived functor Gg_g — Spe of in the oo-categorical sense.

To see that this right derived functor agrees with , let us fix an H-equivariant
linear isometric embedding i: V' — Up. It will then suffice to show that for any
cofibrant-fibrant orthogonal G-space X the map X (i)¥: X(V)¥ — X(Uy)¥ is a
weak homotopy equivalence. For this, we pick an exhaustive filtration (V) = Uy C
Uy C -+ C Uy of U by finite-dimensional subrepresentations: for example, we can
first choose a filtration by arbitrary finite subspaces V; and then inductively apply
[Sch20} Proposition A.7(i)] to find a finite-dimensional G-subrepresentation U,
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containing V,,+U,,_1. By fibrancy of X, each transition map X (U,)? — X (U,+1)? is
a weak homotopy equivalence, and it is moreover a closed embedding by cofibrancy.
Thus, the induced map X (V)¥ = X(Uy)? — colim, X(U,)¥ is again a weak
homotopy equivalence. Moreover, [Sch18| Proposition B.1(ii)] shows that the
natural map from the right-hand side to (colim,, X (U,))¥ is a homeomorphism,
finishing the proof that L(V, —)/G corepresents ([2.4)).

To prove that is cocontinuous, it suffices to show that it preserves coprod-
ucts and pushouts. The first statement is clear, while for the second one it suffices
by Lemma that evy,, : G-L-Top — (H X G)-Top sends any pushout square

A—+ B

L]

C —— D

where i is a cofibration and A, B,C, D are closed to a homotopy pushout in the
Gu,g-model structure. By Remark[2.22] 4 is in particular an h-cofibration, hence so is
i(Ug) by [Sch18, Corollary A.30(ii)]. The claim then follows from Lemma O

PROOF OF PROPOSITION 2,36 As &g is cocomplete and locally small (being
the oo-category associated to a model category), the inclusion Og.g — Gaugl
extends to a left adjoint functor PSh(O¢g.g1) < Sg-g1, with right adjoint given by
the restricted Yoneda embedding. The previous lemma together with Lemma [2.34]
shows that the right adjoint is conservative, so it only remains to show that the left
adjoint PSh(O¢.g1) — Sg.g is fully faithful. By [Lur09, Proposition 5.1.6.10] it
suffices for this that the functor Hom(X, —): S¢.g1 — Spc is cocontinuous for every
X € O¢.g1, which holds by the previous lemma. O

REMARK 2.38. Let us compare our category O, to (the topological nerve of)
the global indexing category Oy from Schwede’s global Elmendorf theorem [Sch20).

We write £ for the topological monoid L(R*,R*®) and £-Top for the topological
category of £-spaces. The topological category Oy is defined as the full subcategory
of £-Top spanned by the orbits £/H for so-called universal subgroups; moreover,
every compact Lie group is isomorphic to a universal subgroup of £ by [Sch20|
Proposition 1.5]. The objects £/H are cofibrant-fibrant in the projective global
model structure of [Sch20), Proposition 1.11] and hence Lemmas and show
that we may identify Nyop(Og) with the full subcategory £ of the localization
£6, of £-Top at the weak equivalences of the global projective model structure.

In [Sch20, Theorem 3.9], Schwede then shows that the functor evg : L-Top —
£-Top induces an equivalence Ggff — £6,. If H is any universal subgroup and V'
is any faithful H-representation, then Proposition A.10 of op. cit. shows that we
may identify L(V,R*°)/H ~ £/H (via restriction along any equivariant embedding
V < R*). In particular, evge induces an equivalence Og —— £O4 =~ Niop(Og1).

2.2.4. Change of group. We will now discuss how the above model structures
relate to each other as the group G varies:

LEMMA 2.39. Let a: G — G’ be a homomorphism of compact Lie groups. Then
ar: G-L-Top = G’-L-Top :a*

is a Quillen adjunction with homotopical right adjoint.
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ProOOF. By [Bar23|, Lemma 3.7(vii)], the functor o* is homotopical. On
the other hand, Example shows that if H is any compact Lie group, then
o*: (H X G')-Top — (H x G)-Top is right Quillen for the Gy - and Gy ¢-
model structures; applying this for H = O(V), we see that a* preserves level
fibrations. Similarly, if f: X — Y is even a G’'-global fibration, then this shows that

ac*X(V) — o X (Ve W)
a*f(V)l la*f(V@W)
Y (V) —— oY (Ve W)

is a homotopy pullback for all H-representations V, W such that V is faithful, i.e.
o* f is a G’-global fibration. a

LEMMA 2.40. Let a: G — G’ be an injective homomorphism of compact Lie
groups. Then the adjunction

o*: G'-L-Top = G-L-Top :a.
is a Quillen adjunction.

PROOF. By the previous lemma, the left adjoint a* preserves weak equivalences,
while Lemma [2:23] shows that it preserves cofibrations. O

Lemma shows that oy admits a left derived functor Loy: Gg.g = S g1
obtained by precomposition with a cofibrant replacement. Unfortunately, the cofi-
brant replacement provided by the small object argument is completely intractable
in practice; to get some control over the left derived functor, we will therefore
exhibit a strictly larger class of objects on which the pointset level functor « is still
homotopical. We begin with a statement for equivariant spaces.

LEMMA 2.41. Let G be a compact Lie group and let F be any collection of
closed subgroups of G closed under conjugation. Then any F-cofibrant G-space X
is Hausdorff, and every isotropy group of X is contained in F.

Proor. By Lemma the underlying non-equivariant space of X is cofibrant,
hence Hausdorff. For the second statement, note that the collection of all spaces with
isotropy groups contained in F is closed under coproduct, pushout and transfinite
composition along closed embeddings, as well as under passage to subspaces. As
moreover the source and target of any generating cofibration for the F-model
structure have isotropy groups contained in F (here we use the closure under
conjugation), the lemma follows. O

LEMMA 2.42. Let a: G — G’ be a homomorphism of compact Lie groups, and
let H be any other compact Lie groups. Then ay: (H X G)-Top — (H X G’)-Top
sends Gy g-weak equivalences between Hausdorff (H x G)-spaces with free ker(«)-
action to Gy c/-weak equivalences.

ProOF. Consider G’ as a (H x G x G')-space with G’ acting via left multipli-
cation, H acting trivially, and with g € G acting via right multiplication by a(g)~!.
Then o factors as

(H x G)-Top i (H X G x G")-Top e, (H x G')-Top.
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It is clear that the first functor preserves Hausdorffness and sends G g-weak
equivalences to Gu g xg-weak equivalences. Moreover, if X is ker(a)-free, then
G’ x X is G-free, as every point of G’ has G-isotropy ker(a). It therefore suffices
to show that the second functor sends Gy ¢ xc/-weak equivalences between G-free
Hausdorft spaces to Gy, ¢-weak equivalences.

If X is any G-free space, K C H is any closed subgroup, and ¢: K — G’ is any
homomorphism, then [Sch18| Proposition B.17] shows that the tautological map

[T x@®/c(lma) — (X/G)?

a: K—G [1[,’} — [SL’] (26)

is a homeomorphism, where the coproduct runs over G-conjugacy classes of continu-
ous group homomorphisms K — G, and C'(im «) denotes the centralizer of the image
of ain G. Thus, if f: X = Y is a Gy ¢-weak equivalence of G-free Hausdorff spaces,
then (f/G)¥ splits as a coproduct of the maps f(®%)/C(im«). By assumption,
each f(®¥) is a non-equivariant weak equivalence. As C(ima) C G acts freely on
X and Y, Lemma therefore shows that also the quotient f(®%)/C(ima) is a
weak homotopy equivalence. ([

PROPOSITION 2.43. Let a: G — G’ be any homomorphism of compact Lie
groups, and let f: X — Y be a G-global weak equivalence in G-L-Top such that
X (V) and V are ker(«)-free and Hausdorff for every V- € L. Then auf is a G'-global
weak equivalence.

PrOOF. Picking functorial cofibrant replacements in the G-global level model
structure yields a commutative diagram

x Ly

X —5 Y
where X’ and Y’ are cofibrant and the vertical maps are G-global level weak
equivalences. By 2-out-of-3, f’ is again a G-global weak equivalence, and hence ay f’
is a G’-global weak equivalence by Lemma [2.39] To complete the proof we will show
that ) sends the vertical maps to G’-global level weak equivalences; it will then
follow by 2-out-of-3, that af is a G'-global weak equivalences.

We argue for the left-hand map, the argument for the right-hand one being
analogous. By Lemma@ each X'(V) is Go(v),g-cofibrant, and hence in particular
ker(«)-free and Hausdorfl by Lemma Applying the previous lemma levelwise
therefore shows that an (X’ — X)) is a G-global level weak equivalence, as desired. O

In particular, we may compute L fi(X) for an orthogonal G-space X by resolving
it by a levelwise Hausdorff G-free X'.

2.2.5. Multiplicative properties. The topological category L admits an enriched
symmetric monoidal structure given by (orthogonal) direct sum; the associativity,
unitality, and symmetry isomorphisms come from the corresponding isomorphisms
for the cocartesian symmetric monoidal structure on the category of R-vector spaces.
This then induces a topologically enriched symmetric monoidal structure on L-Top
via enriched Day convolution; the symmetric monoidal product of this structure is
called the box product and is denoted by X.
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LEMMA 2.44. For any compact Lie groups G, H, the box product defines a
homotopical left Quillen bifunctor G-L-Top x H-L-Top — (G X H)-L-Top.

PROOF. The pushout-product axiom for cofibrations is verified in [Bar23|
Lemma A.6], while the preservation of weak equivalences is Corollary 3.10 of op. cit.

For the pushout product axiom for acyclic cofibrations, we will more generally
show that the pushout product of any h-cofibration ¢ (of orthogonal H-spaces) with
any G-global weak equivalence f is a (G x H)-global weak equivalence. As both
h-cofibrations and weak equivalences are stable under restriction (see Lemma ,
this follows at once by applying [Bar23, Corollary A.10] to trivgi and trivg f. O

COROLLARY 2.45. For any compact Lie group G, the functor
— X —: G-L-Top x G-L-Top — G-L-Top (2.7)
is homotopical and a left Quillen bifunctor.

PrROOF. We may factor (2.7)) as

G-L-Top x G-L-Top -, (G x G)-L-Top N G-L-Top,

where A = (id,id): G — G x G is the diagonal embedding. The first functor is a
homotopical left Quillen bifunctor by the previous lemma, while the second one is
homotopical and left Quillen by Lemmas [2.39] and [2.40] a

On the level of model categories, the box product often serves as a better
behaved version of the cartesian product—for example, we will see later that the
correct global version of the (unreduced) suspension spectrum functor is strong
symmetric monoidal on the pointset level for the box product (while it is only laz
symmetric monoidal for the cartesian product), and there is an interesting homotopy
theory of strictly commutative monoids for the box product [Sch18, Chapter 2].
On the level of co-categories, however, there is no difference:

LEMMA 2.46. There exists a natural G-global weak equivalence X KXY — X xY
for any X,Y € G-L-Top.

ProOF. This follows from |[Bar23, Proposition 3.9] by restricting along the
homomorphism A: G — G x G as before. O

COROLLARY 2.47 (See also |Bar23, Lemma 3.7(v)]). If f: X =Y and g: X' —
Y’ are G-global weak equivalences in G-L-Top, then f X g is again a G-global weak
equivalence. O

2.3. Model categorical aspects of the universal property. Our first big
goal is to construct an equivalence

Spegio(BG) = PSh(Glo) /pg ~ Gggi (2.8)

natural in compact Lie groups. The existence of such an equivalence has various
consequences for the change-of-group adjunctions discussed above—for example, it
implies that for any a: G — G’ the endofunctor Laja* of &4 is given by the
cartesian product with Laya*(1), simply because the analogous statement holds for
Spcayo- In this subsection, we will establish several such properties, which will turn
out to be crucial ingredients in the proof of the comparison in the next section.
We begin with the promised product formula for Laja*:
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PROPOSITION 2.48. Let a: G — G’ be any homomorphism of compact Lie
groups, let X € &gy g arbitrary, and write x: X — 1 for the unique map. Then

(e,Laya™x)

LOngz*X

is an equivalence in Sgr_y.

X x Laya™1

The proof will require some preparations:

LEMMA 2.49 (Projection formula). Let a: G — G’ be a homomorphism of
compact Lie groups, and let X € G-L-Top, Y € G’-L-Top. Then the map

(aupry,e o aupry): ay(X x a*Y) > X x Y (2.9)
is an isomorphism in G'-L-Top.
We remark for motivational purposes that (2.9) is just the Beck—Chevalley map

a(X x a*Y) m a(c*a X x a'Y) = o’ (X x a*Y) =5 X x a*Y

associated to the identity a*(—) X a*Y = o*(— x Y). Using our usual model for a,
we can also describe it explicitly as the map given pointwise by

(G'x X xa'Y)g — (G'x X)) xY
9,2, 9] — ([9, 2], 9.9).

PROOF OF LEMMA As all functors in sight are defined levelwise, it suffices
to prove the analogous statement with Top in place of L-Top.

Consider the map anX x Y — a(X x oY), ([g,2],9) — [g,2,97 .y]. This
is well-defined: any other representative of [g, z] is of the form [ga(h),h™!.z] for
some h € G, and [ga(h), h~ .2, a(h)"tg7 y] = [g,7,97 Lyl in (G’ x X xa*Y) /G by
definition of the G-action. It is then clear that this map is inverse to , so it only
remains to establish continuity. As — X Y preserves quotients, we may equivalently
show that the map G’ x X x Y — (G’ x X x o*Y)/G, (g,7,y) — [g,2,9" .y] is
continuous, which is clear. O

(2.10)

LEMMA 2.50. Let V' be a faithful representation of the compact Lie group GE|
Then L(V, —) — 1 is a cofibrant replacement in the G-global model structure.

PRrOOF. It is clear that L(V,—) is cofibrant. Moreover, if ¢: H — G is any
homomorphism of compact Lie groups, and Uy is any complete H-universe, then
L(V, =) (Ug)¥ = L(¢*V,Ug)H is weakly contractible by [Sch18, Proposition 1.1.21],
ie. L(V,—) — 1 is a G-global weak equivalence. O

PROOF OF PROPOSITION 2,48 We may assume without loss of generality that
X is modelled by a cofibrant object of G-L-Top (again denoted by X), which
is then in particular levelwise G-free and A#l-cofibrant. We now fix a faithful G-
representation V' and pick functorial cofibrant replacements in G-L-Top to obtain
a commutative diagram

X =S L(V,-) xa*X —=5 X

A

Y ——— s L(V,-) ———— 1

Such a representation always exists as a consequence of the Peter—Weyl Theorem, see e.g. [BtD95,
Theorem II11.4.1].
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where the horizontal maps are weak equivalences and X', Y’ are cofibrant. In
particular, the horizontal composites still define cofibrant replacements 7: X’ — X
and j: Y’ — 1 by Lemma [2.50| combined with Corollary Appealing to the
corollary once more, products in G’-L-Top are homotopical and hence model
products in the oo-categorical localization; the claim thus translates to saying that
the left-hand vertical map in the commutative square

X — a(L(V,—) x a*X)
(a!m’,soa;i)l l(ayprl,aoagprz)
Y x X —— aL(V,—) x X

is a G’-global weak equivalence. By Proposition the horizontal maps are
G-global weak equivalences, while Lemma shows that the right-hand map is
even an isomorphism. The claim therefore follows by 2-out-of-3. (]

If f: X = Y is any map in PSh(Glo), then fi: PSh(Glo),x — PSh(Glo),y lifts
to an equivalence Spcg,(X) = PSh(Glo),x = (PSh(Glo),y),s = Spcai(Y) /s,
and more generally it induces equivalences Spcgy,(X)/z — Speq,(Y) /5,2 for all
Z € Spcao(X). Our next goal is to prove the analogous statement for the change
of group adjunction Loy 4 a*. We begin with a model categorical version:

THEOREM 2.51. Let a: G — G’ be a homomorphism of compact Lie groups
and let B € G-L-Top cofibrant. Then

a: G-L-Top,5 — G'-L-Top,,, 5 (2.11)
is the left adjoint in a Quillen equivalence (for the usual slice model structures).
The proof will require some preparations.

LEMMA 2.52. Let G, H be compact Lie groups, and let X be a G-free and
Hausdorff (G x H)-space. Then the quotient map n: X — X/G (i.e. the unit of the
adjunction (—)/G  trivg) is a Gy g-equivariant fibration.

PRrROOF. Let K C H be any closed subgroup and let ¢: K — G be any con-
tinuous group homomorphism. Using the homeomorphism , we may identify
n¥ with the quotient map X% — X¥/C(im ) followed by the inclusion of a dis-
joint summand. The latter is clearly a Serre fibration, while the former is so by
Lemma [CT] O

LEMMA 2.53. Let G be a compact Lie group, and f: G — 1 the unique map.
Then the unit n: X — trivg(X/G) is a G-global fibration for every levelwise
Hausdorff and G-free orthogonal G-space X.

PROOF. Applying the previous lemma levelwise shows that 7 is a G-global level
fibration. It therefore only remains to show that the naturality square

X)) —1— x(v)/G
X(Vaew) 15 XVaoWw)/G

is a pullback in the Gp g-model structure for every compact Lie group G' and all
H-representations V, W such that V is faithful. As noticed above, the horizontal
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maps are Gy g-fibrations, so it will suffice to show that this square is a levelwise
pullback. This is an instance of Lemma O

PROOF OF THEOREM 251l The functor (2.11)) is left adjoint to the composite

G'-L-Top =, G-L-Top -0, 5 SR G-L-Top (2.12)

where n* denotes pullback along the unit : B — a*ayB. The unit and counit for
this adjunction are as follows: for X € G-L-Top,p, the unit is the induced map

X n

Thes
B Xgqxqp @ X —— a*a X

| - |
B T a*a B,

while the counit is given for an Y — ay B by the composite

(B Xaran 1Y) 2P 0oty S5 Y.

Lemma immediately implies that is left Quillen. It remains to show that
the induced adjunction on homotopy categories is an equivalence.

Write 7: G' — 1 for the unique homomorphism. Then LmLay ~ L(7a), so it
will suffice by 2-out-of-3 to prove the theorem for m and 7« in lieu of ¢, i.e. we may
assume that G’ = 1, so that oy = (—)/G. We will then explicitly verify that the
derived unit and counit are isomorphisms in the homotopy category.

We begin by observing that in the composite , the first functor is ho-
motopical by Lemma [2.39] while the second one is so by Lemma and right
properness of the model structure. Thus, for any cofibrant p: X — B (i.e. X is
cofibrant in G-L-Top), the derived unit is already modelled by the underived unit;
we claim that the latter is even an isomorphism, i.e. the square

X — trivg(X/G)

| |

B —— trivg(B/G)

is a pullback in G-L-Top. This can be checked levelwise; as cofibrant orthogonal
G-spaces are levelwise G-free and Hausdorff, this is another instance of Lemma
To show that also the derived counit is an isomorphism, we let ¢: Y — B/G
be any cofibrant-fibrant object; in particular, g is a G’-global fibration and Y is
Hausdorff. We pick a cofibrant replacement Z — B X iy, /g trivgY in the G-global
model structure, so that the derived counit for Y is modelled by the composite

Z)G — (B Xuivop/c 1iveY) /G L5 (iveY) /G <5 Y. (213)

As B is G-free, 50 is B X,iy, B/ trivgY’; moreover, the latter is Hausdorff as both B
and trivgY are so. As also the cofibrant object Z is G-free Hausdorff, Lemma [2.42]
shows that the leftmost map is a G'-global weak equivalence, and we are reduced to
showing that the composite of the remaining two maps (i.e. the underived counit) is
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a G'-global weak equivalence. We will show that it is even an isomorphism. For
this, note that Lemma [2.49| provides an isomorphism

(B x trivgY)/G — B/G x Y

(2.14)
[0, y] — ([b],y)

so that the map (B X trivgY)/G — Y restricts to the underived counit in question.
The closed embedding B X iy y/atrivgY < BXtrivgY induces a closed embedding
on G-orbits by [Sch18|, Proposition B.13(iii)], and so restricts to a closed
embedding (B X v, B/c triveY)/G < B/G x Y with image precisely those ([b], )
such that g(y) = [b], which is homeomorphic to Y via the projection. If follows that
the derived counit is an isomorphism, finishing the proof of the theorem. (I

COROLLARY 2.54. Let a: G — G’ be any homomorphism of compact Lie groups
and let B € Gg.g arbitrary. Then Lon: Ggg — GG/_gl induces an equivalence

(GG-gl)/B - (SG’-gl)/LagB“

Specializing to G’ = 1 and B = 1, we see that Sg.g1 = (Sg1)/(L(v,—)/c) for
any finite faithful G-representation V.

PrROOF. We may assume without loss of generality that B is the image of a
cofibrant object in G-L-Top. We pick a functorial cofibrant replacement @ — id
for the G-global model structure on G-L-Top (so that Loay: Gg.g — gy is
induced by ay o Q) and note that @ lifts to a functorial cofibrant replacement Q'
on G-L-Top, (sending Y — B to the composite QY — Y — B). We obtain a
commutative triangle

G-L-Top,; ~*%/%, G'-L-Top,,, 0

m} G,-L-Top/a!B

where the right vertical map is given by postcomposition with the map cy@B — o B
induced by the cofibrant replacement QB — B. As the latter is a weak equivalence
of cofibrant objects, so is the former, and hence the right-hand vertical map in the
above diagram induces an equivalence after Dwyer—Kan localization. The same
holds for the diagonal composite by the previous theorem, whence also for the top
map by 2-out-of-3. However, by Lemma the map induced by (s o Q)5 on
localizations can be identified with the map (Lou),/p: (Sc.g1)/B — (6 g1) /Loy B IN
question, finishing the proof. ([l

Finally, we record the following basechange condition:

PROPOSITION 2.55. Let

Q<+
L

g{ J

QTW
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be a pullback in the 1-category of compact Lie group:ﬂ such that p is surjective.
Then the Beck-Chevalley map Lqig* — f*Lp: of functors Gp.g1 — Sc.g Is an
equivalence.

Proor. If X € B-L-Top is cofibrant, then it is Hausdorff and B-free the above;
thus, the A-orthogonal space ¢g* X is Hausdorff, and it is ker(g)-free as ¢ is injective
when restricted to ker(g). It thus follows from Proposition that the (derived)
Beck—Chevalley map Lgig* X — f*Lpi X is already modelled by the underived Beck—
Chevalley map qig* X — f*mX on the pointset level. To complete the proof, we
will show that this map is even an isomorphism (without any assumptions on X).

For this note that since p is surjective, pi(—) = (—)/ ker(p) with unit id — p*p
given by the quotient map, and similarly for gq. For this choice of adjunction data,
one then directly computes that the Beck—Chevalley map is in fact the identity map
of (9" X)/ker(q) = X/g(ker(q)) = X/ ker(p). O

3. The unstable universal properties

The continuous Borel construction (Construction [1.11)) allows us to assemble
the oo-categories Ga.g1 from the previous section into a global co-category:

CONSTRUCTION 3.1. The global co-category Niop (L-Topb) sends the object
BG (for a compact Lie group G) to Niop(G-L-Top), and a 1-morphism of Glo,
corresponding to a homomorphism f: G — G’ of compact Lie groups, to the
restriction functor f*: Niop(G’-L-Top) — Niop(G-L-Top). If we equip each
Niop(G-L-Top) with the G-global weak equivalences, then all these restriction
functors are homotopical (Lemma , so upon localization we obtain a global
oo-category &, together with a global functor ~: Ntop(L-Topb) — G, given in
degree G by a localization at the G-global weak equivalences.

REMARK 3.2. If GG is any compact Lie group, then Lemma shows that
we can equivalently define &,)(BG) as the localization &g of the underlying
1-category of G-L-Top, i.e. after forgetting the enrichment. However, while this
suffices to construct the restriction of G, to the 1-category of compact Lie groups,
the underlying unenriched categories of our pointset models do not yet assemble
into a simplicially enriched functor Glo°® — TOPCAT A, and so the enrichment
on G-L-Top is necessary to encode some of the higher structure inherent in the
global functoriality of &,.

As our first main result we will show:
THEOREM 3.3. There exists a unique equivalence G, >~ Spcg,,-

Using the universal property of Spc,, from Corollary this can be restated
as follows, strengthening Theorem [A] from the introduction:

THEOREM 3.4. The global oo-category &, is globally presentable. For any
globally cocomplete global co-category D, evaluation at the terminal object defines
an equivalence

@Glo—cc(ggl,p) D

Note that the full subcategory of the category of topological groups spanned by the compact Lie
groups is closed under finite limits because it is closed under finite products as well as passage to
closed subgroups.
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Probably the most natural strategy to prove the theorem would be to first
show that &, is globally cocomplete, and then use the universal property of Spcg,
to obtain the comparison map—however, we do not know how to prove global
cocompleteness of &, without invoking the above theorem. Namely, while we have
seen that all restriction functors admit left adjoints, the Beck—Chevalley condition
for these left adjoints involves the extension of &, to PSh(Glo), of which we have
no concrete description in terms of the model.

On the other hand, there is also no hope to construct the map directly on the level
of simplicial sets: the functoriality of Spcg, is defined via cartesian straightening,
while we have no control over the cartesian unstraightening of Ntop(L-Topb).

We will therefore employ a different strategy. In §3.I] we will explain how,
given a suitable global co-category C with a terminal object, we can assemble the
functors g: C(BG) ~ C(BG) /1 — C(1) /4,1 induced by the left adjoint to restriction
along the unique map g: BG — 1 into a global functor F': C — C(1)/y(—) for some
specific T: Glo — C(1) with T(BG) = ¢i1. Corollary shows that for C = &
this comparison functor is an equivalence, essentially reducing us to showing that
T: Glo = Gy is fully faithful. Proving this full faithfulness is the hardest part of
our argument, and occupies all of §3.2]

In we then combine these results to prove Theorem as well as an F-
global generalization. Building on this, we will prove a similar universal property for
an analogously defined global co-category & of equivariant spaces in Finally,
we will discuss symmetric monoidal versions of these results in

3.1. The comparison map. Throughout this section, we let T' be a small
oo-category with a terminal object 1. The reader is welcome to think of 7' = Glo.

CONSTRUCTION 3.5. Let C: T°P — CAT, be a T-oo-category, with cartesian
unstraighening p: Un®(C) — T. As 1 € T is terminal, the constant T-co-category
const C(1) is left Kan extended from {1}, so the identity of C(1) extends uniquely
to a T-functor 7*: constC(1) — C; simply by naturality, 7*(A4): C(1) — C(A4) is
given by restriction along the unique map a: A — 1 for any fixed A € T. After
unstraightening, we can view 7* as a map C(1) x T — Un®*(C) of cartesian fibrations.

LEMMA 3.6. Assume that C factors through the wide subcategory CATI; of
right adjoint functors, i.e. for every f: A — B in T, the functor f*: C(B) — C(A)
admits a left adjoint fi. Then 7*: C(1) x T — Un*(C) admits a relative left adjoint
m, given on the fiber over A by ai: C(A) — C(1).

Beware however that m will typically not preserve cartesian edges (so that it
does not straighten to a T-functor).

PrOOF. For every A € T, the map induced by 7* on the fibers over A is
a*: C(1) — C(A), and this has a left adjoint a; by assumption. The claim now
follows from |[Lurl?7), Propositions 7.3.2.5 and 7.3.2.6]. O

CONSTRUCTION 3.7. As 1 € T is terminal, the inclusion C(1) — C(1) x T of the
fiber over 1 is right adjoint to the projection pr: C(1) x T' — C(1). Thus, the fully
faithful inclusion i: C(1) < Un®*(C) has a left adjoint A given by the composite
prom: Un®(C) — C(1) x T — C(1); in particular, the restriction of A to the fiber
C(A) over A is given by aj.

Assume now that C has a terminal object, and let s: T — Un®*(C) be the
corresponding cartesian section, i.e. s is the unique map of cartesian fibrations such
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that s(1) € C(1) is terminal, or equivalently every s(A) € C(A) is terminal. We then
define T: T — C(1) as the composite

T =5 Un®t(C) 25 C(1).

ExXAMPLE 3.8. The cartesian unstraightening of the T-oco-category C = Spcy is
the pullback Ar(PSh(7")) xpgn(7) T along the target map and the Yoneda embedding
y: T — PSh(T). The composite const o y: T — Ar(PSh(T)) then lifts to a map
T — Un®(Spcy) = Ar(PSh(T)) Xpsn(r) T over T, and one directly checks that this
is fiberwise terminal, and hence agrees with the functor s from above.

On the other hand, evo: Ar(PSh(T')) Xpgh(r) T — PSh(T') ~ PSh(T') ; is easily
seen to be left adjoint to the inclusion of the fiber over 1, and hence agrees with
A. Thus, for C = Spcyp the functor Y: T — C(1) = PSh(T') ;; simply recovers the
Yoneda embedding, modulo to the canonical identification PSh(T") ~ PSh(T’) ;.

What makes Construction useful is that it only refers to the parametrized
structure of C. In particular, if C is some T-oo-category we want to show is equivalent
to Spey (like C = &), the construction automatically provides a candidate for
the Yoneda embedding and hence of a map T'" — C(1) that should extend to an
equivalence Spey (1) ~ PSh(T) == C(1).

LEMMA 3.9. Let T and C be as in the proposition. Then X\ is a Bousfield
localization such that the unit is pointwise given by cocartesian edges.

PrOOF. The first statement is clear as A is left adjoint to the fully faithful
inclusion C(1) < C. For the identification of the units, let z € C(A) and let
a: x — x’ be a cocartesian lift of the unique map a: A — 1. Then

Homy et (2, y) o4, Homyyet (2, 9)

l |

Homp(1,1) ———— Homr(4,1)

is a pullback by definition of cocartesian edges. As both spaces in the bottom row
are contractible, we see that Hom(a,y) is an equivalence. Letting y vary, this is
precisely the defining property of a unit for our Bousfield localization. ([l

REMARK 3.10. Let C: T°P — CAT?O admit a terminal object. The previous
lemma immediately implies that T(A4) = ;14 = aja*1, and an only slightly more
elaborate computation shows that Y sends the homotopy class of a map f: A — B
in T to the homotopy class of the composite

a;a*l = bgf!f*b*l i) b[b*l
where the unlabelled equivalence is induced by the unique homotopy bf ~ a in T.

EXAMPLE 3.11. Specializing the above to 7" = Glo and C = G, we ob-
tain a functor T: Glo — &4 sending BG to L(V, —)/G where V is our favourite
finite-dimensional faithful G-representation. Combining Remark with the com-
putation of mapping spaces in Og from [K6rl8, Proposition 2.10 and Remark 2.11]
already shows that Homg),(BG,BH) and Home,, (Y(BG), Y(BH)) are abstractly
equivalent. It will be considerably harder to show that in fact the map induced by
T is an equivalence.
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We can now state our general criterion that we will use to produce the equivalence
Spegye =~ §g15

THEOREM 3.12. Let T' be a small co-category with a terminal object 1, and let
C:T°P — CAT,, be a T-oco-category. Assume the following:

(1) C has a fiberwise finite limits, and every restriction functor f*: C(B) —
C(A) admits a left adjoint fi.

(2) For every a: A — 1in T, the functor C(A) ~ C(A) /1 — C(1) 4,1 induced
by ay is an equivalence.

(3) For every f: A— B in T and every X € C(B) the diagram

APl xS x

exhibits fif*X as a product, where z: X — 1 denotes the unique map and
€ denotes the counit of fi 4 f* as usual.
(4) The functor Y: T — C(1) extends to an equivalence PSh(T') — C(1).

Then C is equivalent to Spcy (in a necessarily unique way).
For the proof we will need the following ‘basechange condition’ for A:

LeEMMA 3.13. Let T' and C as above, and let A € T arbitrary. Then:

(1) The unique map 7% : Ty4 x C(A) = T4 x1 Un®(C) of cartesian fibrations
over T, extending the inclusion of {ida} x C(A) admits a relative left
adjoint T 4.

(2) Writing A4 for the composite pr o 74, the diagram

T)x x7 Unt(C) —24 C(A)

| la!

ct
Un®(C) —— C(1)
commutes up to homotopy.

PROOF. For the first statement it suffices to apply Lemma[3.6] to the restriction
of C along the forgetful functor T;Ap — TP,

For the second statement, note that [Lurl7, Proposition 7.3.2.6] shows that
Tya xpm: Tya xp Un®(C) = Tya x C(1) is left adjoint to T)4 X7 m*. On the other
hand, the composite

T/A X C(l) M} T/A X C(A) Tr—A> T/A XT UHCt(C)
agrees with T4 X7 7* as both are maps of cartesian fibrations over 7,4 and their
straightenings are given at the terminal object id4 by a*: C(1) — C(A). Passing to
left adjoints, we see that T4 X1 m is equivalent to (a1 x id) o w4;. The claim now
follows by postcomposing with the projection T4 x C(1) — C(1). O

ProOF OF THEOREM [3.12] Consider the cartesian fibration evy: Ar(C(1)) —
C(1) for the functor X + C(1),x. Pulling back along T: T — C(1), we obtain
the cartesian fibration ¢: Ar(C(1)) x¢(1y T — T. By the final assumption, this is
equivalent over 7" to the cartesian unstraightening Ar(PSh(7")) xpgn(ry T' of Sper.
To complete the proof it will therefore suffice to show that g is also equivalent to
the cartesian unstraightening p: Un“*(C) — T of C.
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We begin by making the unstraightening of Ar(C): A — Ar(C(A)) explicit.
Cartesian unstraightening commutes with the Cat-tensoring by direct inspection,
hence also with the Cat-cotensoring (as unstraightening is an equivalence). Thus,
the cartesian unstraightening in question is given by Ar (UnCt (C)) Xarry T As
[1] — [0] is a localization (which is just a fancy way to say that the 1-simplex is
weakly contractible), the diagonal functor T'— Ar(T) is fully faithful with essential
image the equivalences of T. We conclude that the unstraightening can also be
described as the full subcategory Ar™(Un®(C)) ¢ Ar(Un®(C)) spanned by the
fiberwise arrows, i.e. those sent to equivalences in T via p.

Recall the cartesian section s: T — Un®*(C). We form the pullback

R —— Ar™(Un®(C))

"
T —2— Un®*(C) —— T.

The functor s is fully faithful, with essential image spanned by those (A4, X € C(A))
where X is terminal. Thus, the top horizontal arrow is fully faithful, with essential
image given by those (A4, X — Y) with Y € C(A) terminal. Note that these full
subcategories assemble into a subfunctor of Ar(C), so that r: R — T is again a
cartesian fibration, with cartesian edges given by those squares

[e3

- —_—

L

.
B

such that both a and [ are cartesian. On the other hand, the source map
evp: Ar™(Un®(C)) — Un®(C) is a map of cartesian fibrations (corresponding
to the source map Ar(C) — C), and it restricts to a (fiberwise) equivalence on the
image of R—mnamely, it is given fiberwise by fgt: C(A),; — C(A). We are thus
reduced to producing an equivalence between r and q.

For this we use that m: Un“*(C) — C(1) x T is a map over T, so it induces a
map Ar™(m): Ar'™(Un®(C)) — Ar™(C(1) x T) fitting into

Ar(C(1))
e

Ar™(C(1) x T)

ArfW(ﬂ'!V evy
Ar™(Un(C))
T x| —— e
/ evy /prz
= C(l)yxT
/ ‘ITVZ
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where the bottom face commutes by construction of Y. Passing to pullbacks we then
obtain a map ¢: r — g over T', which we claim is an equivalence. Unravelling the
definitions, ¢ is fiberwise given by a: C(A4),1 — C(1) 4,1, which is an equivalence by
our second assumption. It therefore only remains to show that ¢ preserves cartesian
edges. Plugging in the characterization of cartesian edges of R from above, this
amounts to saying that given any commutative square

X —< Ly

fwl lfw (3.1)

s(A) —— s(B)
in Un*(C) such that the horizontal arrows are cartesian, the vertical maps are
fiberwise, and the bottom row is in the essential image of s, then the image of
under A = prom is a pullback in C(1).

For this we note that the image of under p: Un®(C) — T lifts uniquely to
T/p (as [1] x [1] has a terminal object), so that we may view as a square in
T/p xr Un®*(C). By Lemma it will then suffice to show that the composite

T/ x7 Unt(C) 225 C(B) 25 C(1) 1 —2 C(1)
sends this lift to a pullback. However, the last of these functors preserves pullbacks,
while the functor in the middle is even an equivalence by our assumption, so that it
will suffice to show that the image under Ap is a pullback. As Aps(B) is terminal,
the claim simplifies to Ap(s(A)) < Ap(X) — Ap(Y) being a product diagram
in C(B). Using the characterization of Ap as the recipient of a transformation
consisting of cocartesian edges, we identify this as precisely the diagram from our
third assumption, finishing the proof. (]

3.2. Understanding Y. As mentioned above, we want to obtain the equiva-
lence &, = Spc, as an application of Theorem Fortunately, we have already
verified the first three assumptions in while for the final condition it will suffice
by the global Elmendorf Theorem (Proposition to show that T defines an
equivalence onto the full subcategory Og C Gg.

Proving full faithfulness of T will be by far the hardest part of our argument. The
key problem is once again that we do not understand the cartesian unstraightening
of &, and the definition of T crucially uses this unstraightening. We therefore
have to find a description of the effect of T on morphism spaces that avoids talking
about unstraightenings. For this we will use a trick: fixing a compact Lie group H
and varying G we obtain a natural transformation

T: Homgo(BG,BH) — Home,, (Y(BG), Y(BH)) (3.2)

of functors Glo°® — Spc, and we want to prove this is an equivalence. By the

Yoneda lemma, is uniquely characterized by it sending the identity of BH to
the identity of YT(BH). If we can therefore find some natural equivalence with this
property (for each fixed H), this will show that Y is fully faithful.

We will achieve this in two steps: we will first use oco-categorical arguments to
massage the right-hand side so that it does not involve T anymore, and then use our
model to explicitly write down a natural equivalence with the required properties.
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3.2.1. Understanding the target. The first part will in fact work in much greater
generality again, so we return to our general setting of a small co-category T' with a
terminal object and a T-oco-category C: T°P — CATEo with a terminal object. The
basic observation is that we have for fixed A, B € T' an equivalence

Home 1) (YT(A), T(B)) = Home(1y(As(A), T(B)) = Homyyer ¢y (s(A), Y(B)) — Home(a)(s(A),a" Y (B))

by adjunction and the universal property of cartesian edges. We moreover know
that a*Y(B) ~ a*b 1, so we altogether obtain an equivalence

Home(1)(Y(A), Y(B)) = Home(ay(s(A),a"bil).

The hard part will now be to first explain how to make the right-hand side into
a functor T°? — Spc for varying A and then to enhance the above pointwise
comparison to a natural equivalence.

CONSTRUCTION 3.14. Let Y € C(1) be any global section, and recall that the
slice T-oo-category C,y is defined by the pullback

C/y4>Ar(C
N
1l ——¢C.

We now write C7Y for the full subcategory spanned in degree A by those objects
X — a*Y for which X is terminal in C(A); in other words, this is the pullback

ProroSITION 3.15. The T-co-category C‘/DY is a T-oco-groupoid, and there exists
an equivalence Hom(Y(-),Y) — C7,- sending a map aja*1 = T(A) — Y to the
object in the slice given by its adjunct a*1 — a*Y .

PrOOF. Throughout, we will abbreviate I := Un®*(C) for ease of notation. The
adjunction equivalence Home(1)(As(—),Y") = Homy(s(—),Y") is natural, so it will
suffice to construct an equivalence Homy(s(—),Y) — C7,- given on objects by
factoring a map s(A) — Y into a fiberwise map followed by a cartesian edge. We
will do so by working on the level of cartesian unstraightenings.

Step 1. Let us describe the cartesian unstraightening of the target first. In the
proof of Theorem we explained that the cartesian unstraightening of Ar(C) is
given by Arf" (U), with evaluation maps corresponding to the obvious maps to U.
As unstraightening preserves limits, we conclude that the cartesian unstraighening
of C7Y is given by the iterated pullback

T Ar™Y(U) T

Nuke\’o/ \eV1$uA

where sy denotes the unique map of cartesian fibration with sy (1) =Y € C(1) C U

)
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Step 2. On the other hand, we can also describe the cartesian unstraightening
of the source quite easily: taking the usual description of the unstraightening of the
contravariant hom-functor, it is given by the iterated pullback

T Ar(U) 1.

Nukev(’ \evuu/y

Step 3. We will now massage the description from Step 1. For this recall that i/
admits a factorization system with epis the fiberwise maps and monos the cartesian
morphisms [Lur09, Example 5.2.8.15°P]. In other words, if we write Fact(U) C
Fun([2],U) for the full subcategory spanned by those X — Y — Z where X — Y is
fiberwise and Y — Z is cartesian, then dj: Fun([2],U) — Fun([1],U) restricts to an
equivalence Fact(U/) — Ar(U), see [Lur09, Proposition 5.2.8.17]. Decomposing
[2] =~ [1] ITjg) [1], we then obtain an equivalence Ar™(U) Xy ArN(U) = Ar(U)
over U x U, given on objects by composition, and with inverse given on objects by
factorization.

Write Ut C U for the wide subcategory spanned by the cartesian edges. Then
the restricted map Ut — T is a right fibration, so it induces an equivalence

Ar(U) xyee {Y} = Ar(T) x7 {1} =5 T,

where both pullbacks are via the target map. On the other hand, left cancellability
of cartesian edges shows that the source agrees with Ar®* (i) xg, {Y'}. We then claim
that the resulting equivalence fits into a commutative diagram

ArYU) xy (YY) =2 T

| sz

ArUY) ————— U

evo

poevol lp

T ——————T.

Commutativity of the outer rectangle follows easily from the definitions, and com-
mutativity of the bottom square is tautological; in particular, we can view both
composites Ar®*(U) xy {Y} — U as maps over T into the right fibration 2/t — T
As inclusions of terminal objects are right anodyne, it will then suffice for commuta-
tivity of the top square to show that both paths agree on the terminal object idy,
where one immediately checks that both are given by Y € C(1) C U**.

With this established, we can rewrite the pullback Ar™ (/) x; T from Step 1 as

A (U) < Fact(U) «—— Fact(U) xy {Y)
U 55— Ar'(U) «—— Ar(U) xy {Y}

Using the equivalence Fact(U) == Ar(U), we then see that the unstraightening of
C;’Y is equivalent to the limit of

T Ar(U) 1

Nukm}o/ \evl\)u /Y )
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which is precisely the description of the unstraightening of Homgy(s(—),Y) we
obtained in Step 2.

Step 4. The description of our equivalence on objects follows at once by chasing
through definitions, using that Fun([2],4) == Ar™(U) xy Ar(U) was given on
objects by factorization. ([l

3.2.2. A model categorical description. We will now explain how to describe
(§g1)7y in more model categorical terms. Throughout, we let T be a small locally
fibrant simplicial category with a strictly terminal object 1, i.e. such that the Kan
complex maps(A4,1) is terminal for every A € T (as opposed to merely being
contractible); the reader is welcome to set T = Glo. We write T := Nyop(T), which
will then in particular be an oco-category with terminal object again.

CONSTRUCTION 3.16. Let C: T°® — TOPCAT be a simplicially enriched
functor, and let Y € C(1) be arbitrary. As 1 € T is strictly terminal, Y gives
rise to a simplicially enriched transformation const(1) = C of enriched functors
T°? — TOPCAT 4, and we can therefore define C/y : T°? — TOPCAT, as the
(strict) pullback

C,y — Ar(C)

Lo
evy
const(1) —— C.

CONSTRUCTION 3.17. For topological categories I, C we recall the natural map
Ntop (Funcont (I7 C)) — Fun(Ntop(I)7 Ntop(C))

from Construction Specializing to I = [1], we obtain a natural comparison
map Niop(Ar(C)) = Ar(N;op(C)) compatible with the evaluation functors.

CONSTRUCTION 3.18. Let C: T°? — TOPCATA be a simplicially enriched
functor. Assume we have equipped C(A) for every A € T with a topological model
structure, and assume moreover that all restriction functors C(B) — C(A) are
homotopical, so that we may view Nyop(C) as a functor into marked quasi-categories.
Postcomposing with an enriched functorial fibrant replacement in marked simplicial
sets [Riel4, Theorem 13.5.2], we obtain an enriched transformation Niop(C) — C
of Kan-enriched functors T°? — QCAT given pointwise by a localization at
the given weak equivalences; after passing to homotopy coherent nerves, we may
equivalently view this as a natural transformation of (co-categorical) functors
T°P — NA(QCAT) = CAT.

Combining this with the previous construction, we obtain Ny, (Ar(C)) — Ar(C),
and hence after passing to strict ﬁbersﬁ Niop(C)y) — C)y for any Y € C(1).

PropPoOSITION 3.19. In the situation of the previous construction, assume in
addition that all model structures are right proper and admit functorial factorizations.
Then the map Niop(Cy) — C/y is degreewise a localization at the given weak
equivalences. Moreover, if we write C?Y C C,y for the full subcategory given
in degree A € T by those X — Y such that X defines a terminal object in the

As the Joyal model structure is cartesian, evy: Ar(C) — C is a Joyal fibration, so that its pointset
level fiber in simplicial sets models the homotopy fiber; we do not claim that the same holds for
Niop(AT(C)) = Niop(C).
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localization of C(A), then also the induced map Niop(Cy ) — Cjy Is a localization
(at the same weak equivalences).

ProoF. We will only prove the second statement, the proof of the first one being
analogous. By Lemma the canonical map N((C‘;Y)(A)O) — Ntop((c(;y)(A))
from the nerve of the underlying unenriched category induces an equivalence on
localizations, so it will suffice to show that the canonical map N(C7y (A)o) — Cly(A)
is a localization. For N(C,y(A)o) — C/y(A) this is an instance of Lemma
[Len25al, Proposition A.1.15] then shows that the induced map from the localization
of (CYy (A)o) to C/y (A) is fully faithful, and so it only remains to show that every
object of C7Y (A) is contained in its essential image. Indeed, any object is equivalent
to the image of some (X — YY) € C,y(A), and since C,y (A) — C/y (A) lives over
the localization C(A) — C(A), X is weakly contractible. O

3.2.3. Full faithfulness of T. We now specialize to T = Glo. Proposition [3.15]
provides a natural equivalence Home,, (Y (), T(BH)) == (&) )y ) sending the
identity of Y(BH) = hi1 to the unit 1 — h*hy1 (where h: BH — 1 is the unique map);
to see that T induces equivalences Homgo(BG,BH) == Homgo( YT (BG), Y(BH))
for all G € Glo, it will therefore suffice to give some equivalence Homgo(—, BH) =
(§gl)?h[1 sending idgy to the unit. We will do so by using the concrete model of
the right-hand side provided by Proposition |3.19

CONSTRUCTION 3.20. Fix a faithful H-representation V', so that we may take
YT(BH) = L(V,—)/H, see Example We will now define an SSet-enriched
natural transformation v: maps(—,BH) — Niop (Funcont(—,L—Top)?L(v’f)/H).
For this observe that the left-hand side was defined as the topological nerve of
Fung,,:(—,BH), and that the enriched functoriality of both source and target of
v were induced from the topCat-enriched functoriality. It will therefore suffice to
construct a topCat-enriched natural transformation

Vtop : Fulgont (—, BH) — Funcont(f,L-Top)?L(VV_)/H.

For this we take the unique one sending idgy to the quotient map L(V,—) —
trivy (L(V, —)/H). Explicitly, vyop, is given in degree G as the following topological
functor:

(1) A Lie group homomorphism a: G — H is sent to the quotient map
a*L(V, =) — trive(L(V, =)/H).

(2) An element h € H defining a natural transformation o — 3 is sent to the
map o*L(V,—) — 8*L(V,—) (over L(V,—)/H) given by acting from the
right with A~".

The topologically enriched natural transformation v is then simply given in each
degree as the topological nerve of vqyp.

PROPOSITION 3.21. The composite

loc

maps(BG, BH) — Niop (G-L-TOD iy o 1(vi—)/m) — (Sc-al) furive (L(v,—) /1)

is an equivalence of co-groupoids.

PrOOF. Throughout, we will abbreviate Ly := L(V, —), and we will suppress
the functor trivg from the notation.

We will first prove essential surjectivity. As the right-hand map is a localization
(Proposition and its target is an oo-groupoid, it will suffice to show that any
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object of G-L-Top7(LV/H) can be connected by a zig-zag of maps to an object
in the image of v. Let f: X — Ly /H be any map in G-L-Top such that X is
G-globally weakly contractible. After cofibrant replacement, we may assume that
X is closed (Definition . If Ug is any complete G-universe, then Lemma
shows that X (Ug)'4¢ is contractible, in particular non-empty. Thus, we can find a
G-representation W together with a point 2 € X (W)¢. By the Yoneda lemma we
obtain a G-equivariant map L(W, —) — X sending idy to . Note that L(W, —) is
weakly contractible as an O(W)-orthogonal space by Lemma hence also as a
G-orthogonal space by Lemma thus, we have reduced to the case X = L(W, —).

The map f: L(W,—) — Ly /H corresponds to a point [u] € (L(V,W)/H)®.
Splitting this fixed point space via [Sch18, Proposition B.18] as before, we see that
there exists a continuous homomorphism a: G — H and a representative u that is
G-equivariant as a map a*V — W. Then —owu: L(W, —) — a*Ly is G-equivariant,
and the diagram

—ou

L(W,-) —“ o*Ly

f A(a)

Ly/H

commutes; this completes the proof of essential surjectivity.

For full faithfulness, we recall that v was defined as the topological nerve of the
enriched functor viep, so it will suffice to show that for all Lie group homomorphisms
a, B: G = H the composite

Vto
MapSpyn,.,.. (BG.BH) (O F) — MapsG._L-Tops, (a*Ly, B*Ly)

* * loc * *
~ HOmNmp(G-L-TOp?LV/H)(OZ Ly, 8"Ly) — Hom(eg )1, 5 (@ Ly, B"Ly)

is a weak homotopy equivalence. By Lemma @ Ly — Ly /H is an H-global
fibration, so v(f) is a G-global fibration by Lemma ﬁl Moreover, as in the proof
of essential surjectivity we can find a G-representation W together with a point
u € L(V, W), and enlarging W if necessary, we may assume that W is faithful; the
Yoneda lemma then provides a unique map f: L(W, —) — a*Ly sending idy to
u, which is a cofibrant replacement by Lemma [2.50] By the description of loc on
mapping spaces from Lemma it will then suffice to show that

maps(a, ) LN maps(a*Ly, 8*Ly) =f, maps(L(W, —), 8*Ly)

is a weak homotopy equivalence. Plugging in the definitions, this composite sends
an h € H with 3 = ¢, oa to a map L(W, —) — #*Ly with idy +— u.h~!. On the
other hand, L(W, —) — Ly /H corepresents (via evaluation at idy ) the enriched
functor sending X to the fiber of X (W)4¢ over the point [u] € Ly-/H, so that the
claim is equivalent to showing that the map

{he H:B=cpa} - {veL(V,W):[u] =[v] and g.v =v.6(g) for all g € G}
h— u.h !

(3.3)

is a weak homotopy equivalence, where both sides carry the subspace topologies.
We will show that this map is even a homeomorphism. The source is compact and
the target is Hausdorff, so it will suffice that is bijective. Injectivity is clear
as H acts freely on L(V, W) by faithfulness of the action on V. For surjectivity we
observe that if [v] = [u], then there exists by definition an h € H with v = u.h ™1,
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and it only remains that this h defines an element of the left-hand side whenever v
is a point in the target of (3.3). But indeed, if g € G is arbitrary, then

. t
v.ha(g) = u.a(g) “ g.u=guvh @ v.6(g)h,

where (x) uses that u is an a-fixed point, () uses that v belongs to the target of
(3.3), and all other identities follow from v = u.h~!. Using once more that the
H-action is free, we conclude that ha(g) = 5(g)h as desired. O

THEOREM 3.22. The functor Y restricts to an equivalence Glo == g C Gg.

Proor. We already observed above that Y(H) ~ L(V,—)/H for any faithful
H-representation V. It remains to show that the induced map T: Hom(BG,BH) —
Hom(Y(BG), T(BH)) is an equivalence for all compact Lie groups G, H. Fixing H
but varying G, we may equivalently show that the composite

T ~ o
Homgo(—, BH) — HomGgl(T(_)a T(BH)) = (@gl)/(L(V,—)/H) (3.4)

with the equivalence from Proposition [3.15 is invertible. By the explicit description
of the latter, (3.4) sends idgy to the unit (L(V,—) — L(V,—)/H) € &g, and by
the Yoneda lemma this uniquely characterizes the transformation. As the composite

v ° loc o
Homgio(—, BH) = Niop (Futicont (—, L-Top) ,cv,— /1)) = (Sg)j(w(v,—)/m)
has the same property, it therefore necessarily agrees with (3.4). The claim now
follows from Proposition [3.21] O

3.3. The universal property of global spaces. Putting all the pieces
together, we can now prove the desired equivalence Spcg, ~ G,

ProOOF OF THEOREM [3.3] It suffices to verify the assumptions of Theorem [3.12]

(1) Each G4(BG) ~ Sl is complete as the underlying co-category of a
model category. Moreover, each restriction functor f* admits a left adjoint
Lf by Lemma [2:39

(2) If G is any compact Lie group and g: G — 1 denotes the unique map, then
Lgi: SGg.g1 — (641)/Lg1 is an equivalence by Corollary

(3) The product decomposition of Lfi f*X is the content of Proposition m

(4) By Theorem T defines an equivalence Glo — Oy, and so it extends
to an equivalence PSh(Glo) —= &g by Proposition [2.36] O

3.3.1. Applications. We are now finally ready to explain how our definition of
Glo relates to various other definitions in the literature:

REMARK 3.23. (1) Combing Theorem and Remark we have
an equivalence Glo == Niop(Oyg1), where Oy is the model of the global
indexing category from [Sch20|. Unravelling definitions, this equivalence
can be described on the level of homotopy categories as follows: if G C £ is
a universal subgroup, then BG is sent to £/G, and a map BG — BG’ cor-
responding to a homomorphism f: G — G’ is sent to —ou: £/G — £/G’
where u: R® — R is any isometric embedding that is G’-equivariant
with respect to the G’-action on the target as a subgroup of £ and the one
on the source via restricting the G-action.
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(2) [Rez14l[LNP25| work with the topological category Glo’ whose objects
are compact Lie groups and with space of morphisms from H to G given
by the geometric realization of the topological groupoid

maps(H,G)//G: A°® — Top,
[n] — maps(H,G) x G"

encoding the conjugation action of G on the space of continuous group
homomorphisms maps(H,G) (with compact open topology). By the
main result of [Korl8], this is Dwyer-Kan equivalent to Oy, and so the
corresponding co-category is equivalent to Glo. By the explicit construction
of the equivalence in loc. cit. as a zig-zag, we see that the induced map on
homotopy categories can be described analogously to the equivalence from
the previous item. Thus, the composite equivalence Ny, (Glo') = Glo
is given on homotopy categories by sending a compact Lie group G to BG
and a homomorphism f: G — G’ to Bf: BG — BG'.

(3) IGHO7| uses a variant of preceeding definition where they instead take
the ‘fat’ realizations of the action groupoid maps(H, G)//G. This is again
equivalent to the previous models by [Korl8| Remark 3.10].

As another application, we can now describe some pullbacks in Glo:

PROPOSITION 3.24. Let
A2+ B
q| lp (3.5)

OT>D

be any pullback square in the 1-category of compact Lie groups such that the
homomorphism p is surjective. Then the corresponding square in Glo is a pullback.

In particular, Glo has finite products, given by products in the 1-category of
compact Lie groups.

A direct proof of this lemma using results from the representation theory of
compact Lie groups can be found in [Rez14, §6.2]. We will give an alternative
homotopy theoretic proof exploiting the above comparison.

PRrROOF. We saw in Proposition that the associated Beck—Chevalley map
Lgg* — f*Lp for &, is invertible, whence so is the Beck-Chevalley map ¢qig* —
f*p for Spcgy, by Theorem Plugging in the terminal object 1 € Spcg,,(BB) =
PSh(Glo) /g and recalling the definition of the functoriality then precisely says that
the square

BA —— BB
BC —— BD
induced by (3.5)) is a pullback in PSh(Glo), and hence also in Glo. O

3.3.2. F-global spaces. Fix a collection F of compact Lie groups closed under
isomorphisms. We will now explain how to generalize Theorem [3.3] to give a
description of the universal F-globally presentable F-global co-category.
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DEFINITION 3.25. A map f: X — Y of closed orthogonal G-spaces is called a
G-global F-weak equivalence if f(Uy): X(Un) — Y Upy) is a G g-weak equivalence
for every H € F and some (hence any) complete H-universe Up.

A map f: X — Y between general orthogonal G-spaces is called a G-global
F-weak equivalence if in some (hence any) commutative square

x Ly

Nl lN
X TY

where the vertical maps are G-global equivalences and X', Y’ are closed, the map
/! is a G-global F-weak equivalence in the sense defined above.

REMARK 3.26. If G = 1, the above are referred to as F-global weak equivalences
in [Sch18| §1.4]. There, the additional assumption is imposed that F be non-empty
and closed under subquotients, in which case F is referred to as a global family.
While the collections F = A# and F = Fin we care about are in fact global families,
the stability under subquotients is not needed for our purposes.

LEMMA 3.27. Let a: G — G’ be any homomorphism of compact Lie groups.
Then o* : G'-L-Top — G-L-Top sends G’-global F-weak equivalences to G-global
F-weak equivalences.

PROOF. In light of Lemma it suffices to consider the case of G’-global F-
weak equivalences f: X — Y of closed orthogonal G’-spaces. But indeed, if H € F
and Uy is any complete H-universe, then o* f(Up) is a Gy g-weak equivalence by
Example O

CONSTRUCTION 3.28. Localizing Ntop(L-Topb) in each degree G at the G-global
F-weak equivalences and restricting to Gloz, we obtain an F-global co-category
@5: Glo?? — Cat given in degree G € F by the localization Gg_gl of G-L-Top
at the G-global F-weak equivalences.

THEOREM 3.29. The F-global co-category @gf is F-globally presentable. For
any JF-globally cocomplete F-global co-category D, evaluation at the terminal object
defines an equivalence

mGlO;—CC(@g’ D) ~yD.

To reduce this to the case F = A treated above we will need:

LEMMA 3.30. Let ®: &,) — Spc, be the unique equivalence, and fix any
homomorphism ¢: H — G of compact Lie groups. Then the composite

S-al —< PSh(Glo/pa) —2+ Spe

is equivalent to

closed (Z)7oevuy

Sgg —> 65— Spc (3.6)
for any complete H-universe Ug.

PrOOF. Using that @ is a global functor, and comparing the functoriality on
both sides, it suffices to consider the case where H = G and ¢ = idy. In this case,
combining Lemmas and shows that is corepresented by the terminal
object. On the other hand, the terminal object of PSh(Glo g ) is represented by
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idgy, so it corepresents evaluation at idy by the Yoneda lemma. Adjoining over, it
will therefore suffice that the left adjoint of ®x: G — PSh(Glo/BH) preserves
the terminal object; but as this left adjoint is again an equivalence, this is clear. [

Proor oF THEOREM [3.29l We may equivalently construct an equivalence
@5 — Spcgl, (Which will automatically preserve the terminal object). To
do so, consider once more the unique equivalence ®: G —— Spcq, and restrict
it to a map of F-global co-categories. By construction, we have a localization
fgt: §g1|Glor — @5, induced by the identity of G-L-Top for varying G. On the
other hand, the inclusion Gloz — Glo induces a map fgt: Spcq,|aior = SPCao,;
this is again a localization, as each PSh(Glo ge) — PSh((Glor) /gq) admits a fully
faithful right adjoint (given by right Kan extension along the fully faithful functor

(Glor) /Bg = Glo/gg). In summary, we have the solid part of the square

[}
§g1|Glo;: — MGlo‘Glof

i gtl J{fgt

].'
S;1 7 SPCaior

where both vertical maps are localizations. It will therefore suffice that a map in the
top left corner is inverted by the left-hand vertical functor if and only if its image
under @ is is inverted by the right-hand vertical map. Plugging in the definition of
the G-global F-weak equivalences, this follows at once from the previous lemma. [

ExamMPLE 3.31. For F = Fin the global family of finite groups, this in par-
ticular provides a pointset model of the free presentable Fin-global co-category.
Another such pointset model (via actions of the ‘universal finite group’) was given in
[CLL25a, Theorem 3.3.2]. We conclude that these pointset models define equivalent
oo-categories, i.e. for finite G the localization of G-L-Top at the G-global Fin-weak
equivalences is modelled by the various pointset models studied in [Len25a, Chap-
ter 1], generalizing the comparison for G = 1 from Corollary 1.5.59 of op. cit.

3.4. The universal property of equivariant spaces. In this subsection, we
will introduce the global co-category & of equivariant spaces and prove its universal
property. Let us jump straight to the construction:

CONSTRUCTION 3.32. Localizing Ntop(Topb) at the equivariant weak equiva-
lences we obtain a global co-category & such that S(BG) is the oo-category G¢
of G-spaces from Example [2.3] and with restrictions f*: S — S¢ given by the
derived functors of restriction at the pointset level. We call & the global co-category
of equivariant spaces.

Below we will show that & is the free so-called equivariantly cocomplete global
oo-category. Roughly speaking, the difference between equivariant and global
cocompleteness is that for the former we only require the existence of left adjoints
for restrictions along injective homomorphisms. We will formally define the notion
of equivariant cocompleteness in where we will also explain how the free
equivariantly cocomplete global co-category relates to the free globally cocomplete
global co-category Spcgy,. In we will then similarly study the relationship
between & to G, and use this to prove the universal property of &.
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3.4.1. Clefts. The notion of equivariant cocompleteness is an instance of the
more general notion of S-cocompleteness of T-oo-categories for so-called clefts S C T'.
While the reader can safely treat the notion of a cleft as a blackbox, we recall its
definition for completeness:

DEFINITION 3.33 (See [CLL25b| Definition 3.2]). Let T' be a small co-category.
A cleft is a wide subcategory i: S < T satisfying all of the following conditions:
(1) S is left-cancellable, i.e. for any composable maps f,g in T such that f
and fg belong to .S, also g belongs to S.
(2) Given any f: A — B in S and g: B’ — B in T, there exists a pullback
square in PSh(T') of the form

ax = B
-
i!A T i!B,
where 4: PSh(S) — PSh(T') denotes left Kan extension along ¢ and we
conflate elements of S and T with their Yoneda image as before.
(3) Given maps f: A — B and g: B — A in T such that gf = id4 and fg
belongs to S, then both f and g belong to S.

REMARK 3.34. By |CLL25b, Theorem 3.9], a wide subcategory S C T is a cleft
if and only if left Kan extension along the inclusion exhibits PSh(S) as a fracture
subcategory of PSh(T) in the sense of [Lurl8| Definition 20.1.2.1].

ProPOSITION 3.35. Write Orb C Glo for the wide subcategory given by the
injective homomorphisms. Then Orb C Glo is a cleft.

ProoF. By [LNP25| Proposition 6.13], Orb is the right class of a factorization
system on Glo. The claim is therefore an instance of |[CLL25b)| Proposition 3.33]. O

PROPOSITION 3.36 (See |[CLL25b, Lemma 3.17]). Leti: S < T be a cleft. Then
the unique left adjoint S-functor Spcg — i*(Spey) preserving the terminal object is
fully faithful, and its essential image is actually a T-subcategory of Spc. O

DEFINITION 3.37. We will denote the T-subcategory from the previous proposi-
tion by Spcg,p and call it the T-co-category of S-spaces.

The notation ‘S'>71" is to be read as ‘S extended to 7', reflecting that Spcg,r
is an extension of Spcg to a T-oco-category.

REMARK 3.38. By the explicit construction of the left adjoint Spcg — i*(Spcy)
in [CLL25b| Construction 3.15], Spcg, consists in degree A € T precisely of those
presheaves on T4 that are left Kan extended from S 4.

DEFINITION 3.39. Let S C T be a cleft. A T-oo-category is called S-cocomplete
if it is fiberwise cocomplete and Spcg,-cocomplete, and it is called S-presentable
if it is in addition fiberwise presentable. A functor F': C — D of S-cocomplete
T-oo-categories is called S-cocontinuous if it is fiberwise cocontinuous and Spcg, -
cocontinuous. We write CAT5° ¢ CATy for the subcategory spanend by the S-
cocomplete T-oo-categories and S-cocontinuous functors. We moreover write Pr“; C
CAT?:‘CC for the full subcategory spanned by the S-presentable T-oco-categories.
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ExAMPLE 3.40. For the minimal cleft S = (T, the above simplifies to the
corresponding fiberwise notions. On the other hand, for the maximal cleft S =T,
this recovers the notions of T-cocompleteness and T-presentability. We will employ
both the notations Prg and PrIf, depending on whether we want to emphasize that
the morphisms are T-cocontinuous functors or left adjoints.

EXAMPLE 3.41. Specializing Definition [3:39] to the cleft Orb C Glo from Propo-
sition yields the notions of equivariant cocompleteness and equivariant pre-
sentability for global co-categories.

Next, we will describe the free S-cocomplete T-co-category, generalizing the
case S = T considered in Corollary For this we first observe:

REMARK 3.42 (See [CLL25b| Lemma 4.15]). Let C,D be S-cocomplete T-co-
categories. Generalizing the case S =T considered in the full subcategories
of Fun,(C, D)(X) spanned by the S-cocontinuous functors C — Fun(X, D) for X €
PSh(T) define a T-subcategory of Fun,(C, D), which we denote by Fun-<¢(C, D).

PROPOSITION 3.43 (See |[CLL25b|, Corollary 4.27]). Let S C T be a cleft.
The T-oo-category Spcg,r is S-presentable. Moreover, for every S-cocomplete
T-oo-category D, evaluation at the terminal object yields an equivalence

Funf“(Spcgyp, D) = D. O

REMARK 3.44. More generally, the free S-cocomplete T-co-category generated
by a small T-co-category I is S-presentable, and it can be analogously described as
the essential image of PShg(i*I) < PSh(I), see [CLL25b| Corollary 4.26].

We close this discussion by giving pointwise characterizations of S-cocom-
pleteness and S-cocontinuity. Note that even for S = T these improve on the
characterizations one would obtain by naively applying Lemmas and

LEMMA 3.45 (See |[CLL25b, Lemma 4.9]). A T-co-category C is S-cocomplete
if and only if the following three conditions are satisfied:

(1) The T-co-category C is fiberwise cocomplete.

(2) For every morphism s: A — B € S, the restriction s*: C(B) — C(A)
admits a left adjoint s.

(3) For any pullback

XL

A
17
C —5 B
in PSh(T) with s in S and C' € T, the restriction along s’ admits a left

adjoint s{, and the Beck-Chevalley map s|f"™* — f*s: is an equivalence.

REMARK 3.46. By [CLL25b, Lemma 4.7], the existence of the left adjoint s
in (3) of the above lemma follows from (1) and (2). More generally, loc. cit. shows
that under these assumptions a left adjoint exists for restriction along any map f in
the image of PSh(.S) with representable target.

LEMMA 3.47 (See [CLL25b, Lemma 4.11]). A functor F': C — D of S-cocom-
plete T-oo-categories is S-cocontinuous if and only if it is fiberwise cocontinuous
and the Beck—Chevalley map s\F' — F'sy is invertible for every map s in S. (]
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3.4.2. FEquivariant spaces vs. global spaces. The above already shows that the
free equivariantly cocomplete global co-category Spco,hsaio is @ full subcategory
of Spcgy,. Thus, to compare it to &, it will suffice to similarly embed & into G,
and then check that the two subcategories match up under the unique equivalence

Spegy, = Gy from Theorem To address the former, we will now show:
PRrROPOSITION 3.48. Let G be a compact Lie group. The functor
c¢: G-Top — G-L-Top

sending a topological G-space to the associated constant orthogonal G-space is
homotopical and descends to a fully faithful left adjoint &g — Sg.gl.

The proof will rely on the following model-categorical observation.
LEMMA 3.49. Let V' be a faithful G-representation. Then
L(V,-) x ¢(-): G-Top — G-L-Top (3.7)
is left Quillen, and its left derived functor &g — Sg.g is fully faithful.

PROOF. It is clear that L(V, —) x ¢(—) - evy is an adjunction with unit : X —
L(V,V) x X given by the inclusion of idy € L(V,V). Combining Lemmas
and [2.5] shows that evy is right Quillen for the G-global level model structure; as the
G-global model structure has the same cofibrations and more acyclic cofibrations
(and hence the same acyclic fibrations and fewer fibrations) as the G-global level
model structure, evy is then also right Quillen for the G-global model structure on
G-L-Top.

For full faithfulness, it will suffice to show that the derived unit is invertible, for
which we fix a fibrant replacement ¢: L(V,—) — £. Then L(V, —) x X — L x X is
a G-global weak equivalence for every G-space X by Corollary and the target
is fibrant by direct inspection; thus, the derived unit is given by the composite

x—(idy,z) iW(V)xX

X L(V,V)x X LV)x X,
and it suffices to show that the G-space L(V) (where G acts diagonally) is G-
equivariantly weakly contractible. For this, note that £ — 1 is a G-global weak
equivalence (by Lemma and a G-global fibration (by choice of £), hence also
an acyclic fibration in the G-equivariant level model structure. The claim therefore
follows from the definition of the G-global level weak equivalences. (]

PROOF OF PROPOSITION [3.48] Fix a faithful G-representation V. Combining
Lemma with Corollary the projection L(V,—) x X — ¢(X) is a G-global
weak equivalence for any X € G-L-Top. The claim therefore follows immediately
from the previous lemma. O

REMARK 3.50. The above proof shows that the right adjoint Gg.g — S¢ of ¢
is given as the right derived functor of evy for any faithful G-representation V. As
in the proof of Lemma we may equivalently describe this as the left derived
functor of evy for any complete G-universe U.

With this at hand, we can now show:

THEOREM 3.51. The global co-category © is equivariantly presentable, and the
unique equivariantly cocontinuous functor Spco,y,.qi, — © preserving the terminal
object is an equivalence.
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Proor. The topological functor ¢ induces a global functor Ntop(Topb) —
Ntop(L-Topb), which by Proposition descends to a fully faithful and levelwise
left adjoint functor c: & — &,;. To complete the proof, it will now suffice to show
that the essential image of the composite

V66, 2 Speg

agrees with Spcopeclo C SPCqo, Where @ denotes the unique equivalence.

To see that ¥ factors through Spcg,qie, it suffices by Elmendorf’s Theorem
to show that the left adjoint U¢: S¢ — Spegy,(G) maps G/H into Speg,, (G) for
any compact Lie group G and any closed subgroup H C G. To this end, let us write
i: H — G for the inclusion, so that ¢(G/H) ~ Liyc(1g) by Proposition and
hence V¢(G/H) = ®cLiic(ly) = i1®re(l) = i1l € Speoppcio(G)-

For the converse, note that Spcg,,(BG) ~ PSh(Orb p¢) is generated under
ordinary colimits by the objects (i: H < G) = 411y for closed subgroups H C G,
so that also Spco,eal (BG) is generated by the objects 411y. We have just seen
that Uo(G/H) ~ i)1y; thus, the essential image of the fully faithful left adjoint
U contains a set of generators of Spcopeaio(BG), so it already has to be all of

SpCormsaio (BG). 0
Combining this with Proposition [3.43| we now get:

COROLLARY 3.52. For every equivariantly cocomplete global oco-category D,
evaluation at the terminal object defines an equivalence

Fun@?*(6, D) = D. O

3.5. Symmetric monoidal structures. As our final results in this section,
we will show that &, and & admit unique (levelwise) symmetric monoidal structures
such the tensor product preserves global respectively equivariant colimits in each
variable in a sense that will be made precise below, and that the resulting global
symmetric monoidal categories again admit suitable universal properties.

3.5.1. Symmetric monoidal T-0o-categories. We begin by introducing symmetric
monoidal structures in the parametrized setting and discussing some examples.

DEFINITION 3.53. A symmetric monoidal T-0o-category is an object of the
oo-category CMon(CATr). We refer to the morphisms of this category as symmetric
monoidal T-functors.

NoTATION 3.54. We will typically denote symmetric monoidal T-co-categories
by C, D, ... again. If we want to emphasize the difference between a symmetric
monoidal T-oco-category and its underlying T-oco-category, we will decorate the
former with a superscript ‘®” (e.g. C®, D®,...).

REMARK 3.55. By currying, a symmetric monoidal T-oco-category can be equiv-
alently described as a functor T°° — CMon(CAT,), and we will freely switch
between these two perspectives.

ExAMPLE 3.56. Let C be a T-oo-category with fiberwise finite products, i.e. such
that C factors through the non-full subcategory CATL ¢ CAT,, of co-categories
with finite products and functors preserving them. Postcomposing with the functor
(—)*: CATEO — CMon(CAT ) equipping an oo-category with finite products with
the cartesian symmetric monoidal structure, we may then upgrade C to a symmetric
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monoidal T-co-category C*: T°P — CMon(CAT,). We will refer to this as the
cartesian T-symmetric monoidal structure on C.

REMARK 3.57. As (—)*: CATY — CMon(CAT,,) is fully faithful, it is a
property for a symmetric monoidal T-oco-category C to be cartesian, and this is
moreover equivalent to each individual C(A) € CMon(CAT ) being cartesian. By
ICHLL25| Remark 2.4.2°P], this is in turn equivalent to the unit being terminal
and the tensor product C(A) x C(A4) — C(A) admitting a left adjoint.

Another family of examples comes from a refinement of the continuous Borel
construction. We will begin by explaining how to associate a symmetric monoidal
oo-category to a topological symmetric monoidal category (i.e. a symmetric monoidal
category with a topological enrichment of the underlying category such that the
tensor product is an enriched functor). While this could be done explicitly by
adapting the constructions from [Lurl7) §2.1.1], we prefer a more abstract approach.

CONSTRUCTION 3.58. We write topSymMonCat for the 1-category of small
topological symmetric monoidal categories and enriched strong symmetric monoidal
functors. For all C¥, D® € topSymMonCat we define Fun? ,(C® D®) as the
category of enriched strong symmetric monoidal functors and symmetric monoidal
transformations, with each morphism space maps(F, G) topologized as a subspace
of [[.cc maps(F(c), G(c)) as before. We omit the straightforward verification that
this makes topSymMonCat into a topCat-enriched category, which is moreover
cotensored over topCat, with cotensoring given by sending (K € topCat, C® €
topSymMonCat) to Func.,; (K, C) with the pointwise symmetric monoidal struc-
ture, and with the evident (enriched) functoriality in K and C®. We define the
simplicially enriched category topSymMonCat, by transporting the enrichment
along ¢ Niop as before.

LEMMA 3.59. The oo-category Na(topSymMonCat,) is semiadditive, with
products computed in the 1-category of topological categories.

ProOOF. It is clear that the projections induce even an isomorphism

Fun? ,(C® D® x E®) = Fun®_,(C% D?®) x Fun® ,(C® E%)

cont cont cont

for all topological symmetric monoidal categories C®, D® E®, and hence exhibit
D® x E® as a product. Analogously, one sees that 1 (with the unique symmetric
monoidal structure) is terminal.

One directly checks for any C®, the map 1: 1 — C?® classifying the symmetric
monoidal unit admits a (unique) symmetric monoidal structure; any other sym-
metric monoidal functor 1 — C® is isomorphic to 1 by the unitality condition for
symmetric monoidal functors, and the unitality condition for symmetric monoidal
transformations implies that this isomorphism is unique. Thus, Fun? ,(1,C®) is
equivalent in the enriched sense (and hence in particular Dwyer—Kan equivalent) to
the terminal category for any C®, so that 1 is also initial.

Finally, we will show that for any C® , D® E® the map

Fun®?  (C® x D® E®) - Fun? ,(C% E®) x Fun®

cont cont cont (D®7 E®) (38)
induced by the inclusions i : C® - C®xD® « D® :i, of the units is an equivalence
again, so that i; and 45 exhibit C® x D® as the coproduct, which will then complete
the proof of semiadditivity. For this, let us make the tensor product E x E -+ E
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into a strong symmetric monoidal functor p via the associativitiy and symmetry
isomorphisms of E®, and consider the composite

Fun®

cont

(C® E®) x Fun?

cont

(D® E®) —= Fun®

cont

(C® x D®,E® x E®)

25 Fun?  (C® x D® E®). (3.9)

cont
For any F': C® x D¥ — E® and any X € C,Y € D we then have isomorphisms
F(X,Y)=F((X,1)®(1,Y)) 2 F(X,1)® F(L,Y)

via the unitality isomorphisms of C® and D® and the symmetric monoidal structure
of F. It is then a routine, but somewhat lengthy argument to check that these
assemble into a symmetric monoidal isomorphism F 2y 0 (F'iy X Fis) and that this

isomorphism is natural in F, exhibiting (3.9) as left inverse to (3.8). Similarly, one
uses the unitality isomorphisms to exhibit (3.9)) also as right inverse to (3.8). O

Specializing [GGN15| Corollary 2.5] we therefore get:

COROLLARY 3.60. There exists a unique (dashed) lift in the diagram

Na(topSymMonCat ) ----- > CMon(Caty)

fgtJ/ lfgt

_— .

Na(topCat,) o Cato O
REMARK 3.61. The explicit construction of (3.9) shows that the codiagonal

E® x E® — E® is given for any E® € Niop(topSymMonCat, ) by the tensor

product. It follows that the tensor product on Ny, (E®) is given by the composite

Nt0p(®)
_—

Ntop(E) X Ntop(E) A Ntop(E X E) Ntop(E)~

In particular, we see that whenever C?® is equipped with a collection W of weak
equivalences stable under the tensor product, then the symmetric monoidal oo-
category Niop(E®) localizes to a symmetric monoidal enhancement of Nyop, (E)[W 1.

We are now ready to upgrade the continuous Borel construction to a functor
Niop(topSymMonCat ) — CMon(Catgio)-

CONSTRUCTION 3.62. Restricting the cotensoring of topSymMonCat, we
obtain an enriched functor topSymMonCat, — Fun(Glo, topSymMonCat, ),
given on objects by sending C® to Fungoy (—, C®). The composite

Na(topSymMonCat, ) — Na (Fun(Glo, topSymMonCat )
— Fun(Glo, Na (topSymMonCat,)) — Fun(Glo, CMon(Cat))

with the natural comparison map and the lift of Ny, from Corollary [3.60] then
provides a lift of the continuous Borel construction. We will again denote this lift
on objects by C® Ntop(C@”b).

3.5.2. The parametrized Lurie tensor product. Below, we will typically not be
interested in general symmetric monoidal structures, but instead only with those
where the tensor product preserves certain parametrized colimits separately in each
variable. We begin by formally defining this notion:
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DEFINITION 3.63. Let S C T be a cleft and let Cy,Cs, D be S-cocomplete
T-oo-categories. A functor C; x Co — D is called S-cocontinuous in each variable or
S-bilinear if for every A € T and X1 € C1(A), X2 € C2(A) the two composites

W F
{Xl} X 71'202 — 77261 X 7T1*462 A WZID

a
W;Cl X {Xg} — 77201 X F;CQ ﬂ-A—) 7T:Z'D
preserve (1,4 X S)-colimits in the usual sense. Analogously, we define what it

means for C; X - -+ X C,, — D to be S-cocontinuous in each variable (S-multilinear).

REMARK 3.64. Applying Lemma [1.34] one easily sees that F': C; x Co — D is
S-bilinear if and only if each individual functor C;(A) x C2(A) — D(A) preserves
ordinary colimits in each variable and we moreover have projection formule in the
sense that the Beck—Chevalley maps

HE(f* X1, =) = F(Xy, i(=) and - fiF(=, f7Xs) = F(fi(-), X2)

associated to the naturality squares

Co(B) LT, p(p) ey (B) X2 poay
- l lf* - l lf*
Ca2(A) T D(A) Ci(A) FOx D(A)

are equivalences for every f: A — Bin S, X; € C1(B), and X3 € C2(A).

REMARK 3.65. Spelling out the definitions, the first Beck—Chevalley map from
the previous remark is given as the composite

FF(f* X0, Xo) 2R g b Xy f* iXa) ~ A F(Xy, fiXa) S F(Xy, fiXa),

and in particular we see that it upgrades (in a preferred way) to a natural transfor-
mation of functors C1(B) x C3(A) — D(B) (whereas the original construction is a
priori only natural in the second variable). Similarly, one shows that also the other
Beck—Chevalley map ‘is’ natural in both variables.

REMARK 3.66. By [MW22, Lemma 2.6.1.3], the T-oo-categories Fun3-°¢(C;, D)
for i = 1,2 are again S-cocomplete (with the inclusion into Fun;(C;, D) being
S-cocontinuous), and we can equivalently characterize S-bilinear maps C; x Co — D
as those that adjoin to an S-cocontinuous map C; — Fun®¢(Cy, D) or equivalently
Cy — Fun®°¢(Cy, D).

Consider now the cartesian symmetric monoidal structure CAT; — Fin, on
the (very large) co-category CATp. We define a subcategory CAT?:’CC’® whose
objects are the S-cocomplete T-oo-categories, and such that the maps (Cy,...,Cy,) —
(D1,...,Dp) over an a: {(ny — (m) in Fin, are those maps such that each component
[Tica-1(j)Ci — D; is S-cocontinuous in each variable.

PROPOSITION 3.67 (See [MW22| Corollary 2.6.2.5 and Remark 2.6.2.6]). The
composite CAT?‘CC’(X’ — CATZ} — Fin, is the cocartesian fibration for a symmetric
monoidal structure on CATS°° with unit Spcgyr. O

We will refer to the tensor product of this symmetric monoidal structure as the
parametrized Lurie tensor product.
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REMARK 3.68. By [MW22, Remark 2.6.2.7], CAT?’CC@ — CAT; is lax
symmetric monoidal, and the induced functor CAlg(CATS °“®) — CAlg(CAT})
defines an equivalence onto the subcategory whose objects are the S-cocomplete
symmetric monoidal T-oo-categories such that the tensor product preserves S-
colimits in each variable separately, and whose morphisms are the S-cocontinuous
strong symmetric monoidal functors.

REMARK 3.69. It follows from Remark that the symmetric monoidal
structure afforded by the parametrized Lurie tensor product is closed, with internal
homs given by Fun®-°¢(—, —).

Recall that the usual Lurie tensor product on CATSS restricts to a symmetric

monoidal product on Pr¥; the next goal will be to show the parametrized analogue
of this result. Our proof will proceed by reducing to the case T' = S which was
already handled by Martini and Wolf; we therefore begin by showing:

LEMMA 3.70. Let i: S < T be a cleft. Then the strong symmetric monoidal
functor i*: CAT} — CATY restricts to a strong symmetric monoidal functor

CAT;® — CATS @,

PrOOF. This proof is an elaboration on [CLL25b| Remark 4.23]. Unravelling
definitions, the lemma amounts to proving the following:

(1) The unique S-cocontinuous T-functor Spcg — i*(Spcg,y) preserving the
terminal object is an equivalence.

(2) For any Cyi,Cy € CATS, ‘the’ universal S-bilinear map 3: C; x Co — D
forgets to the universal S-bilinear map i*C; x i*Cy — i*D.

The first statement is clear, while for the second statement it will suffice to show
that for any S-cocomplete S-oo-category D the induced map

— 0 4*fB: Fung Plnear (*C) x i*Cy, £) — Fung **(i* D, £)

is an equivalence. By |CLL25bl Construction 4.21 and Corollary 4.22], the
equivalence Fun,(D,i.£) — i.Fung(i*D, &) obtained as the total mate of the

~

obvious equivalence i*D x i*(—) = i*(D x —) restricts to Fun3°°(D, i) =
i.Fungcc(i*D, £), and evaluating at the terminal presheaf 1 € PSh(T') yields a nat-
ural equivalence Fung (D, i,E) > Fung(i*D, ) restricting to Funf (D, i,&) =
Fung(i*D, ). On the other hand, applying this observation twice, Remark
shows that also the equivalence Fung(i*Cy X i*Ca, &) == Funr(Cy X Ca,4.&) restricts

to subcategories of S-bilinear functors. In summary, we obtain a commutative square

Fung'bi““ear(i*cl x i*Ca, &) —oh, Fung'cc(i*D,é')

Fun3PHmear (¢ x ¢y, 0, ) — Fun3 (D, i,E)
The bottom map is invertible by the defining property of 3, whence so is the upper

map by 2-out-of-3, as desired. (]

PropPOSITION 3.71. The symmetric monoidal structure on CAT‘;:'CC given by

the parametrized Lurie tensor product restricts to a symmetric monoidal structure
on the full subcategory Prfm
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PROOF. It is clear that Pry contains the unit. To see that it is closed under
the tensor product, note that a fiberwise cocomplete T-oco-category & is fiberwise
presentable if and only if each £(A) is presentable; in particular, an S-cocomplete T-
oo-category is S-presentable if and only its underlying S-oo-category is S-presentable.
It will therefore suffice to show that for any C, D € Pr3. the S-co-category i*(C @ D)
is S-presentable. By the previous lemma, i*(C ® D) ~ (#*C) ® (i*D), which is then
indeed S-presentable by [M'W22| Proposition 2.6.2.9]. O

3.5.3. Symmetric monoidal structures on equivariant and global spaces. As the
unit of CAT;'CC@, Spcg,r admits a unique symmetric monoidal structure with unit
given by the terminal object. We will now explicitly describe this structure:

PROPOSITION 3.72. Let S C T be a cleft. Then Spcg, has fiberwise finite
products, and the inclusion Spcg,p < Spcp preserves fiberwise finite products.
Moreover, the cartesian symmetric monoidal structure (Example[3.56) on Spcg, - is
S-presentably symmetric monoidal.

PROOF. It is clear that Spcy has fiberwise finite products. To see that the
same holds more for generally for Spcg,r, it will then suffice to show that the
latter is closed under fiberwise finite products in Spcy. For this we recall from
|CLL25b, Lemma 3.16] that the functors (i1),4: PSh(S),4 — PSh(T),4 induced
by left Kan extension along i: S < T assemble into an S-left adjoint Spcg — i*Spcy.
Clearly, each (i1),4 preserves the terminal object id4 (so that its image in particular
is given by Spcg,7-(A4)), while [CLL25b, Lemma 3.14] shows that it preserves binary
products. Thus, Spcg, has fiberwise finite products.

It only remains to prove that the tensor product preserves S-colimits in each
variable separately. It is clear that each Spcg.,(A) ~ PSh(S),4 is cartesian closed,
so it remains to verify the projection formula fi(X x f*Y) = X x Y for all
f:A—=Bin S, X € Spcgp(A), and Y € Spcg,r(B). Since this only depends on
the underlying S-oo-category, we may assume without loss of generality that T = S,
so that Spcg,r = Spcg = PSh(S),_. Unravelling definitions, the Beck-Chevalley
map is then simply given by the equivalence X x4 (A xpY) == X xpY from the
pasting law for pullback squares. (I

|[Lurl7, Corollary 3.2.1.9] therefore specializes to the following;:

COROLLARY 3.73. The S-presentably symmetric monoidal T-co-category Spcg,
is the initial object of CAlg(CATS %), O

As our last results in this section, we want to describe the cartesian symmetric
monoidal structures on &, and & in terms of the underlying model, which in light
of the previous corollary will then in particular yield a corresponding description of
the initial objects of CAlg(CATgig‘CC@) and CAlg(CATgfs'CC’@)), respectively.

CONSTRUCTION 3.74. Applying Construction to the cartesian symmetric
monoidal structures on C = Top and localizing as before yields symmetric monoidal
global co-categories &®. Similarly, Corollary shows that the box product of
orthogonal spaces induces a symmetric monoidal structure on G,

ProproSITION 3.75. Both @S and &% are cartesian.

PROOF. It is clear from the definitions that the unit of & is terminal and that
the derived functors 6o x &g — G¢ of the product functors admit left adjoints
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(namely, the derived functor of the diagonal) for every G. Thus, &% is cartesian by
Remark The statement for @S follows in the same way using Lemmam O

Combining Corollary with Theorems and we therefore get:

COROLLARY 3.76. The globally presentably symmetric monoidal global oo-
category §S is the initial object of CAlg(CATg%g‘CC@). O

COROLLARY 3.77. The equivariantly presentably symmetric monoidal global
oo-category &% is the initial object of CAlg(CATgff'CC@), 0

4. Basepoints

In this section we will establish universal properties for global co-categories of
pointed global or equivariant spaces.

4.1. Pointed T-oo-categories. We begin by setting up the abstract theory.

DEFINITION 4.1. A T-oco-category C is called pointed if it factors through the
non-full subcategory CATgO C CAT, of co-categories with zero objects and functors
preserving zero objects.

Any T-oo-category with a terminal object admits a universal map from a pointed
T-oo-category:

LEMMA 4.2 (See |[CLL25a, Corollary 4.1.9]). Let D be a T-oco-category with
a terminal object. Then the forgetful map fgt: D, — D from the (levelwise) slice
under the terminal object has the following universal property: for any pointed
T-oco-category C we have an equivalence

Fun’(C, fgt): Fun’(C, D,) ~~ Fun’(C, D),

where Fun®(C, £) C Fun(C, £) denotes the full subcategory spanned in degree A € T
by those functors C — Fun(A, £) preserving the terminal object. O

For T-cocomplete C, there is also a universal left adjoint to a pointed cocomplete
T-oco-category. We begin with the non-parametrized statement; while we expect this
to be well-known, we weren’t able to find a proof in this generality in the literature.

PROPOSITION 4.3. Let C be a cocomplete oco-category with a terminal object.
Then fgt: C, — C admits a left adjoint (—)4, and this enjoys the following universal
property: for any pointed cocomplete D, restriction along (—) defines an equivalence

Fun®(C,, D) == Fun®(C, D).

PROOF. It is clear that the forgetful functor admits a left adjoint, given by
taking coproduct with the terminal object. To complete the proof, it will then
suffice to show that restriction along (—). defines a bijection

o HomCAng (C*7D) L) o HomCAng (C,D); (4.1)

the corresponding equivalence of functor categories will then follow by replacing D
by Fun(K, D) for varying co-categories K.
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To prove that (4.1)) is injective, let us define Sq°°(C) ¢ Fun([1] x [1],C) as the
full subcategory spanned by all pushout squares of the form

A—— B

-

1—C

and similarly define Sq°!(D). Note that the functors Sq(C) — C and Sq*°{(D) —
D restricting to the top row are equivalences.

If we view the counit € of the adjunction (—)4 - fgt as a functor C — Ar(C),
apply Ar on both sides, and restrict along C, — Ar(C), we obtain a functor
C. — Fun([1] x [1],C) sending 1 — X to the naturality square

1+*>X+

l ls (4.2)

1 — X.

This functor factors through Sq°(C); postcomposing with G then yields a functor

G’ C. — Sq™ (D) such that ev; ; o G’ ~ G. On the other hand, the restriction of

G’ to the top row only depends on G o (—); by construction, so is injective.
For surjectivity, let F': C — D arbitrary and define G: C, — D as the composite

C* - Cl/ *F—> DF(I)/ ﬂ-} Do/ *N—> D,
where p is left adjoint to precomposition with p: F(1) — 0, i.e. it is given by taking

cofibers. This composite is then clearly cocontinuous. We now consider the diagram

c e,

FJ I

D —— Dra)) —— Doy

where the bottom left arrow is left adjoint to the forgetful functor. The left-hand
square commutes as F' preserves pushouts (so that Ar(F'): Ar(C) — Ar(D) preserves
evg-cocartesian edges), and the bottom composite is left adjoint, hence also inverse
to the forgetful map fgt: Dy, —~= D. We conclude that

Go(—)+ = fgt ™! oproFo(—)4 ~fgt L opoio F ~F,
so G is the desired preimage. O

PROPOSITION 4.4. Let S C T be a cleft, and let C be an S-cocomplete T-oo-
category with a terminal object. Then C, is S-cocomplete and the forgetful functor
fet: C. — C admits a T-left adjoint (—)+ enjoying the following universal property:
for any pointed S-cocomplete D, restriction along (—)4 defines an equivalence

Fun**(C,, D) —~ Fun7**(C, D).
PROOF. It is clear that the forgetful functor admits a pointwise left adjoint

(given by coproduct with the terminal object), and the Beck—Chevalley condition
follows from fiberwise cocompleteness.
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To show that C, is S-cocomplete, we apply Lemma [3:45] First note that the
composite

PSh(T)°? <5 CATL, s CAT?,  CAT.,

where CATio C CAT,, denotes the subcategory of co-categories with a terminal
object and functors preserving terminal objects, is limit-preserving (as (—), is a
right adjoint). Thus, this composite describes the limit extension of C,.. Given any
Y € PSh(T) and (f: X = Y) € Spcg,r(Y), we may therefore identify f*: C.(Y) —
C.(X) with f*: C(Y)1, — C(X),, which has a left adjoint given by the composite

C(X), L5 (V) =5 e()y,.
To verify the Beck—Chevalley condition, consider a pullback

At

g

in PSh(T') with s € Spcg,p(B). Then the Beck—Chevalley map sjt”* — t*s: is a
natural transformation of cocontinuous functors C(B’) — C(A); we may therefore
check invertibility after applying the equivalence from the previous proposition, i.e.
after precomposing with (—)4: C(B) — C(A). However, as Beck—Chevalley maps
compose, this fits into a commutative diagram

(=) — (=)t 22 (<) s

BC!(—)+\L l(—)ﬁ—BC!

tsi(=)+ Jpar (st —=— (—)4t7s,
where the unlabelled equivalences come from (—); being a T-functor. The two
horizontal Beck—Chevalley maps are equivalences since (—)4 is a left adjoint, as is
the right-hand vertical map since C is S-cocomplete. Thus, also the left-hand vertical
map is an equivalence by 2-out-of-3, finishing the proof that C. is S-cocomplete.

Finally, we will show that the restriction along (—); defines an equivalence
Homg pps-ce (Ci, D) = Homgps-c (C, D); the corresponding claim for parametrized
functor categories will then follow by replacing D by Fun(A x [n], D) for varying
AeT, n>0.

Applying the previous proposition levelwise, we see that restriction defines
an equivalence Homgpr, 7-c¢ (Cs, D) = Homg . 7-cc (C, D); to complete the proof
it will therefore suffice to show that a fiberwise cocontinuous F': C, — D is S-
cocontinuous if and only if the composite C — C, — D is so. This follows from
Lemma [3.47} Fix B € PSh(T) and (s: A — B) € Spcg,r(B); arguing as before, we
may check invertibility of the Beck—Chevalley map BC,: siF — F's) after precom-
posing with (=), and we may identify BCi(—)+ up to conjugation by equivalences
with the Beck—Chevalley map for the composite Fo(—);: C — D. The claim follows
immediately. (]

COROLLARY 4.5. The T-co-category Spcgyr . is S-presentable, and for any
S-cocomplete pointed T-oco-category C, evaluation at 1, defines an equivalence

Fun7*(Speg,r ., €) = C.
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PROOF. By the previous proposition, Spcg,r , is S-cocomplete, and it is clear
that each Spcg,r,(A) ~ PSh(T)4)ia,, is presentable. Finally, combining the
previous proposition with Corollary verifies the universal property. O

We can also give a different construction of the initial S-cocontinuous functor
with pointed target using the Lurie tensor product:

PROPOSITION 4.6. Let C be any S-cocomplete T'-oo-category. Then the levelwise
tensor product Spc, ® C is again S-cocomplete, the map C — Spc, ® C induced
by (=)+: Spc — Spc, is S-cocontinuous, and it moreover admits the following
universal property: for every pointed S-cocomplete T-oco-category D, restriction
defines an equivalence

Funy°(Spc, ® C, D) = Funj °°(C, D).

PROOF. In light of Proposition .4 it will be enough to construct an equivalence
Spc, ® C = C, under C. For this, we consider the commutative diagram

Spc®C —— Spc,®C

| |

Spe ® C, —— Spc,, ® C,

with horizontal maps induced by (—)4+: Spc — Spc, and vertical maps induced
by (=)4+: C — C.. We claim that the right-hand vertical map and the bottom
horizontal map are equivalences; this will then complete the proof of the corollary.

To see that the bottom horizontal map is an equivalence, it suffices to show that
Spc ® D — Spc, ® D is invertible for every (non-parametrized) pointed cocomplete
D, or equivalently that the induced map between corepresented functors on CATSS
is an equivalence. By the defining property of the tensor product, the latter amounts
to saying that we have an equivalence

— o (=)+: Hom(Spc,, Fun®(D, £)) = Hom(Spc, Fun® (D, £)) (4.3)

for any cocomplete £. By |[CLL25a), Corollary 4.1.10°P], the full subcategory of
Fun(D, £) spanned by the functors preserving the initial object is pointed, whence
so is the smaller subcategory Fun®(D, £) as it still contains the initial object. Thus,
applying the Proposition for S =T =1 shows that is an equivalence.

For the vertical map, we similarly compare corepresented functors on fiberwise
cocomplete co-categories. Arguing as above, this reduces us to invertibility of

Hom(C,, Fun®“(Spc,, —) o D) — Hom(C, Fun®(Spc,,, —) o D),

and applying the above levelwise shows that Fun®(Spc,, —) o D is pointed. The
claim therefore follows from the special case S = ¢ T of the proposition. O

We will now apply this to global co-categories of equivariant and global spaces.

CONSTRUCTION 4.7. Localizing Ntop(L-Topz) in each degree G at the (under-
lying) G-global weak equivalences yields a global co-category G, Analogously,
we define &, by localizing Ntop(Topi) in each degree G at the (underlying) G-
equivariant weak equivalences.
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COROLLARY 4.8. The global co-category &, , is pointed and globally pre-
sentable. For every pointed globally cocomplete D, evaluation at ¢(S°) defines an

equivalence
Glo- ~
MGIS CC (ggl,w D) D.

PROOF. It is clear that &, , has a zero object, so that there is a unique global
functor &, , — (&)« over &, and applying Lemma [B.1P? levelwise shows that
this map is an equivalence. Combining this with Theorem [3:3] we then get an
equivalence (Spcy). ~ S, sending 1, to ¢(S°). The claim now follows from

Proposition [1.4] O
In the same way we deduce from Corollary 352}

COROLLARY 4.9. The global co-category &, is pointed and equivariantly pre-
sentable. For every pointed equivariantly cocomplete D, evaluation at S° defines an
equivalence

Fungjy (6., D)~ D. O

4.2. Model categorical properties. We devote this subsection to discussing
some model categorical properties of based equivariant and global spaces, which will
be used both in the next subsection to construct symmetric monoidal structures on
6, and G, , as well as in setting up the stable theory in Part IL

Let us begin by recalling a couple of generalities: for any model category C
and any A € C, the slices C4, and C,4 inherit model structures such that weak
equivalences, fibrations, and cofibrations are created by the forgetful functor to C.
Moreover, C4, and C,4 inherit properties like properness or cofibrant generation
from C by [Hir21]. Similarly, if C is topological, then so are the slices C,4 and Cy4/
as the tensoring or cotensoring, respectively, are preserved by the forgetful functor.
Let us spell this out for one of the model structures above, leaving the analogous
results for other model categories implicit:

COROLLARY 4.10. The category G-L-Top, of pointed orthogonal G-spaces
admits a model structure in which a map is a weak equivalence, fibration, or
cofibration if and only if it is so in G-L-Top. This model structure is proper,
topological, and cofibrantly generated. (I

4.2.1. Homotopy colimits. In we saw that pushouts along h-cofibrations
compute homotopy pushouts in equivariant spaces. The analogous statement in the
based setting is not quite true, even for the trivial group: for every based space X,
the map 1 — X is an h-cofibration in Top,, but wedge sums of weak equivalences
in Top, are not always weak equivalences. We therefore introduce:

DEFINITION 4.11. Let G be a compact Lie group. A map in G-Top, or
G-L-Top is called an unbased h-cofibration if it is a cofibration in G-Top or
G-L-Top, respectively. We call an object X well-based if the unique map 1 — X is
an unbased h-cofibration.

LEMMA 4.12. Let G be a compact Lie group, and let

A1, B

fJ{ i J (4.4)

C —— D



4. BASEPOINTS 67

be any pushout in G-L-Top, such that i is an unbased h-cofibration. Then is
a homotopy pushout in the G-global model structure.

The analogous statement holds for homotopy pushouts in the F-model structure
on G-Top, for any collection F of closed subgroups.

PrOOF. The second statement follows immediately from the corresponding
unbased statement (Lemma as weak equivalences, cofibrations, and pushouts
are created by the forgetful functor to G-Top.

For the first statement, we then factor f into a level cofibration A — Cj
followed by a G-global level weak equivalence. Then (V) is an h-cofibration in
(O(V) X G)-Top by [Sch18| Corollary A.30(ii)], so applying the second claim
levelwise shows that the induced map B4, Cy — B1l4 C' = D is even a G-global
level weak equivalence, so that is a homotopy pushout as claimed. O

LEMMA 4.13. Let G and F be as before. Let (X;);c; be a small collection of
based G-spaces, such that for every i € I the object X; is well-based. Then the
maps X; — \/,c; X; exhibit \/;,.; X; as a coproduct in the underlying co-category.

Moreover, the analogous statement for orthogonal G-spaces holds.

PRrROOF. We will prove the equivariant statement, the proof of the global one
being analogous.

Pick for every i € I a cofibrant replacement X! — X;. The claim amounts to
saying that the induced map \/,.; X{ — \/,.; X; is an F-weak equivalence, which
can be checked after forgetting the basepoint. The map in question is then the
induced map on pushouts

L——lies ! — [Lics X§

|

| |
L [Lic; 1 —— [Lics X
By assumption the bottom right horizontal map is a coproduct of h-cofibrations,
hence itself an h-cofibration; thus, the previous lemma shows that the pushout of the
bottom row computes the homotopy pushout. Similarly, the pushout of the top row
computes the homotopy pushout as the top right map is a cofibration. The claim
follows as [[;; X; — [1;c; Xi is an F-weak equivalence by direct inspection.  [J

iel
4.2.2. Change of group. Next, we come to our usual discussion of functoriality
as the group G varies:
LEMMA 4.14. Let a: G — G’ be a homomorphism of compact Lie groups. Then
ar: G-L-Top, = G’-L-Top, :a*
is a Quillen adjunction with homotopical right adjoint. If « is injective, then also
o*: G’-L-Top, = G-L-Top, :«,
is a Quillen adjunction.
PROOF. As a® commutes with the functors forgetting the basepoint, and since

weak equivalences, cofibrations, and fibrations are created by the forgetful func-
tor, this is immediate from the corresponding unbased statements recorded as

Lemmas [2.39] and [2.401 O
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Similarly, Lemmas [2.5] and 2.7 have based analogues; again, we will not make
them explicit, but instead simply refer to the unbased statements whenever we need
the based versions.

4.2.3. Multiplicative properties. Finally, let us discuss how the smash product
of based spaces interacts with equivariant model structures.

LEMMA 4.15. Let G be a compact Lie group, and let F1, Fo be families of closed
subgroups. Then

— A —: (G-Top,)r, x (G-Top,)r, — (G-Top,)r,nr,- (4.5)
is a left Quillen bifunctor for the model structures as indiciated.

PRrROOF. Write F; x F3 for the family of closed subgroups K C G x G such that
there exist Hy € F1, Hy € Fo with K C Hy x Hs. Then (4.5) factors as

(G-Top*)]:l X (G'Top*)]:z L) ((G X G)-Top*)]:l X Fa A—*> (G'Top*)}-lﬁ]:w

where the second functor is left Quillen by Lemma [2.7] We are therefore reduced to
showing that the first functor is a left Quillen bifunctor.

It suffices to verify the pushout product axiom for the generating (acyclic)
cofibrations, which are of the form (G;/H; X f;)+ for generating (acyclic) cofibrations
f of Top, and H; € F;. The pushout product is then given by

(Gl/Hl X f1)+ O (GQ/HQ X f2)+ = ((Gl X GQ)/(Hl X HQ) X (fl DfQ))Jr.

As Top is a cartesian model category, f1 O fa is a cofibration, acyclic if at least one
of f1, fo is so. As (G1 x G2)/(Hy x H3) is (Fy X JFz)-cofibrant by definition and
since the (F; x Fz)-model structure is topological, the claim follows. (]

PROPOSITION 4.16. Let G be a compact Lie group and let F1, F2 be two families
of closed subgroups of G. If X is JFi-cofibrant, then X A — sends (F1 N F2)-weak
equivalences between well-based G-spaces to Fo-weak equivalences.

PRrROOF. Let f: Y — Y’ be an (F; N Fa)-weak equivalence of well-based G-
spaces. We note that (X A f)¥ agrees up to homeomorphism with X# A f# for
any H C G. If H € F ~ Fy, then X =0, so that (X A f)¥ is a homeomorphism;
on the other hand, if H € F; N Fy, then XH A fH is a weak equivalence as f¥ is a
weak equivalence of well-based spaces and X is well-based. O

The following seemingly random result will later turn out to be crucial in setting
up the model structures for G-global stable homotopy theory:

COROLLARY 4.17. Let G, H be compact Lie groups, and let N C H be a closed
normal subgroup. We write F1 for the family of closed subgroups of G x H that
intersect 1 x N trivially and JF» for the family of graph subgroups for homomorphisms
H' — G whose kernel is contained in N.

If X is cofibrant in the F;-model structure, then X Ay — sends (Gu,¢ N Ga,1)-
weak equivalences between JFa-cofibrant based (G x H)-spaces to G-equivariant
weak equivalences.

As the most important special case, for N = H this says says that for any Gp -
cofibrant X, the functor X Ay — sends (Gu,¢ N Ga, 1 )-weak equivalences between
G, m-cofibrant objects to G-weak equivalences. The extra flexibility afforded by the
choice of normal subgroup N will be useful for a reduction argument later.
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Proor. The family Gy, NGa,u consists precisely of those groups that intersect
1x H and G x 1 trivially. If H' € H and ¢: H' — G is a homomorphism, then
Iy N (G x 1) = 1; moreover, if ker(¢) C N, then I'y/ , N (1 x H) C 1 x N, whence
'y oyN(Ix H)=Tg ,N(1x N). We conclude that 7y N Fo C G, NG, 1, SO
that any (Gu,¢ N Ga,m)-weak equivalence is also an (F; N Fz)-weak equivalence (in
fact, it is not hard to show by similar arguments that 71 N F2 = Gu.¢ N Ga,u).
Thus, if X is Fi-cofibrant and f: Y — Y’ is a (Gu.¢ N Ga,m)-weak equivalence
of Fa-cofibrant objects, then the previous proposition in particular shows that
X A f is an Fa-weak equivalence between Fa-cofibrant based (G x H)-spaces. Since
(=)/H: (G x H)-Top, )7, — (G-Top, ) aw is left Quillen by Lemma [2.5] Ken
Brown’s Lemma then shows that X Ay f = (X A f)/H is a G-weak equivalence as
claimed. O

Now we turn to the analogue of the smash product in the global situation.

CONSTRUCTION 4.18. For every X,Y € L-Top we define X AY as the cofiber
of the pushout-product map X VY 2 (XX 1)1 (1XY) —» (X XY). We omit
the straight-forward but lengthy verification that this becomes an enriched functor
preserving colimits in each variable via the universal property of the cofiber, and that
the symmetry, unitality, and associativity isomorphisms for the box product on X
then similarly induce isomorphisms exhibiting Nl as the symmetric monoidal product
of a closed topologically enriched symmetric monoidal structure on L-Top, with unit
¢(S%). Moreover, the left adjoint (—), : L-Top — L-Top, of the forgetful functor
acquires the structure of a strong symmetric monoidal functor with unit isomorphism
the unique one and with structure isomorphisms (X;) @A (Y}) — (X KY), inverse
to the map induced by X XY — (X)X (Vi) = (X4) B (Y4).

LEMMA 4.19. For any compact Lie groups G and H,
— N —: G-L-Top, x H-L-Top, — (G x H)-L-Top,
is a left Quillen bifunctor.

Arguing as before, we then in particular see that it also defines a left Quillen
bifunctor G-L-Top, x G-L-Top, — G-L-Top, for any compact Lie group G.

PRrROOF. The pushout product axiom can be checked on generating (acyclic)
cofibration. As these can be obtained from the generating (acyclic) cofibrations of
the corresponding unbased model structure by adding disjoint basepoints, this then
follows from the pushout-product axiom for the box product (Lemma . O

DEFINITION 4.20. A (based) G-global space X € G-L-Top, is called quasi-
cofibrant if it is a restriction of a cofibrant (based) orthogonal G’-space along some
a: G = G'. We write G-L-Top°’ and G-L-Top%®! for the full subcategory of
the quasi-cofibrant (based) orthogonal G-spaces.

PROPOSITION 4.21. The functor [ restricts to a homotopical functor
G-L-Top%°f x G-L-Top®' — G-L-Topd®!

* * *

PRrROOF. If X and Y are quasi-cofibrant, then we find a: G — G; and §: G —
G4 together with cofibrant X’ € G1-L-Top, and Y’ € G2-L-Top, such that X =
a* X" and Y = *Y’. Then the based orthogonal G-space X MY is the restriction
of the based orthogonal (G; x Gg)-space X' WY’ along (o, 8): G — G x Ga. As
X'[NY’ is cofibrant by Lemma, we conclude that X AY is quasi-cofibrant.
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Similarly, we deduce from Lemma [2:44] that for X and Y as above the top
horizontal map in the pushout square

XVY — XKXY

I

1l — XAY

defining X AY is a restriction of a (G x Ga)-cofibration along («, 3), and hence
in particular an h-cofibration. Thus, Lemma shows that this square is also
a homotopy pushout. Given now G-global weak equivalences f: X; — X5 and
g: Y1 = Y5 of quasi-cofibrant based G-spaces, the map f X g is a G-global weak
equivalence by Corollary 2.45] as is f V g by Lemma We conclude that also
the induced map on homotopy pushouts f [N g is a G-global weak equivalence. [

Finally, let us discuss the model-categorical properties of the (co)tensoring of
G-L-Top, over G-Top,:

LEMMA 4.22. The levelwise smash product G-Top, x G-L-Top, — G-L-Top,
is a left Quillen bifunctor for the A#-model structure on G-Top, and the G-global
model structure on G-L-Top,.

PROOF. Adjoining over, we may equivalently show that the cotensoring over
G-Top is a right Quillen bifunctor, which can be checked after forgetting the
basepoint. Adjoining back, it therefore suffices to prove that the cartesian product
G-Top x G-L-Top — G-L-Top is a left Quillen bifunctor.

For the pushout-product axiom for cofibrations, it then suffices to treat the
case of the generating cofibrations, which by the same reasoning as before reduces
to showing that X = G/K x L(V,—) x, G is a cofibrant orthogonal G-space for
every closed subgroup K C G, any homomorphism ¢: H — G, and any faithful
H-representation V. However, if we write i: K — G for the inclusion, then X is
isomorphic to 41i*(L(V, —) X, G), so the claim follows as both i) and i* are left
Quillen by Lemmas [2:40] and [2.39] With this established, the pushout product for
acyclic cofibrations is then an instance of [Bar23|, Corollary A.10]. (]

COROLLARY 4.23. If X € G-Top,, is Al-cofibrant, then X A —: G-L-Top, —
G-L-Top, preserves G-global weak equivalences between well-based orthogonal
G-spaces.

PROOF. By the previous lemma, X A — preserves G-global weak equivalences
between cofibrant objects. Picking functorial cofibrant replacements in the G-global
level model structure, it will therefore suffice to show that X A — preserves G-global
level weak equivalence between well-based objects. This follows at once by applying
Proposition levelwise. O

LEMMA 4.24. Let X be a finite based G-CW-complex. Then the cotensoring
maps, (X, —): G-L-Top, — G-L-Top, (4.6)
preserves G-global weak equivalences.

PROOF. Applying Lemma levelwise shows that (4.6]) is right Quillen for the
G-global level model structure, hence it preserves G-global level weak equivalences
by Ken Brown’s Lemma. Taking functorial cofibrant replacements in the G-global
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level model structure, we are therefore reduced to proving that preserves G-
global weak equivalences between cofibrant pointed orthogonal G-spaces. Note that
any cofibrant pointed orthogonal G-space X is in particular closed: by Lemma [2.40}
1 — X is a cofibration in L-Top, and 1 = L(0,—) is cofibrant, so that X is
cofibrant in L-Top and hence closed by Lemma [2.35] Thus, it suffices to prove
that maps, (X, —) preserves G-global weak equivalences between closed pointed
orthogonal G-spaces.

For this, we fix a compact Lie group H and a complete H-universe Ug. Then

maps, (X, —): (G x H)-Top, — (G x H)-Top, (4.7)

preserves sequential colimits along closed embeddings, so choosing a cofinal se-
quence in the poset of finite-dimensional subrepresentations of Uy, we see that
maps, (X,Y (Us)) = maps, (X,Y)(Ug) natural in Y € G-L-Top,. It therefore
suffices that preserves Gy g-weak equivalences, which again follows from
Lemma .15 and Ken Brown’s Lemma. [

4.3. Symmetric monoidal universal properties. In this subsection, we
will explain how one can use the smash products studied above to upgrade &, ,
and &, to symmetric monoidal global co-categories, and we will moreover prove

that these satisfy pointed analogues of the universal properties established in §3.5]

4.3.1. Idempotent algebras and smashing localizations. We begin by more gen-
erally studying symmetric monoidal structures on Spcg,r, for any cleft S C T
Our goal will be to show that there is in fact a unique S-presentably T-symmetric
monoidal structure with unit 1, and that this yields the initial pointed symmetric
monoidal T-oo-category such that the tensor product is S-bilinear. The most con-
venient way to prove this result is via the framework of idempotent algebras and
smashing localizations, and we begin by recalling the relevant general theory.

DEFINITION 4.25. Let C be a symmetric monoidal co-category with unit 1. An
idempotent algebra consists of an object A € C together with a map a: 1 — X such
that the map a ® A is an equivalence.

DEFINITION 4.26. Let C be a symmetric monoidal co-category, and let a: 1 — A
be idempotent. An object B € C is called an A-module if the map a® B: 1 ® B —
A ® B is an equivalence.

REMARK 4.27. Given any idempotent algebra a: 1 — A, [Lurl7, Proposition
4.8.2.9] shows that A admits a unique commutative algebra structure with unit given
by a. Similarly, Proposition 4.8.2.10 of loc. cit. shows that the forgetful functor
LMod4(C) — C is fully faithful with essential image given by the A-modules in the
sense of the previous definition, justifying the terminology.

As a direct consequence of the preceeding remark we have, see also [Lurl7,
Proposition 4.8.2.4]:

COROLLARY 4.28. Let a: 1 — A be idempotent. Then the inclusion of the full
subcategory spanned by the A-modules admits a left adjoint given by A ® —, with
unit induced by a. ]

DEFINITION 4.29. We call a Bousfield localization L: C &2 D :i a smashing
localization if there exists an idempotent algebra (A, a) such that the essential image
of the fully faithful right adjoint 4 consists precisely of the A-modules.
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REMARK 4.30. By Corollary {28, L ~ A® — and a: 1 — A can be recovered
as the unit 1 — ¢L(1). In particular, the idempotent algebra (A, a) is unique.

Finally, we record:

LEMMA 4.31 (See [CSY21, Proposition 5.1.7]). Let (A4, a) be an idempotent
algebra, viewed as an object of CAlg(C). If B € CAlg(C) is arbitrary, then
Homcaugc)(A, B) is empty or contractible, and there exists a map A — B of
commutative algebras if and only if (the underlying object of) B is an A-module.
In particular, A is the initial commutative algebra that is also an A-module. 0

4.3.2. Smashing localizations of Pr?. We will now specialize the above discussion
to the case where C = CATZ°° or C = Prf for a cleft S C T, both equipped with
the parametrized Lurie tensor product from §3.5.2)

CONVENTION 4.32. By the universal property of the unit Spcg,p, a morphism
Spcg,r — C in one of these categories is described by the image X of the terminal
object; thus, we will typically denote idempotent algebras by (C, X).

The following result will often allow us to reduce to the case T'= S:

LEMMA 4.33. Let i: S < T be a cleft, let C € CATS°, and let X be a global
section. Then (C,X) is an idempotent in CAT3-°° if and only if the restriction
(i*C,i*X) is an idempotent in CATS . Moreover, in this case a D € CATS° is a
C-module if and only if i*D is an i*C-module.

ProOF. This follows at once from Lemma [3.70] since the restriction functor
1*: CAT7 — CATg is conservative. O

LEMMA 4.34. Let (C, X) be an idempotent in CATS°°. Then D € CAT is a
C-module if and only if evaluation at X defines an equivalence

evy : Funf¢(C, D) = D. (4.8)

Proor. By Remark the symmetric monoidal structure on CAT?JCC af-
forded by the parametrized Lurie tensor product is closed, with internal homs
given by Fun®-¢. Thus, the fully faithful functor fgt: LMode(CATZ ) — CATZ
admits a right adjoint such that the counit is given for any D by the map . The
claim now follows since the essential image of any fully faithful left adjoint consists
precisely of those objects for which the counit is invertible. O

Let us now specialize the above to the setting of pointed T-co-categories:

PROPOSITION 4.35. The pair (Spcg,r,, 14 ) defines an idempotent algebra in
Pr3., and hence also in CATZ°°. An S-cocomplete T-co-category C is a Spegpr -
module if and only if it is pointed.

Proor. By Corollary Spcgyr,.. is S-presentable. To see that it is idem-
potent and to characterize its modules, recall that Spcg,7 , >~ Spc, ® Speg,r by
Proposition By [MW22, Proposition 2.6.3.7], the functor —®Spcg: pPr — Prlg
can be upgraded to a strong symmetric monoidal functor; as (Spc,, S°) is an idempo-
tent algebra |Lurl?7, Proposition 4.8.2.11], so is its image (Spcg ,,SY). Lemma
then implies that also (Spcgyr ., S°) is idempotent.

Combining Lemma [£:34) with Proposition [{.4] already shows that every pointed
S-cocomplete T-oo-category is a Spcg,r ,~-module. For the converse, it will suffice
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to show that Fun3cc (Spcgpr4, D) is pointed for any S-cocomplete D. By [CLL25a,
Corollary 4.1.10°P], the full subcategory of FunT(mg‘;Ty*,D) spanned by the
functors preserving the initial object is pointed; as @‘;‘CC (§]£S>T7*7 D) is a smaller

subcategory still containing the initial object, it is then necessarily also pointed. [
Lemma therefore specializes to the following:

COROLLARY 4.36. There exists a unique S-presentably symmetric monoidal
structure on Spcgyp, With unit 1. Moreover, this defines the initial object of

CAlg(CATS ). 0

4.3.3. Symmetric monoidal structures for global and equivariant based spaces.
We will now describe the symmetric monoidal structure from the corollary in model
categorical terms for T'= Glo and S € {Orb, Glo}.

CONSTRUCTION 4.37. We write Niop(L-Top”a°f) c Ny, (L-Top’) for the
full subcategory given in degree G by the quasi-cofibrant orthogonal G-spaces
(Definition . By Proposition the box smash product N then restricts to a
symmetric monoidal structure on this subcategory and it is moreover homotopical.
Thus, we may derive to a yield a symmetric monoidal global co-category @g‘f’@.

Similarly, we define &5°*® by localizing the full subcategory of Ntop(’i‘opb)
given in each degree by the A#l-cofibrant spaces, equipped with the smash product.

LEMMA 4.38. The inclusions induce equivalences of global co-categories

qcof ~ cof ~
@gl,* 7 ggl,* and @* @*

PRrROOF. If we fix a compact Lie group G, then an inverse is induced by cofibrant
replacement in the G-global and G-equivariant model structure, respectively. [

As an upshot, we can uniquely extend the symmetric monoidal structures from
Construction yielding symmetric monoidal global co-categories §§7* and 6%,
. . . ® .
THEOREM 4.39. The pointed symmetric monoidal global co-category S, . Is
globally presentably symmetric monoidal, and it is initial in CAlg(CATg}g'CC’O).

PRrROOF. In light of Corollaries [£.8] and it only remains to show that this is
a globally presentably symmetric monoidal co-category with unit ¢(S°).

The claim about the unit is clear; moreover, we already know that the underlying
global co-category &, , ~ &, , is globally presentable, and that for every G

AR 6G—gl,* X 6G—gl,* — GG—gl,*

preserves colimits in each variable as it can be identified with the left derived functor
of the left Quillen bifunctor —[A—: G-L-Top x G-L-Top — G-L-Top. Observe now
that the symmetric monoidal functor (—)4 : L-Top — L-Top, induces a homotopi-
cal symmetric monoidal global functor Nyop(L-Top®”9°°f) — N, o (L-TopZ-”dc°t),
and hence localizes to a symmetric monoidal global functor @S — @S’*. Thus, we
in particular have a commutative square as depicted on the left:

_X— K-
§g1 X @gl E— §g1 §g1 X @gl - ggl
(ex()s | [ Gwxen] |
§g1,* X @gl,* T @gl,* @gl,* X @gl,* 7;§;> @gl,*
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On the other hand, by the universal property of G,) — &, , as the initial globally
cocontinuous map with a pointed target and since §§ is globally presentably
symmetric monoidal (Corollary, there exists a unique bifunctor —®— preserving
global colimits in each variable and making the diagram on the right commute. Using
that the initial globally cocontinuous functor &,; — &, , is also the initial fiberwise
cocontinuous functor (see Proposition 4.4)), — ® — is then also uniquely characterized
by preserving fiberwise colimits in each variable and making the diagram commute.
Thus, — Al — is equivalent to —® —, and hence in particular preserves global colimits
in each variable. ]

Analogously one shows:

COROLLARY 4.40. The pointed symmetric monoidal global co-category &% is
equivariantly presentably symmetric monoidal, and it defines an initial object of
CAlg(CATEP-ce0), O



PART 1II

The stable story

In this second part we will study equivariant and global spectra and show that
they can be organized into global oo-categories &p and &p,, respectively. As our
main results, we will show that these global co-categories admit universal properties
as the free equivariantly or globally cocomplete co-categories satisfying a genuine
refinement of stability, that we call representation stability.

5. Representation stability

In this section we introduce the notion of representation stability for equivari-
antly or globally cocomplete pointed global oco-categories. We will moreover show
(Corollary that any globally cocomplete C admits an initial globally cocon-
tionus functor to a representation stable globally cocomplete global co-category, and
similarly in the equivariantly cocomplete case. These two notions of stabilization will
however differ in general, with the globally cocomplete case being more subtle. In
particular, stabilization in the equivariant setting will later turn out to be a pointwise
procedure, while the global version is a genuinely parametrized phenomenon.

5.1. R-stability. The notion of representation stability is a special case of a
more general concept, which we will introduce in this subsection. For this we will
first need to talk about the canonical tensoring over pointed parametrized spaces:

LEMMA 5.1. Let S C T be any cleft, and let C be any pointed S-cocomplete
T-oco-category. Then there exists a unique S-bilinear bifunctor

—® —:Spegpr . XC = C (5.1)
such that 1, ® — is the identity of C.

ProoF. Passing to adjuncts, the claim translates to saying that there is a
unique S-cocontinuous T-functor 0: C — @ﬁficc (msbn*, C) such that postcom-
posing with evy+: Funagicc (Spcgypr 4, C) — C recovers the identity. But evi+ is an
equivalence by Proposition [4.4] so this is obvious. ([l

REMARK 5.2. The above uniqueness argument did not use S-cocontinuity of
0. In other words, the tensor product is also uniquely characterized by preserving
S-colimits in the first variable and satisfying 1, ® — = ide¢.

REMARK 5.3. Using the theory of smashing localizations, one can upgrade the
canonical tensoring to an SQC%DT7*-m0dule structure in a unique way; for our present
purposes, the above less coherent version will however be sufficient.

EXAMPLE 5.4. If § =T = Glo, then we have an equivalence &, , ~ Spcgy, .
sending SY to 1. The canonical tensoring of a pointed globally cocomplete global

oo-category may therefore equivalently viewed as a bifunctor —® —: &, , x C = C

75
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preserving global colimits in each variable separately and such that S ® — = ide.
The canonical tensoring of &, , over itself is then given by the symmetric monoidal
product from Theorem {4.39)] i.e. by the derived box smash product.

EXAMPLE 5.5. Analogously to the previous example, the canonical tensoring of
the pointed equivariantly presentable global co-category &, may be identified with
the derived smash product from Corollary

ExXAMPLE 5.6. Let C be S-cocomplete and pointed, and let K be any T-co-
category. Then Fun, (K, C) is again S-cocomplete and pointed, and the composite

Spespr. X Fung (K, C) e Funy.(K, Spegpr ) X Fung (K, C)
Fun,,.(K,—®—

B (K707 Fun, (K, C)

is S-bilinear and restricts to the identity on {14} x Fun,(KC,C), so it agrees with

the canonical tensoring of Fun,.(C,C). Put more informally, the canonical tensoring

on a functor category is pointwise.

=~ MT(K:7SESDT,* X C)

EXAMPLE 5.7. Let C be a T-cocomplete and pointed T-oo-category, let A € T
arbitrary, and let fgt: T4 — T denote the forgetful functor. Then fgt*C and
fgt*ng)* are T y-cocomplete pointed T 4-oo-categories by direct inspection. More-
over, [Mar21} Remark 3.7.2] shows that the unique left adjoint Spcy, , — fgt*Sper
preserving the terminal object is an equivalence, so passing to pointed objects
levelwise provides an equivalence SET/A,* ~ fgt*&mT’* preserving 1.. Thus, we
may identify the canonical tensoring of fgt*C with

Sper, . x fat"C =~ fgt™ (Speg.,, x €) -7 fgtC,

For later use we note the following naturality property of the tensoring:

LEMMA 5.8. Let C, D be pointed S-cocomplete T-co-categories, and let X be a
global section of Spcg,p . Then the two T-functors

Fun® (X @ —, D), Fun***(C, X ® —): Fun®°°(C, D) = Fun®*¢(C, D)

are naturally equivalent.

In particular, passing to underlying oo-categories this says that F(X ® —) ~
X @ F(—) naturally in F € Fun®*°°(C, D).

Proor. The adjunct of

Fun(—®—,D i
Fun®°(C, D) & Fup®-bilinear (Spcgpr « XC, D) =~ Fun®-c° (&ECSDT,M Fun®°(C, D))

defines an S-bilinear functor ©: Spcgyr , X Fun®-°°(C, D) — Fun®°¢(C, D). By a
straight-forward naturality argument, the restriction of © to a global section X
is given by Fun°*(X ® —,D); in particular, O(id, —) is the identity. Thus, ©
necessarily agrees with the tensoring of Fun®<¢(C, D) from Example and the
claim follows by restricting both tensorings to {X} x Fun®-°(C, D). O

We are now ready to define the notion of R-stability:

DEFINITION 5.9. Let R C Spcg,r . be a full subcategory. We say that a pointed
S-cocomplete T-oo-category C is R-stable if for every A € T and X € R(A) the
functor X ® —: C(A) — C(A) induced by the canonical tensoring is an equivalence.
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EXAMPLE 5.10. Let S C T be any cleft, and let R C Spcg,p, be the full
subcategory spanned by the global section S® = 1,. Then every S-cocomplete
T-oco-category is R-stable.

EXAMPLE 5.11. Let T be any small co-category, and let S = ¢ T be the minimal
cleft, so that Spcg,r , is constant with value Spc,. We can then take R to be the full
subcategory spanned in each degree by the circle S, in which case an S-cocomplete
(i.e., fiberwise cocomplete) T-oo-category C is R-stable if and only if it is fiberwise
stable in the sense that each C(A) is a stable co-category (note that all restriction
functors are automatically exact as they are cocontinuous).

EXAMPLE 5.12. Let T'= Glo and S = Orb. We take R = RepSph to be the full
subcategory of Spcg,r , corresponding under the equivalence from Corollary to
the full subcategory of &, given in each degree G by the representation spheres, i.e.
the 1-point compactifications of G-representations. We call a pointed equivariantly
cocomplete global oco-category C representation stable if it is RepSph-stable. Note
that if C is actually globally cocomplete, this is equivalent to being RepSph’-stable,
where RepSph’ C Spcgyo,« denotes the image of RepSph under the unique sym-
metric monoidal equivariantly cocontinuous functor Spco,mpglo« — SPCaIo« OF,
equivalently, the image of the representation spheres under the composite

c ~
@* — @gl,* — LS CGlo,x

of the functor sending a G-space to the constant orthogonal G-space and the
equivalence from Corollary

VARIANT 5.13. For any non-empty collection F of compact Lie groups, we
obtain an analogous notion of representation stability for (equivariantly or globally
cocomplete) F-global co-categories by restricting the previous example. For F = Fin,
these notions have been studied by Linskens in [Lin24]. By the main result of
[HL24], this agrees with the notion of equivariant stability for Gloz;,-oo-categories
from |[CLL25a,/CLL25b| defined via ‘abstract Wirthmiiller isomorphisms.’

REMARK 5.14. Let R C Spey, arbitrary. The notion of R-stability is compati-
ble with slicing the indexing category in the following sense: Write fgt: T4 — T'
for the forgetful functor and R4 for the image of fgt*R under the equivalence
fgt*ng)* ~ ng/Aa* induced by the unique equivalence fgt*Spcy ~ Sper,, - If C
is T-cocomplete and R-stable, then Example shows that fgt*C is R 4-stable.

DEFINITION 5.15. We write Pry:"® ¢ Pr3 and CATS ™ ¢ CATS for
the full subcategories spanned by the R-stable T-oo-categories.

5.2. Colimits of cocomplete parametrized oco-categories. Fix a cleft
S C T. As the main result of this section, we want to prove that the inclusion
CAT::,’:'CC’R'QX < CATF admits a left adjoint (giving rise to R-stabilizations) for
any small R C Spcg,r ,, and that this adjunction restricts to the presentable case.
The key step in this proof will be the construction of the R-stabilization of Spcg,r,
which will be as a certain colimit in CAlg(Pr%). To see that this has the correct
universal property in CAT;‘CC requires understanding the relation between colimits
in Prj and CATS°, to which the present subsection is devoted.

We begin with the following more general statement about parametrized oo-
categories with all colimits of certain prescribed shapes, which for 7' =1 is a special
case of |[Lurl7, Lemma 4.8.4.2]:
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LEMMA 5.16. Let U C Cat, be small. Then the oo-category Caty °° of U-
cocomplete small T-oco-categories and U-cocontinuous functors has small colimits,

and for any small diagram Cy: I — CatS ™ and any D € Cat® °° the induced map

Fun¥ °“(colimy Co, D) — limop Fun¥°¢(C,, D) (5.2)
is invertible.

PrOOF. Fix any small diagram Co: I — Catg‘CC and an extension to a colimit

diagram I® — Caty. Writing oo for the terminal object of I”, it follows that for
any U-cocomplete D, the induced equivalence

Homeaty (Cooy D) == limjor Homeag, (Ce, D)

then restricts to an equivalence between the union of those path components of
the left-hand side given by functors F': C — D such that each C; - C — D is
U-cocontinuous and limer Home,yu-ce(Co, D). On the other hand, [MW22} Propo-
sition A.4.2 and Remark A.4.3] yield a map Co, — C., to a small U-cocomplete
T-oo-category such that Home,;y-cc (CL., D) — Homcat, (Cxo, D) defines an equiva-
lence of the union of the same set of path components. This provides the desired
colimit.

To see that is an equivalence, it suffices by the (non-parametrized) Yoneda
lemma, that the induced map on Hom(K, —) is an equivalence for every K € Catr.
However, this induced map may be identified with the equivalence

Homgyu-cc (colimy Co, Fun(KC, D)) = limpor Homeypu-ce (Co, Fun(K, D). O

Applying this in a larger universe we get:

COROLLARY 5.17. The very large co-category CATF® has all large colimits,
and for any diagram Co: I — CAT3° and D € CAT5°® the induced map

Fun5 °(colim; C,, D) — limfor Fun’-*¢(C,, D)
is invertible. O

PROPOSITION 5.18. The full subcategory Pry. ¢ CAT$° is closed under small
colimits. In particular, Pra? is cocomplete.

The proof will require some preparations. The basic idea will be to factor any
small diagram I — Prisp through a levelwise Ind,-cocompletion functor from (small)
T-co-categories with ‘k-small S-colimits’ to Pr3. For this to make sense, we have
to put some assumptions on k:

DEFINITION 5.19. A regular cardinal « is (S, T)-reqular if for every pullback

XLA

l - ls (5.3)

CT>B

in PSh(T) such that A, B,C are representable and s is a map in S (so that X €
PSh(S) by the definition of a cleft), X can be written as a x-small colimit in PSh(S)
of representables.
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Note that there is only a set’s worth of pullback squares of the form (up
to isomorphism), so there always exists an (S,T)-regular k. Moreover, if u > &
is regular and & is (S, T)-regular, then so is u; thus, there exist arbitrarily large
(S, T)-regular cardinals.

DEFINITION 5.20. Let k be (S, T)-regular. We say a T-oo-category C has k-

small S-colimits if it has U-colimits for U the union of constant x-small categories
and the Yoneda images of all maps s’ as in (5.3)).

LEMMA 5.21. Let C € Pry. and let k be (S, T)-regular such that each C(A) is
k-compactly generated and each restriction preserves k-compact objects. Denote
by C* C C the full T-subcategory given in degree A € T by the k-compact objects.
Then C* has k-small S-colimits, and for any D € CATE,SJCC, restriction along the
inclusion defines an equivalence

MS—CC(C7 D) o~ Mf@—small S—CC(CK,’ D)

PRrROOF. It follows directly from the assumptions that restriction along C* — C
defines an equivalence FunfP #filt cc(C D) >3 Fun,.(C*, D). Moreover, C* has
fiberwise x-small colimits, and applying [Lur09, Example 5.3.6.8] pointwise, we
see that a functor C — Fun(A, D) preserves fiberwise colimits if and only if its
restriction to C* preserves fiberwise k-small colimits.

As each of the left adjoints s1: C(A) — C(B) preserves x-compact objects (its
right adjoint admits another right adjoint, so it is in particular s-accessible), we see
that each s*: C*(B) — C*(A) for s: A — B in S admits a left adjoint. We claim
that also sj: C(X) — C(C) for s’ as in restricts to C"(X) — C*(C) (beware
that the left-hand side is a priori different from C(X)"); with this established the
Beck—Chevalley condition for C* will follow from the one for C, i.e. C* will have
k-small S-colimits.

To prove the claim, write X =~ colim; X; as a x-small colimit of representables
in PSh(S), so that s* agrees up to equivalence with (s});ecr: C(C) — limyer C(X,)
for some cocone (s;);er. By [HY17, Theorem B], this then admits a left adjoint
given on objects by sending an object (y;)icr € limjor C(X,o) to the colimit of a
certain diagram ¢ — s;(y;). If each y; is k-compact, then so is each s;(y;) by the
above, whence so is their colimit as [ is k-small. This completes the proof of the
claim, and hence of C* having k-small S-colimits.

It only remains to show that a functor F': C — Fun(A4, D) for S-cocomplete
D satisfies the Beck—Chevalley condition with respect to the maps s: A — B in
S if and only if this holds for the composite Fi: C* — Fun(A, D). This follows
at once by observing that the collection of X € C(A) such that s FX = Fg X
is closed under (k-filtered) colimits and contains C*(A), as C* — C satisfies the
Beck-Chevalley condition by construction of the left adjoints for C*. O

LEMMA 5.22. Let k be (S, T)-regular, and let C be a T-oo-category with k-small
S-colimits. Then Ind,; o C is S-cocomplete, and the inclusion C — Ind,; oC preserves
k-small S-colimits.

PROOF. It is clear that Ind, o C is fiberwise cocomplete and that the inclusion
preserves fiberwise x-small colimits. Moreover, for every s: A — B in S, the
restriction Ind, C(B) — Ind, C(A) admits a left adjoint, and the inclusion satisfies
the Beck—Chevalley condition with respect to this adjoints.
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We now again apply [HY17, Theorem B] to see that for any s': X — C in
PSh(S) such that X is a k-small colimit colim; X, of representables, the restriction
C(B) — (Ind,; o C)(X) admits a left adjoint; beware that the target will be typically
different from Ind,(C(X)). We now claim that the square

C(X) —— (Ind,, 0 C)(X)

S'*T TS/*

C(C) —— (Ind, o C)(C)

is vertically left adjointable. As the horizontal maps are fully faithful, this amounts
to saying that sjoincl factors through the bottom inclusion. Applying the description
of s; from [HY17] again shows that s{ o incl sends a y € C(X) with components
y; € C(X;) to the colimit of some I-indexed diagram i — s/,y;. By the above, each
shy; is contained the image of the bottom inclusion; the claim follows as the latter
is closed under k-small colimits.

To complete the proof, it then only remains to show that the Beck—Chevalley
map s;f"* — f*s of functors Ind, C(A) — Ind, C(C') is invertible for any pullback
. As both source and target preserve (k-filtered) colimits, it suffices to check this
after precomposing with C(A) < Ind, C(A). Using that Beck—Chevalley compose,
this follows from the previous paragraph and the assumption that C have x-small
S-colimits. O

PROOF OF PROPOSITION 18 Let Co: I — Pry ¢ CATZ° be a small dia-
gram, and pick an (S, T)-regular x > Ry such that each C;(A) is k-compactly gener-
ated and all restrictions C;(B) — C;(A) as well as all transition maps C;(A4) — C;(A)
preserve k-compact objects. We then obtain a subfunctor C5: I — Catfrsmall cc,
which admits a colimit D by Lemma [5.16} By the previous lemma, Ind, oD is
S-cocomplete, and as D is small, it is even fiberwise presentable, i.e. S-presentable.
Moreover, D is fiberwise idempotent complete (as it has sequential colimits by as-
sumption on k), so D < Ind, oD induces an equivalence onto (Ind, o D)*. Applying
Lemma twice then shows that Ind, o D is a colimit of Ind,; o C§ ~ C,, finishing
the proof. O

5.3. Existence of R-stabilizations. In this subsection we will finally show
that the subcategory of R-stable categories is a smashing localization of the co-
category of S-cocomplete, pointed T-oo-categories. To this end, we will more
generally study the process of inverting a collection of objects in an S-cocomplete
symmetric monoidal T-oco-category. We begin with the presheaf case:

REMARK 5.23. By [MW22| Remarks 2.6.2.6 and 2.6.2.7], the lax symmetric
monoidal functor (CAT5-)® < CAT. admits a strong symmetric monoidal left ad-
joint, which then lifts to a left adjoint Pgyp(—)®: CAlg(CATr) — CAlg(CATS )
of the forgetful functor. By Remark the functor Pgyr(—)® restricts to
CMon(Caty) — CAlg(Pr3.).

LEMMA 5.24. Let X € CMon(SPCr), and let f: X — X&' be its (pointwise)
group completion. Then

P(f)*: LModp,,, (xerye (CATE ) — LModp,, . (x)e (CATF)  (5.4)
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is fully faithful, and its essential image consists precisely of those Psy1(X)®-modules
M such that for every A € T and x € X(A) the action map x - —: M(A) — M(A)
is invertible.

PROOF. By definition, each X (A4) — X&"P(A) is an epimorphism in CMon(SPC),
so that X — X&P is an epimorphism in CMon(SPCr) ~ Fun(7°P, CMon(SPC)).
As left adjoints preserve epimorphisms, we conclude that also P(f) = Pspr(f)? is
an epimorphism, so that is fully faithful by [Rob15| Proposition 2.4].

To characterize its essential image, it remains to show that a Pgy7(X)®-module
structure on a given M lifts to a Pgyr(X8P)®-module structure if and only if each
x € X(A) acts invertibly. For this we note that since the symmetric monoidal
structure on CAT?,:'CC is closed, it in particular admits endomorphism objects in the
sense of [Lur17, §4.7.1]. Thus, the composition on Fun®<(M, M), i.e. the map
adjunct to

M @ Fun (M, M) @ Fun®* (M, M) <25 M @ Fun®(M, M) <5 M,

refines to an associative algebra structure, and the adjunct fi of any u: Pspr(X)® @
M — M that is part of a module structure refines to a map of associative algebras.
By [Lur17, Corollary 4.7.1.40], lifting such a structure to Pgy7(X&P)® then amounts
to solving the extension problem in Alg(CAT5°°) depicted on the left in the following
diagram:

Psor(X)® —L— Fun®°°(M, M) X 2 FunSee (M, M),
fp(f)% e fl e
P (X8P)® - X -

By adjunction, this is equivalent to solving the extension problem on the right
in Alg(SPCr) = Fun(7°P, Mon(SPC)). As group completions in CMon(SPC) and
Mon(SPC) agree (both are given by the loop space of the bar construction), the
extension exists if and only if X has image in the units with respect to the algebra
structure. By direct inspection, the multiplication of the algebra structure is
given in degree A by sending elements corresponding to (suitably cocontinuous)
endomorphisms of 7% M to their composite, i.e. the units precisely correspond to
automorphisms of 7% M. Further unravelling definitions, X — Fun®°¢(M, M) is
given in degree A by sending x € X (A) to the map corresponding to
TIM =1 X Th M oxid THX X THM — THM,

where the last map comes from the module structure. This is invertible if and only if
it is so after evaluating at each f: B — Ain T4, i.e. if and only f*x acts invertibly
on M(B). The lemma follows. O

THEOREM 5.25. Let C € CAlg(CATZ ), let X € CMon(SPCyr), and let
I: X — C be a map in CMon(CATy).

(1) There exists a map F: C — D in CAlg(CATS°) such that FI: X — D
lands in the tensor-invertible objects, and which is universal in the sense
that for any €& € CAlg(CATZ°°) the induced map

—oF': HOmCATai—cc (D, 6) — HOmCATE’i—cc (C, 5)
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is the inclusion of the components consisting of all G: C — &€ such that
G factors through the invertible objects.

(2) If C is S-presentable and X is small, then D is S-presentable.

(3) IfC is idempotent, then so is D. Moreover, an M € CAlg(CATS) is a D-
module if and only if it is a C-module and the map I(z)-—: M(A) - M(A)
given by the C-module structure is an equivalence for every A € T and
x € X(A).

ProoOF. Consider the pushout

P ®
Poor(X)® PO Poor(X8P)2

. l l (5.5)

C —— D

in CAlg(CAT‘;'CC), where the left-hand vertical map is adjunct to S and the hor-
izontal map is induced by a group completion. We may then identify for any
£ € CAlg(CATF) the map Hom(D, £) — Hom(C, £) with the projection

Hom(PSDT(Xgrp)®v 5) X Hom(Pspr(X)®,E) HOI’D(C, 5) - HOIII(C, g)a

which by adjunction is the inclusion of those path components of symmetric monoidal
S-cocontinuous G: C — & such that GI factors through invertible objects.

For the second claim we observe that the assumptions on X and C guarantee
that all objects in except possibly the bottom right one are S-presentable.
As CAlg(Pry) c CAlg(CATF ) is closed under small colimits as a consequence of
Proposition we conclude that also D is S-presentable.

For the final claim, we first observe that D is a C-algebra, hence in particular
a C-module. Thus Spcg,; ® D — C ® D is an equivalence, and it will suffice for
idempotency that

HomCAlg(CAT%CC) (D ® D, 5) L} HomCAlg(CAT%cc) (C ® D, (‘:) (56)

for any C-algebra £. Since the symmetric monoidal product is the coproduct on
CAIg(CAT?‘CC), we may view (5.6) as a map

Hom(D, £) x Hom(D, ) — Hom(C, ) x Hom(D, £).

As C is idempotent and £ was assumed to be a C-algebra, Hom(C,&) ~ 1 by
Lemmam By the universal property of D, we then have Hom(D, £) ~ 1 if the
composite X — C — £ lands in the invertible objects, and Hom(D, £) ~ () otherwise.
Thus, either both sides are initial, or both sides are terminal; in any case, any
map between them is an equivalence.

It remains to prove the characterization of D-modules. Clearly, any D-module
M is also a C-module and its underlying Pgp7 (X )®-module lifts to Pgyr(X8P)®,
i.e. X acts invertibly by the previous lemma. For the converse, we compute for a
C-module M

DOIM=DRQ M =~ ('PSDT(Xgrp) ®PS>T(X) C) Rc M ~ 'PSDT(Xgrp) ®7:'SI>T(X) M,

where the first equivalence is idempotency of C, the second one uses that
exhibits D as the coproduct in CAlg(CAT?'CC)pSDT(X)@)/ ~ CAlg(LModp,_,(x)®),
while the last equivalence follows from |[Lurl7, Propositions 4.4.3.14 and 4.4.3.16].
If X acts invertibly on M, then the counit Pgyr(X8P)® Qpgpr(x)e M — M is an
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equivalence of Pgy7(X)®-modules by another application of the previous lemma, so
that D ® M ~ M abstractly in CATS°. As the left-hand side is a D-module, so is

the right-hand side, finishing the proof. (]
COROLLARY 5.26. Let R C Spcgyp, small. Then CAT Ry CATF
admits a left adjoint restricting to Pr”; — Pri’R_ex, and both of these adjunctions are

smashing localizations. In particular, there exists for any pointed S-presentable C
an R-stabilization, i.e. an S-cocontinuous ¥>°: C — Sp% 1(C) to an S-presentable
R-stable T-oco-category, such that for any S-cocomplete R-stable D

Fun®°(£*, D): Fun®“*(Sp&.+(C), D) = Fun*°(C, D).

ProoFr. Note that if X, Y € R(A) act invertibly, then so does X ® Y. We may
therefore assume that R is a symmetric monoidal subcategory, and the first claim
follows by applying Theorem to t R < Spcgpp .. The second claim is then an
instance of Lemma [£.341 O

Thanks to the abstract theory we obtain several further universal properties of
this construction:

COROLLARY 5.27. There exists a unique S-presentably symmetric monoidal
structure on Sp% , = &Q§>T(§@S>T,*) with unit S := X°°(14), and this makes it
into the initial R-stable S-presentably symmetric monoidal T-oco-category.

PROOF. Existence and uniqueness of the symmetric monoidal refinement were
recalled in Remark and this is initial by Lemma O

COROLLARY 5.28. For any S-presentably symmetric monoidal D, the restriction

Hom(zoo7 D) : HomCAlg(Pri) (&Q?DT? D) - HomCAlg(Pri) (g.&CSDT,*a D)

is the inclusion of the components consisting of those S-cocontinuous symmetric
monoidal functors that send the objects of R to invertible objects.

PROOF. As part of Theorem [5.25| we constructed an S-presentably symmetric
monoidal structure with the correct universal property. This then necessarily agrees
with the structure from the previous corollary. (I

6. The universal property of equivariant spectra

In this section we will recall the model of G-equivariant stable homotopy theory
in terms of orthogonal spectra with G-action, and we will show that for varying G
the resulting co-categories Gp of (genuine) G-spectra naturally assemble into the
free representation stable and equivariantly cocomplete global co-category.

6.1. A reminder on (equivariant) orthogonal spectra. We begin by
recalling the coordinate-free description of orthogonal spectra:

CONSTRUCTION 6.1. We write O for the following Top,-enriched category: the
objects of O are the finite dimensional inner product spaces, and the pointed space
of maps V' — W is given as the 1-point compactification of the total space of the
R-vector bundle

{(A,w) e L(V,W) x W : (Av,w) = 0 for all v € V} 2 L(V, W),

where L(V, W) denotes the space of linear isometric embeddings as before; this
receives a natural quotient map from the fiberwise 1-point compactification, so we
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will denote points in O(V, W) by [A, w] where w € SW = WU{oo} and (w, AV) =0
for w # oo. The composition law is then given by

oO(V.W)ANO(U,V) — O(U,W)
[B,w] A [A,v] — [BA, Bv + w].

DEFINITION 6.2. We write OrthSp for the (Top,-enriched) category of Top,-
enriched functors O — Top, and natural transformations between them. An object
of OrthSp is called an orthogonal spectrum.

CONSTRUCTION 6.3. If i: U — V is a linear isometric embedding and X is
any orthogonal spectrum, then we obtain a map SV ~4U) A X (U) — X (V) as the
adjunct of the composite

SV=i) _ o(U, V) =5 maps(X(U), X(V))
v — [, 0];

we will refer to this as the structure map of X. We will be particularly interested in
the case of a direct summand inclusion V' — V @ W, in which case we can write
the structure map as oy : S A X(V) — X(V @ W). It is easy to check that this
map is (O(V) x O(W))-equivariant with respect to the evident O(W)-action on SV
and the actions via functoriality of X.

REMARK 6.4. The category O has a skeleton given by the vector spaces R"™
equipped with the standard scalar products, so it is enough to specify an orthogonal
spectrum on the full subcategory spanned by them. Similarly, it is not hard to show
that any morphism R™ — R™ in O is given up to conjugation by automorphisms
by a composite R™ — R™t!1 — ...R" where each RF — R**! is of the form
[incl, (0,...,0,2)] for some x € RU {oo}.

It follows that we may equivalently describe an orthogonal spectrum as a se-
quence X,, = X(R™) of based O(m)-spaces for all m > 0, together with maps
S'AX,, — X1 satisfying some compatibility conditions. This is the classical ‘co-
ordinatized’ description of orthogonal spectra; as we will never need this description,
we simply refer the reader to [Sch18, Remark 3.1.6] for details.

For later use, let us describe the morphism spaces in O in concrete terms:

LEMMA 6.5. Let V, W be finite-dimensional inner product spaces.

(1) If dim(V') > dim(W), then O(V,W) = 0.

(2) ItV =W, then O(V,V) = O(V).

(3) If V.C W, then there exists a left O(W)- and right O(V')-equivariant home-
omorphism O(V,W) = O(W)1 Aoaw—v) SV =Y, where on the right-hand
side O(W) and O(V) act via left and right multiplication on O(W'), while
they act on the left-hand side via post- and precomposition, respectively.

PrROOF. The first two statements are clear from the definitions. For the third
statement, one easily checks that

O(W)4 Aow-v) SV — OV, W)
[A, w] — [A]y, Aw]

is well-defined and an equivariant homeomorphism, also cf. [Sch18, Construc-
tion 3.1.1]. O
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PROPOSITION 6.6. Let G, H be compact Lie, let V be an H-representation, and
let U be a G-representation. Then O(V,U) admits the structure of a finite based
(G x H)-CW-complex. Moreover, if K C H acts faithfully on V, then K acts freely
on O(V,U) outside the basepoint.

PRrOOF. The claim is clear if O(V,U) = 0, so we may assume there exists an
isometric embedding V' — U, which allows us to identify V' with a vector subspace
of U, equipped with the restricted inner product. By the previous lemma, we may
then identify O(V,U) = O(U)4 Aow-v) SU-V as (G x H)-spaces. By Illman’s
triangulation theorem, O(U) is a (G x O(U — V) x H)-CW-complex and SY~V is
an O(U — V)-CW-complex. In any such structure, co is a 0-cell (being an isolated
O(U — V)-fixed point), so that O(U) A SY~V inherits the structure of a based
(G x O(U — V) x H)-CW-complex, ultimately giving O(V,U) the structure of a
based (G x H)-CW-complex; moreover, this is finite by compactness.

To see that K acts freely outside the basepoint on O(U) 1 Aow—v) SU-V it
will suffice to show that it acts freely on O(U)/O(U — V). For this let A € O(U)
arbitrary and let k € K. As K acts faithfully on V' by assumption, there exists a
v € V such that k=10 # v, and hence (k.A)(v) = A(k~.v) # A(v) by injectivity of
A. Acting with any element of O(U — V') does not change the values of A on V| so
that k.A and A define distinct classes in O(U)/O(U — V), as claimed. O

6.1.1. G-equivariant stable homotopy theory of orthogonal G-spectra. For any
compact Lie group G, we write G-OrthSp for the (Top,-enriched) category of
continuous G-objects in OrthSp, and we will refer to its objects as orthogonal
G-spectra. We will want to view them through the lens of a suitable notion of
G-equivariant weak equivalences, which we will introduce now.

CONSTRUCTION 6.7. Let H be any compact Lie group and let V be an H-
representation. If p: H — O(V) is the corresponding homomorphism, then com-
posing with the identification O(V); = O(V,V) from Lemma [6.5] yields a natural
H-action on X (V) for any orthogonal spectrum X. In particular, if X was already
an orthogonal G-spectrum, then this H-action commutes with the G-action, making
X (V) into a (G x H)-space. We will be particularly interested in the case where
H C G is a closed subgroup, in which case we will usually view X (V') as an H-space
via the diagonal action.

CONSTRUCTION 6.8. Fix once and for all a complete G-universe Ug and write
s(Ug) for the poset of finite dimensional subrepresentations of Ug. We then define
for every closed subgroup H C G, n > 0, and every G-orthogonal spectrum X its
n-th H-equivariant homotopy set via
(X)) := colim [SVER" X (V)T

VesUea)
where [—,—]H denotes based H-equivariant homotopy classes of maps and the
transition map for V' C W is given by the composite
[SVEE X (V) T [SVERL QW VX (W) = [SWTYASYER X (W) = [SWERT X (W)

*
of the adjunct structure map, the adjunction isomorphism, and the isomorphism
SW=V A SVER" = GWER" given by compactifying the evident isomorphism of real
vector spaces (W — V)& (VeR") =W e R™
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If n < 0, then we define 71 (X) as the analogous colimit

colim [SV, X (V& R™)).
Ves(Ua)

Both of these become functors in X via postcomposition.

REMARK 6.9. Note that 7 is independent of the choice of universe up to
isomorphism. In particular, since any complete G-universe Ug is also a complete
H-universe for any H C G by [Sch18, Remark 1.1.13], we could as well have
defined 7 as a colimit over a complete H-universe. In other words, we also get a
natural isomorphism 77 (X) = 7 (res% X) for any orthogonal G-spectrum X with
underlying orthogonal H-spectrum restX .

DEFINITION 6.10. A map f: X — Y in G-OrthSp is called a G-equivariant

weak equivalence if the induced map 7 (X) — w2 (Y) is bijective for every n € Z
and H C G.

DEFINITION 6.11. The oco-category Gpo of G-equivariant spectra is the Dwyer—
Kan localization of G-OrthSp at the G-equivariant weak equivalences.

Our next goal is to show that Gp, is a compactly generated stable co-category
and that the smash product of orthogonal spectra derives to a closed symmetric
monoidal structure. While these co-categorical statements are of course already
recorded in the literature, we spend some time to review the model categorical
underpinnings as several of the intermediate results as well as the general strategies
will be needed later to get the G-global theory off the ground.

We therefore begin by describing our reference model structure on orthogonal
G-spectra.

DEFINITION 6.12. A map f: X — Y in G-OrthSp is called an G-equivariant
level fibration if for every finite-dimensional inner product space V, f(V): X(V) —
Y (V) is a fibration in the Gg o(vy-equivariant model structure, i.e. if fONHH is
a Serre fibration for every closed subgroup H C G and every continuous group
homomorphism H — O(V). Analogously, we define the G-equivariant level weak
equivalences as those f such that f(V') is a G o(v)-weak equivalence for all finite-
dimensional inner product spaces V.

A map is called a G-equivariant cofibration if it has the left lifting property
against all maps that are simultaneously G-equivariant level fibrations and G-
equivariant level weak equivalences.

DEFINITION 6.13. A map f: X — Y is called a G-equivariant fibration if
it is a G-equivariant level fibration and for all closed subgroups H C G and H-
representations V., W the naturality square

X(V) =25 QVX (Ve W)
Fv) lﬂwf(veavv)
Y(V) — QY (Ve w)
for the adjunct structure maps is a homotopy pullback in H-Top,.
An orthogonal G-spectrum X is called a G-§2-spectrum if the unique map X — 0
is a G-equivariant fibration, i.e. the adjunct structure map X (V) — QW X(V @ W)

is an H-equivariant weak equivalence for each closed subgroup H C G and all
H-representations V, W.
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If we want the fibrations to be part of a cofibrantly generated model structure,
we have to characterize them via a lifting property. For the level fibrations this is
rather straightforward, while the following set of maps will turn out to detect the
homotopy pullback condition:

CONSTRUCTION 6.14. Let H C G be any closed subgroup and let V' be any
H-representation. Then it follows from the enriched Yoneda lemma that the Top,-
enriched functor

G-OrthSp — Top,
X — X(VH

is corepresented by O(V, —) A G4 via evaluation at [idy,0;1] € (O(V, =) Ag G4)".

If W is any further H-representation, then the functor X — (@YX (Ve W))#
is similarly corepresented by (O(V AW, —)AS W) Ag G4 via evaluation at V¢ W
and restriction along

SV — (O(VeW,VeW)ASY) Ay Gy
w — [idyew, 0; w; 1].
It follows from the enriched Yoneda lemma, that there exists a unique map
kv (O(V @ W, =) ASY) Ay Gy — O(V,—) Au Gy

such that maps(/fg,’v?,, X) corresponds under the chosen identifications with the

H-fixed points of the adjunct structure map X (V) — QW X(V @ W).

Note that by construction an orthogonal G-spectrum X is a G-{2-spectrum
if and only if it is local (in the enriched sense) with respect to the maps mf,lvcf,
Detecting the pullback condition in the unenriched sense will merely require a slight
modification:

CONSTRUCTION 6.15. We use the mapping cylinder to factor each /15‘,?, as

H,G

w Avw ~
OWVaW,-)ASY) Ay Gy ——— Z =5 O(V,—) Au G4
and we define the set K to consist of all the pushout product maps

A ANODT

(O(VaW,-)ASY) Ay G AOD? 5 Z AODY

! g

OV aeW,-)ASY) Ay Gy ADE —————— 5 P

~

Ay Dincl
A

Z NDY

AL ADY

where n > 0, H is a closed subgroup of G, and V, W run through (representatives

of isomorphisms classes of) H-representations.

THEOREM 6.16. The G-equivariant weak equivalences, cofibrations, and fibra-
tions are part of a stable, proper, and topological model structure on G-OrthSp.
This model structure is cofibrantly generated with generating cofibrations

I={OWV,=)Ag G4 AN(OD"™ — D")y : H C G,V an H-representation,n > 0}
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and generating acyclic cofibrations
J={O(V,=-)Ag G AN(0D"— D"), : H C G,V an H-representation,n > 0}UKg.
We call this the G-equivariant model structure.

ProOF. All of these statements apart from the description of the generating
(acyclic) cofibrations are part of [DHL ™23, Theorem 1.37]. The description of the
generating (acyclic) cofibrations is then noted in the beginning of part (iv) of the
proof of loc. cit. O

LEMMA 6.17. The adjunction
¥ :=0(0,—) A —: G-Top, = G-OrthSp : Q> = evq
is a Quillen adjunction.

PRrROOF. It is clear that the left adjoint sends generating (acyclic) cofibrations
to generating (acyclic) cofibrations, so it is left Quillen. O

6.1.2. Homotopy pushouts. Similarly to various model structures considered
before, the equivariant model structure on orthogonal G-spectra has rather few
cofibrations, so that it is often hard to get concrete control over the factorization of a
given map into a cofibration followed by a weak equivalence. In order to nevertheless
be able to compute homotopy pushouts we introduce:

DEFINITION 6.18. A map f: X — Y in G-OrthSp is called an unbased level
h-cofibration if each f(V): X (V) — Y (V) is an h-cofibration in (O(V) X G)-Top.

LEMMA 6.19. Pushouts along unbased level h-cofibrations are homotopy pushouts
in the G-equivariant model structure.

PRrROOF. Consider a pushout as depicted on the left, where ¢ is an unbased level
h-cofibration, and pick a factorization of f as a cofibration j followed by a level
weak equivalence g, leading to the iterated pushout depicted on the right:

A—1.B A2, x_2.B
TS B O
C ——s D C ——Y — D.

h

If H C G and V is any H-representation, then (V') is in particular an h-cofibration
in H-Top, whence so is i'(V). As g(V) is an H-equivariant weak equivalence, so is
h(V) by Lemma i.e. h is again a G-equivariant level weak equivalence. This in
particular shows that the original square is a homotopy pushout. (I

6.1.3. Stability. For G = 1, the above is a model of ordinary stable homotopy
theory, and in particular the corresponding oco-category Gp is stable in the sense
that the suspension-loop adjunction is an equivalence. For general G, &p, satisfies
the following genuine version of stability (which will later precisely correspond to
representation stability of a certain global co-category Sp of equivariant spectra):

PROPOSITION 6.20 (See [MMO2| Proposition I11.3.9 and Theorem I11.3.11]). Let
V be any G-representation. Then the endofunctors S A — and QY of G-OrthSp
preserve G-equivariant weak equivalences, and the induced endofunctors of Gp are
mutually inverse equivalences. (I
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COROLLARY 6.21. The oo-category Gp, is stable.

PRrOOF. As the underlying co-category of a model category, Sp; is complete
and cocomplete, with the localization preserving initial and final objects. Thus,
Gp, is pointed. Observe now that the oco-categorical suspension functor on Gp, is
induced by the suspension functor on the pointset level (e.g. since the left Quillen
bifunctor Top, X G-OrthSp — G-OrthSp describing the tensoring descends to
a functor Spc, xGp, — Gp, preserving colimits in each variable and restricting
to the identity on {S°} x Gp,, and there is only one such functor). Thus, the
claim follows by specializing the previous proposition to the 1-dimensional trivial
G-representation. O

In particular, &p is additive. Since each of the functors 7 : Gp, — Sets
preserves finite products by direct inspection, it therefore admits a unique lift to
Ab (which would of course also be easy to describe directly).

PROPOSITION 6.22. The stable co-category Sp is compactly generated by
the collection of suspension spectra ¥°G/H for all closed subgroups H C G. In
particular, it is presentable.

PRrROOF. By |Lurl7, Proposition 1.4.4.1 and Corollary 1.4.4.2] it only remains to
show that the spectra X°°G/H form a set of compact generators in the triangulated
sense, which is an instance of [DHL™ 23| Corollary 1.59]. O

6.1.4. Functoriality. In order to be able to later assemble the individual oo-
categories Gp into a global co-category Gp, we should once more discuss their
relationship as the group G varies.

PROPOSITION 6.23 (See [DHL ™23, Theorem 1.66(ii)]). Let f: G — G’ be a
homomorphism of compact Lie groups. Then

f*: G’-OrthSp =2 G-OrthSp : f.

is a Quillen adjunction for the equivariant model structures, and hence in particular
induces an adjunction Lf*: Gpo = Gpg :Rf. 0

PROPOSITION 6.24. Let i: G — G’ be an injective homomorphism of compact
Lie groups. Then

i1: G-OrthSp =2 G’-OrthSp :i*

is a Quillen adjunction in which both adjoints are homotopical. In particular, they
descend to an adjunction i: Gpg = Gpg 1.

Proor. |[DHL™23, Theorem 1.66(i)] shows that i* is homotopical right Quillen,
while ¢, is homotopical by [Sch18| Corollary 3.2.21]. O

WARNING 6.25. In contrast to all other models of equivariant or global homotopy
theory considered in this paper, restriction along a non-injective homomorphism
f: G — G’ does not send G'-equivariant weak equivalences to G-equivariant ones.
Accordingly, some care will be needed in the next subsection to construct the global

oo-category Gp.
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6.1.5. Smash product symmetric monoidal structure. Next, we recall the usual
smash product of orthogonal spectra.

CONSTRUCTION 6.26. The indexing category O for orthogonal spectra admits
a Top,-enriched symmetric monoidal structure given on objects by direct sum and
on morphisms by

O(Vi,W1) ANO(Va, W) — O(Vy @ Vo, W1 @ Wa)
[[A1,w1], [Az, wo]] — [A1 & Ag, (w1, w2)]

(with the convention that (0o, ws) = 0o and (w1, 00) = 00). The unit is given by the
zero representation, and the associativity, unitality, and symmetry isomorphisms are
induced from the ones for the cocartesian symmetric monoidal structure on R-vector
spaces. By enriched Day convolution, this gives us a closed and Top,-enriched
symmetric monoidal structure on OrthSp, which we call the smash product. The
internal homs are given by F(X,Y)(V) = maps(sh” X,Y) where sh" is given by
restriction along V @& —: O — O, and the functoriality of F(X,Y) in V is via the
functoriality of — @ — in the first variable.

Pulling through G-actions, we then more generally get the analogous structure
on G-OrthSp for every compact Lie group G.

PROPOSITION 6.27 (See [DHL™23, Proposition 1.43]). The smash product
defines a left Quillen bifunctor G-OrthSp x G-OrthSp — G-OrthSp with respect
to the equivariant model structures. ([

As a consequence, we see that smashing with a cofibrant orthogonal G-spectrum
preserves weak equivalences between cofibrant orthogonal G-spectra. However, the
smash product is actually homotopical under significantly weaker assumptions. In
order to state this result, we will first need some terminology.

CONSTRUCTION 6.28. Let O<,, C O denote the full subcategory spanned by the
inner product spaces of dimension < n, and write OrthSp.,, for the category of
Top,-enriched functors O<,, — Top,. Then the restriction OrthSp — OrthSp_,,
admits a left adjoint 4, via enriched left Kan extension. We write sk™ := 4,5*, which
comes with a natural transformation ¢: sk’ — idortnsp given by the counit of the
adjunction. We lift sk and e to G-OrthSp by pulling through the G-actions as
before.

DEFINITION 6.29. Given an orthogonal G-spectrum X and an n > 0, the n-th
latching map L,X — X (R™) is the map £(R"): sk" ' (X)(R") — X (R"). We say
that X is flat if the n-th latching map is a cofibration in the A#-model structure
on (O(n) X G)-Top, for every n > 0.

ExXAMPLE 6.30. Every orthogonal G-spectrum that is cofibrant in the equivariant
model structure is flat. This follows at once from the characterization of the G-
equivariant cofibrations in [DHL™ 23, Definition 1.29], see also Remark 1.38 of op.
cit.

THEOREM 6.31 (Stolz). If X is a flat orthogonal G-spectrum, then the functor
XAN—: G-OrthSp — G-OrthSp preserves G-equivariant weak equivalences. More-
over, for any orthogonal G-spectrum Y the functor — A'Y preserves G-equivariant
weak equivalences between flat orthogonal G-spectra.
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PRrROOF. For a published account of the first statement see [Sch18), Theorem
3.5.10]. For the second statement, we let X; — X5 be any G-equivariant weak
equivalence between flat orthogonal G-spectra and we pick a cofibrant replacement
Y’ — Y. Then all maps in the induced square

Xl/\Y/ *>X2/\Y/

l l

X1 ANY —— XoANY

except possibly the bottom one are G-equivariant weak equivalences by the first part;
thus, also the bottom map is a G-equivariant weak equivalence by 2-out-of-3. [

6.2. The universal property of equivariant spectra. As the main result
of this section, we will now describe the free representation stable equivariantly
presentable global co-category &giggglfo in terms of the oo-categories Spy of
equivariant spectra. We begin by explaining how the latter assemble into a global

oo-category:

CONSTRUCTION 6.32. Consider the full subcategory of Ntop(OrthSpb) given
in degree G by the cofibrant orthogonal G-spectra. By Proposition [6.23] this is
indeed a global subcategory and all restriction functors preserve equivariant weak
equivalences when restricted to this subcategory. We may therefore Dwyer—Kan
localize, yielding a global oco-category Gp.

By Lemma we may equivalently define &p on 0-cells and 1-cells after for-
getting the topological enrichment. Combining this with the existence of (functorial)
cofibrant replacements, we therefore arrive at the following incoherent description of
Gp: it sends an object BG € Glo to the co-category Gp, of G-equivariant spectra
and a functor BG — BG’ corresponding to a homomorphism f: G — G’ to the left
derived functor Lf*: Gpor — Gp.

LEMMA 6.33. The global co-category ©p is fiberwise presentable.

Proor. By Proposition each Gp, is presentable, while Proposition
shows that all restriction functors are left adjoints. O

Below we will prove:

THEOREM 6.34. The global co-category &p is the free equivariantly cocomplete
and representation stable global co-category generated by the global section S, i.e.
for any other such C evaluation at S defines an equivalence

Fungio*(&p, €) == C.

Our argument will proceed by instead establishing a universal property for a
certain symmetric monoidal refinement Sp and then appealing to the general theory
established in the previous section.

To construct the symmetric monoidal structure, recall first that by Proposi-
tionthe symmetric monoidal structure on Ntop(OrthSpb) induced by the smash
product restricts to the full subcategory of cofibrant objects, and this restricted
tensor product preserves weak equivalences in each variable. This then upgrades
Sp to a symmetric monoidal global co-category &p® such that each individual
Gp; is presentably symmetric monoidal. We will now explain how to assemble the
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suspension spectrum functors LY : Gg . — Gp; into a global symmetric monoidal
functor:

CONSTRUCTION 6.35. The topologically enriched symmetric monoidal func-
tor £°°: Top, — OrthSp induces a symmetric monoidal functor Ny,,(Top) —
Ntop(OrthSpb). By Lemma this restricts to a homotopical functor between
the corresponding subcategories of cofibrant objects and hence induces

LE®: 69 ~ (&5°h)® — &p®.

As a direct consequence of work of Gepner—Meier, this construction enjoys the
following ‘pointwise’ universal property:

PROPOSITION 6.36. Let f: T — Glo be any functor, and let C® be a fiberwise
presentably symmetric monoidal T-oo-category. Then the map

HomFun(TOP,CAIg(PrL)) (f*gg®, C®) - HomFun(Top,CAlg(PrL)) (f*@f’, C®)
induced by LX° is an inclusion of path-components, and its image consists precisely
of those functors that send representation spheres to invertible objects.

PrROOF. For any compact Lie group G, |GM23| Proposition C.9] shows that
L3 68* — Gp% is the initial example of a map in CAlg(PrL) inverting repre-
sentation spheres, i.e. it exhibits Gp% as a left adjoint object with respect to the
functor i: Pr” — Ar(CAlg(Pr")) sending a symmetric monoidal co-category to the
inclusion of the full subcategory of tensor invertible objects. Thus, f*L3 exhibits
f*6p® as a left adjoint object with respect to Fun(7T°P,4), which is exactly the
statement of the proposition. [l

It remains to understand how the above pointwise stabilization interacts with
the notion of equivariant cocompleteness.

LEMMA 6.37. Let i: G — G’ be an injective homomorphism of compact Lie
groups. Then i*: Gp — Gp, admits a left adjoint i, and the Beck—Chevalley
map 1 L3> — LX*°Li; of functors &g« — Gp is an equivalence.

PROOF. Proposition [6.24] shows that we have a homotopical Quillen adjunction
i1: G-OrthSp =2 G’-OrthSp :i*, proving the existence of the left adjoint 7, of
i* = Li*: 6psr — Gpg. Since also iy: G-Top, — G’-Top and the suspension
spectrum functors are left Quillen (see Lemmas and respectively), it
then suffices to observe for the Beck—Chevalley condition that the underived Beck—
Chevalley map 7,%°° — ¥4, is an isomorphism. O

PROPOSITION 6.38. The symmetric monoidal global co-category Gp® is equiv-
ariantly presentably symmetric monoidal.

PRrROOF. Combining Proposition for Orb — Glo with [Cno23, Proposi-
tion 2.46] shows that &p®|oy1, is Orb-presentably symmetric monoidal. Factoring
a general map in Glo as a surjective homomorphism followed by a subgroup in-
clusion and appealing to Proposition [3.:24] it then only remains to verify that the
Beck—Chevalley map jig* — p*i is an equivalence for any pullback

H =
o 7]
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in the 1-category of compact Lie groups, where ¢ is the inclusion of a subgroup and
p is surjective. As both source and target of the Beck—Chevalley map are left adjoint
functors of presentable stable co-categories, it suffices to check the Beck—Chevalley
condition on the compact generators from Proposition [6.22] and hence in particular
after precomposing with L3>>. As Beck—Chevalley maps compose, we then have a
commutative diagram of Beck—Chevalley maps

HPLE® — jLE®gr 2% L5t
BC!OLZ‘X’\L lLZ‘X’BC]
PHiLY) —o— pLE%i —— LE%p*i,

where all unlabelled equivalences are given by naturality. We want to show that the
left-hand certical map is an equivalence. By the previous lemma (and using that both
i and j are maps in Glo as opposed to PSh(Glo), by virtue of the explicit description
of the pullback), the horizontal Beck—Chevalley maps are equivalences, and so is
the right-hand vertical map by Corollary The claim follows by 2-out-of-3. [

PROPOSITION 6.39. The symmetric monoidal functor LX®: 6% — &p® is
equivariantly cocontinuous. Moreover, if C® is equivariantly presentably symmetric
monoidal, then a fiberwise cocontinuous symmetric monoidal functor F': Gp® — C®
is equivariantly cocontinuous if and only if F o LY : 62 — C® is so.

Proor. To see that LX*° is equivariantly cocontinuous, we observe that each
LX>®: &g, — Gpg is cocontinuous (being the left derived functor of a left Quillen
functor), while the Beck—Chevalley condition for left adjoints to restrictions along
injective homomorphisms is the content of Lemma [6.37} This completes the proof
of the first statement and the ‘only if’ part of the second one.

To prove the remaining direction, we left F': Gp® — C® be a fiberwise cocontin-
uous symmetric monoidal functor such that F' o LX*° is equivariantly cocontinuous;
we have to show that the Beck—Chevalley map #WF — F4, is invertible for every
injective i: G — G’. Note that the presentably symmetric monoidal co-categories
C(G) and C(G') are stable as they receive symmetric monoidal left adjoints from
presentably symmetric monoidal stable co-categories (namely, Fg and F(,); thus,
the Beck—Chevalley condition follows by exactly the same reduction argument as in
the proof of the previous proposition. O

Proor or THEOREM [6.34l Applying Proposition for f = id shows that
LY>: 6% — &p® is the initial example of a map in Fun(Glo°®, CAlg(Pr")) with
source &% and inverting all representation spheres. Combining this with Propo-
sitions and shows that it is also the initial such map in CAlg(Pror).
Thus, Corollary implies that there is an equivalence @gigsg}fo ~ G&p under
SPCorbsGlo« = G« (in fact, the corollary even provides a symmetric monoidal equiva-

lence). The claim then follows from the defining universal property of SDgiESg}f o U

In the same way one deduces from Corollary

COROLLARY 6.40. The global co-category Gp admits a unique equivariantly
presentably symmetric monoidal structure with unit S, and this is the symmetric
monoidal structure induced by the smash product constructed above. Moreover,
the resulting global symmetric monoidal co-category is the initial equivariantly
presentably symmetric monoidal representation stable global co-category. ([
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7. The universal property of global spectra

In this section, we will prove the universal property of global stable homotopy
theory. In more detail, we explain in how looking at orthogonal G-spectra
through a finer notion of weak equivalence than the G-equivariant weak equivalences
considered in the previous section gives rise to a G-global model structure, which for
G =1 recovers Schwede’s global model structure [Sch18|. In we introduce an
alternative model of G-global stable homotopy theory using orthogonal spectrum
objects in orthogonal G-spaces, which will be crucial for establishing the universal
property; the proof that these two models are indeed equivalent occupies all of
In @ we show that the co-categories Gp( ) of G-global spectra assemble into a
representation stable globally presentable global co-category Gp,, and in we
finally prove that this is in fact the universal such category.

7.1. The G-global model structure on orthogonal G-spectra. In this
subsection we will introduce our reference model of G-global stable homotopy
theory in terms of a G-global model structure on orthogonal G-spectra, generalizing
Schwede’s global model structure on orthogonal spectra [Sch18, Theorem 4.3.17].
The G-global model structure we consider here was first constructed in the master’s
thesis of Vincent Grande [Gra21]; as this thesis is not publicly available, we will
give a new proof of the existence of this model structure for the reader’s convenience.

7.1.1. The G-global level model structure. We again start with a suitable level
model structure:

PROPOSITION 7.1. Let G be a compact Lie group. There exists a (unique) model
structure on G-OrthSp in which a map f: X — Y is a weak equivalence or fibration
if and only if for every finite-dimensional inner product space V., f(V): X(V) —
Y (V) is a weak equivalence or fibration, respectively, in the Go(v) g-equivariant
model structureﬂ on (O(V) x G)-Top. We call this the G-global level model
structure and its weak equivalences the G-global level weak equivalences. If
f: X =Y is any cofibration in the model structure, then f(V') is in particular a
Go(v),g-cofibration for every inner product space V', and likewise for the acyclic
cofibrations.

Moroever, the G-global level model structure is proper, topological, and cofi-
brantly generated with generating cofibrations

I={0O(V,=-)Ao GL AN (OD" = D")4 :V €O, HCO(V),¢: H—= G, n>0}
and generating acyclic cofibrations
J={0O(V, )Ny GL AN(D" = D" xI);:Ve€O,HCOV), ¢p: H—G,n >0}
For the proof of the proposition we will need:
LEMMA 7.2. Let V,W be finite dimensional inner product spaces. Then
O(V. W) Aoy —: (O(V) X G)-Top, — (O(W) x G)-Top,
is left Quillen for the Go(v),g-model structure on the source and the Gow),g-model

structure on the target.

We emphasize that this is different from the Gg o(v)-model structure used to the define the
G-equivariant level weak equivalences.
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PROOF. It is clear that this functor is a left adjoint. By the explicit de-
scription of the generating (acyclic) cofibrations, it will then suffice to show that
OV, W) Aoy (O(V) x G)y /T, = O(V,W) A, G4 is cofibrant in the Gow) a-
model structure on (O(W) x G)-Top, for any H C O(V) and ¢: H = G.

By Proposition[6.6] O(V, W) is an (O(W) x H)-CW complex with free H-action
outside the basepoint, hence cofibrant in the Gow), g-model structure. To complete
the proof it then suffices to observe that

—Np G4 = ¢1: (O(W) x H)-Top, — (O(W) x G)-Top,
is left Quillen for the graph model structures by Example 2.6 O

Proor or ProrosITION [L.1l Observe first that if f is a generating cofibration,
then f(V) is a Go(v),g-cofibration by the previous lemma. As evaluation at V' is
cocontinuous, we then see that the same holds more generally whenever f is a retract
of a relative I-cell complex; in particular, once we have set up the model structure,
this will prove that cofibrations are levelwise cofibrations. In the same way, we see
that retracts of relative J-cell complexes are levelwise acyclic cofibrations.

For existence of the model structure, we want to apply the Crans—Kan transfer
criterion [Hir03|, Theorem 11.3.2] for

G-OrthSp %, T] (O(V) x G)-Top (7.1)
%

where the product runs over a set of isomorphism classes of finite-dimensional
inner product spaces (e.g. just over the standard R™’s), and we equip the factor
(O(V) x G)-Top with the Go(v),g-model structure. Note that is right adjoint
to the functor sending a family of maps fy to the coproduct \/\, O(V, =) Aoy (fv)+-
Moreover, the target of is cofibrantly generated, with a set of generating
(acyclic) cofibrations given by those tuples (fy )y where one fy is a generating
(acyclic) cofibration while all other are the identity of the initial object. Thus, with
respect to the standard choices of generating (acyclic) cofibrations for orthogonal
G-spaces, the images of generating cofibrations or generating acyclic cofibrations of
[I, (O(V) X G)-Top are precisely the sets I and J from the theorem statement.
It then remains to show:

(1) The set I permits the small object argument (i.e. the source of any map
in [ is small with respect to transfinite compositions of relative I-cell
complexes).

(2) The set J permits the small object argument.

(3) Any relative J-cell complex is a G-global level weak equivalence.

We begin by proving (1); the proof of (2) will then be completely analogous. By
construction, any map in I is of the form O(V, —) Ag(v) ¢ for some inner product
space V' and some generating cofibration i of the Go(v),g-equivariant model structure
from Proposition 2.2] By direct inspection, the source of any such i is small with
respect to transfinite compositions of closed embeddings. On the other hand,
O(V, =) Ao(vy — is left adjoint to evy, and the latter is cocontinuous and sends
relative I-cell complexes to closed embeddings as a consequence of the previous
lemma. Thus, the source of O(V, —) Ag(v) ¢ is small with respect to transfinite
composition of I-cell complexes as claimed.

For the proof of (3) on the other hand, it suffices to observe once more that
evaluation at any V' sends maps in J to Go(v,g-acyclic cofibrations. This completes
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the proof that the model structure exists and is cofibrantly generated by I and J;
moreover, as announced in the beginning, we have also shown that cofibrations are in
particular levelwise cofibrations. Properness is therefore immediate from properness
of the Go(v),g-model structure. Similarly, we conclude that the cotensoring over
Top is a right Quillen bifunctor, i.e. the model structure is topological. ([l

For later use we record:

LEMMA 7.3. Every orthogonal G-spectrum that is cofibrant in the G-global
level model structure is flat in the sense of Definition

Proor. Consider the class & of flat cofibrations, i.e. maps f: X — Y such
that the induced map X(R") Il x L,Y — Y(R") is an (O(n) x G)-equivariant
cofibration for all n > 0, where L, X, L,Y denote the nth latching objects of X
and Y as defined in Definition We will show that & contains all G-global
cofibrations, which will then in particular imply the lemma.

For this we observe that & is closed under pushout, transfinite composition, and
retracts: for example, using that both evaluation at R™ and the restriction functor
+* from the previous construction also have right adjoints, one can identify & with
the class of maps having the right lifting property against a certain class of maps.
It therefore suffices to show that the generating cofibrations are contained in %.

As O<,,—1 — Oc,, is fully faithful, the counit e: sk" ' X — X is an isomorphism
if X is left Kan extended from O<,,—; and in particular for X = O(V, —=)A, G4 AK
with dim(V') < n. Thus, also the latching map is an isomorphism; we conclude that
for the generating cofibration

X =0(V,=) A, G4 AOD™ < O(V, =) A, G4 AD™ =Y,

the map X (R™) Iy, x L,Y — Y(R™) is an isomorphism, and hence in particular an
equivariant cofibration, whenever n > dim (V). If n < dim(V') on the other hand,
then sk *O(V, —) = 0, and hence L, (O(V,=) A G+ ANK) = 0. For X — Y the
generating cofibration from before, we can then identify X (R™) 11, x L,Y — Y(R™)
with O(V,R™) A, G4 A (OD™ — D™). If n < dim(V), both sides are zero, so this
is even an isomorphism; on the other hand, for n = dim(V'), this can be further
identified via Lemma [6.5| with (O(n) x G)1/TH,, A (OD™ — D™),, which is one
of the generating cofibrations. O

7.1.2. The G-global model structure. The model structure we are actually after
will be obtained from the G-global level model structure by Bousfield localization.
We can describe both the local objects and the weak equivalences of this localization
explicitly:

DEFINITION 7.4. An orthogonal G-spectrum X is called a G-global Q-spectrum
if for every compact Lie group H, and all H-representations V, W such that V'
is faithful, the adjoint structure map X (V) — QWX (V & W) is a Gy g-weak
equivalence.

DEFINITION 7.5. A map f: X — Y of orthogonal G-spectra is called a G-global
weak equivalence if *f: p*X — ¢*Y is an H-equivariant weak equivalence for
every compact Lie group H and every Lie group homomorphism ¢: H — G.

REMARK 7.6. Factoring ¢ as the composite H M H x G 25 @ and using

that equivariant weak equivalences are preserved by restriction along injective
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homomorphisms (Proposition [6.24)), we see that a map is a G-global weak equivalence
if and only if it is a (G x H)-equivariant weak equivalence with respect to the trivial
H-action for every compact Lie group H.

LEMMA 7.7. Any G-global level weak equivalence is in particular a G-global
weak equivalence.

PRrOOF. Let H be any compact Lie group. By |[BtD95| Theorem 4.1], there
exists a faithful H-representation V', which we may assume without loss of generality
to be a subrepresentation of the chosen complete H-universe Ug. Then the subposet
of s(Up) of all subrepresentations containing V' is cofinal, whence so is the (larger)
subposet of all faithful subrepresentations. To complete the proof it then suffices to
observe that if f: X — Y is any G-global level weak equivalence and W a faithful H-
representation classified by some p: H — O(W), then (¢* f)(W) is an H-equivariant

weak equivalence as (¢* f)(W)K = f(W)“’pA'ﬂ(KJ for any K C H. O

THEOREM 7.8. The G-global level model structure on G-OrthSp admits a
Bousfield localization whose weak equivalences are precisely the G-global weak
equivalences and whose fibrant objects are precisely the G-global Q)-spectra. The
resulting model category is again proper, topological, and cofibrantly generated with
generating cofibrations I and generating acyclic cofibrations J U Z, where I and J
are the generating (acyclic) cofibrations for the G-global level model structure from
Proposition and the set Z is described in Construction below. Moreover,
pushouts along unbased level h-cofibrations are homotopy pushouts.

CONSTRUCTION 7.9. Recall the map figvHV from Construction together
with its factorizations as a cofibration )\5‘5 followed by a homotopy equivalence via
the mapping cyclinder. We define Z as the set given by the pushout products of
the inclusions 0D"™ — D™ with the maps <p1)\5”£,1 for all compact Lie groups H, H-
representations V, W where V is faithful, and all continuous group homomorphisms
w: H—=G.

The following will be the key non-formal ingredient for the proof of Theorem

ProrosITION 7.10. Let ¢: H — G be a homomorphism of compact Lie groups,
and let V,W be H-representations such that V' is faithful as a ker(y)-representation.
H,H . .
Then @Ky, Is a G-global weak equivalence.

For setting up the model structure, we will only need the special case where all
of H acts faithfully; the other extreme where ker(¢) = 1 (meaning that there is no
condition on the representation V') will become relevant in

PROOF. In light of Remark We have to show that (p[/ﬁ}/{’g is a (G x K)-weak
equivalence for any compact Lie group K (acting trivially on both sides). Viewing
V and W as (H x K)-representations via the trivial K-action, and replacing ¢ by
pXxidg: Hx K — G x K, we may then assume that K = 1; in other words, we only
have to show that ‘P!”Ié’VHV: er(O(VaWw,=)ASY) = p0(V, —) is a G-equivariant
weak equivalence.
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For this pick a cofibrant replacement p: € = (GxH) /Ty, inthe (Gu,c N Ga u)-
model structure on (G X H)-Top, and consider the induced commutative square

H,H
KV,W/\HS+

OV aW,-)ASY) Ay &L oOV,-)Am&s

| |

OV aW,-)ASY)YAu (Gx H)1 /Ty, O(V,=)Am (G x H); /Ty ,.

Kg,"f‘{/AH(GXH)+/FH,¢

The bottom map agrees up to isomorphism with @1&5#; thus, it will suffice by
2-out-of-3 that the other three maps are G-equivariant weak equivalences. For the
top map this is an instance of [Sch18| Proposition 3.2.20] as £ is both G-free and
H-free by (G, NG, m)-cofibrancy while 55‘;1 is an H-equivariant weak equivalence
as it agrees up to level weak equivalence with a generating acyclic cofibration.

We will now show that the right-hand vertical map is a G-equivariant weak
equivalence; an analogous argument will then show that the same holds for the
left-hand vertical map, completing the proof. For this, we first note that for any
G' C G, any G’'-subrepresentation of Ug is contained in a G-subrepresentation
by [Sch20, Proposition A.7(i)]. It will therefore suffice that O(V,U) Ay p4 is a
G-equivariant weak equivalence for every G-representation U, for which we will
verify the assumptions of Corollary with N = ker(yp). By definition, py is
a (Gu,c N Ga,m)-weak equivalence. Moreover, ', belongs to the family Fy of
graph subgroups for homomorphisms with kernel contained in N = ker(y), so that
(G x H)4 /Ty, is Fo-cofibrant, while £ is even (Gu,¢ N G, )-cofibrant. Finally,
Proposition shows that O(V,U) is a based (G x H)-CW-complex with free
N-action outside the basepoint, i.e. it is Fj-cofibrant, where F; denotes the family
of subgroups intersecting N = ker(y) trivially. O

PROPOSITION 7.11. Every map in the set Z from Construction[7.9 is a G-global
weak equivalence.

Proor. We will first show that each of the maps A%}p‘)/v = ‘P'()‘vg) is a G-
global weak equivalence. Recall that the map )\HW was defined by factoring 55‘5
into a cofibration followed by a homotopy equ1valence using the mapping cylinder
construction; write z for the other map in this factorization. Then ¢z is again a
homotopy equivalence as ¢y is a topologically enriched left adjoint, while <p'(/ql‘}[ 1?,)
is a G-global weak equivalence by the previous proposition; thus, )\(W‘),V isa G- global
weak equivalence by 2-out-of-3.

To complete the proof, it will suffice to show that the pushout product of
)\Sp ‘),V with any generating cofibration of Top, is a G-global weak equivalence. We
will prove this more generally for any G-global weak equivalence f: X — Y in
place of /\ ) . Restricting along any continuous group homomorphism ¢: K - G
(and replacmg G by K), we may equivalently show the analogous statement for
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G-equivariant weak equivalences. For this we consider the defining pushout square

X AOD? —— X A D"

f/\aDil lg
-

YAOD?E ——— P

\)
Y AD?

The left-hand vertical map f AOD is a G-equivariant weak equivalence by [MIMO2,
Theorem IT1.3.11]. On the other hand, evaluated at V' € O, the top horizontal map
is a pushout in (O(V) X G)-Top of the h-cofibration X (V) x 0D™ — X (V) x D™;
thus, the top map is an unbased level h-cofibration, and the pushout square is
a homotopy pushout. We conclude that g is a G-equivariant weak equivalence.
On the other hand, also f A D% is again a G-equivariant weak equivalence by
[MMO2| Theorem II1.3.11] (or simply because it agrees up to homotopy equivalence

with f), hence so is the pushout-product map P — Y A D} by 2-out-of-3. ([
PROOF OF THEOREM We consider the functor
(sh"¢*)uv.e: G-OrthSp — [[ H-OrthSp, (7.2)
H,V,p

where the product runs over all compact Lie groups H, faithful H-representations
V (both up to isomorphism), and Lie group homomorphisms ¢: H — G. We equip
the product on the right with the product of the H-equivariant model structures,
giving it the structure of a cofibrantly generated model category with generating
(acyclic) cofibrations given by those tuples (fm, v,,) such that all but one fgz v, are
the identity of the zero object, while the one non-trivial fg,v,, is one of the standard
generating (acyclic) cofibration. We will denote the resulting sets of generating
(acyclic) cofibrations by It and Jiy, respectively.

If V is any H-representation, then sh” ~ SV A — by [Sch18| Proposition 3.1.25],
so Proposition [6.20] shows that shY preserves and reflects H-equivariant weak
equivalences. Thus, a map of orthogonal G-spectra is a G-global weak equivalence
if and only if sends it to a weak equivalence in the product model structure.

On the other hand, a simple direct computation shows that the left adjoint
Vv, ® (O(V,=) A (=)) of sends I1 to the putative generating cofibrations
I of the G-global model structure, while Ji gets sent to the putative generating
acyclic cofibrations J U Z. Thus, to prove that the desired Bousfield localization
exists and is cofibrantly generated by the sets I and J U Z, it will suffice to verify
the assumptions of the Crans—Kan transfer criterion once more. The proof that the
sets I and J U Z admit the small object argument is analogous to the case of the
level model structure. To see that any relative (J U Z)-cell complex is a G-global
weak equivalence, observe first that any map in J is even a G-global level weak
equivalence while any map in Z is a G-global weak equivalence by the previous
proposition. As any map in J U Z is in particular an unbased level h-cofibration,
Lemma [6.19] shows that any pushout of a map in J U Z is again a G-global weak
equivalence. Since any such pushout is moreover in particular levelwise a closed
embedding, any transfinite composition of them commutes with the formation of
equivariant stable homotopy groups, and hence is again a G-global weak equivalence.



100 II. THE STABLE STORY

This completes the proof that there exists a Bousfield localization with the
prescribed weak equivalences and cofibrantly generated by I and J U Z. Moreover,
it follows directly from the construction as a transferred model structure that the
fibrant objects of this model structure are precisely the G-global 2-spectra.

Finally, the model structure is right proper and topological as this holds for
the H-equivariant model structures, while Lemma, together with [Len25a),
Proposition A.2.15] implies that the model structure is left proper and that pushouts
along unbased level h-cofibrations are homotopy pushouts. (I

REMARK 7.12. For G = 1, the above model structure has the same generating
(acyclic) cofibrations as—and hence agrees with—the A#-global model structure
from [Sch18| Theorem 4.3.17].

DEFINITION 7.13. We define the co-category of G-global spectra Spg 4 as the
oo-categorical localization of G-OrthSp at the G-global weak equivalences.

7.1.3. Functoriality. Once again, we will be interested in the functoriality of
the above model categories as the group G varies.

LEMMA 7.14. Let a: G — G’ be a homomorphism of compact Lie groups. Then
[ G-OrthSpg_global = G,_OrthSpG/—globa] :a*
is a Quillen adjunction with homotopical right adjoint.

PRrOOF. It is clear from the definitions that a* preserves weak equivalences,
while the construction as a transferred model structure in the proof of Theorem
makes it clear that o™ also preserves fibrations. (I

LEMMA 7.15. Let a: G — G’ be an injective homomorphism of compact Lie
groups. Then

Oé*: Gl_orthSpG/—global = G-OrthSpG—glObal e

is a Quillen adjunction.

PROOF. Thanks to the previous lemma, it only remains to show that o* pre-
serves (level) cofibrations, or equivalently that a. preserves level acyclic fibrations.
This follows at once by applying Example levelwise. O

LEMMA 7.16. Let a: G — G’ be an injective homomorphism of compact Lie

groups. Then cy: G-OrthSpg _gopa — G'-OrthSper g 01, is homotopical.

PROOF. Let f: X — Y be a G-global weak equivalence, and let H be any
compact Lie group. Then trivga)f agrees up to conjugating by isomorphisms
with (o x H)itrivy f, and the latter is a (G’ x H)-equivariant weak equivalence
by Proposition Letting H vary, this implies via Remark that ay f is a
G'-global weak equivalence. [

7.1.4. Multiplicative properties. The same pointset level construction as in the
G-equivariant setting gives us a smash product on orthogonal G-spectra. Again this
interacts nicely with the model structure:

PROPOSITION 7.17. Let X be any flat orthogonal G-spectrum. Then X A —
preserves G-global weak equivalences. Moreover, for any Y, the functor — \N'Y
preserves G-global weak equivalences between flat orthogonal G-spectra.
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PrROOF. Let f be a G-global weak equivalence. For the first statement, we have
to show that *(X A f) = ¢*(X) A ¢*(f) is an H-equivariant weak equivalence for
every ¢: H — G. As ¢*(X) is again flat by [Sch18, Remark 3.5.8], this follows at
once from the first part of Theorem The second part of the proposition follows
in the same way from the second part of Theorem [6.31 O

PROPOSITION 7.18. The smash product of orthogonal spectra defines a left
Quillen bifunctor

G-OrthSpg_giopa X H-OrthSpy_giona — (G X H)-OrthSp ¢ o ) gi0bal-

PROOF. To see that the pushout product axiom for cofibrations holds, it suf-
fices to treat the case of generating cofibrations. Using that the enriched Yoneda
embedding O°°? — OrthSp admits a strong symmetric monoidal structure, we
then compute that the pushout product of O(V,—) A, G4 A (0D™ — D™) with
O(W, =) Ay G4 A (0D™ — D™) (where ¢: K — G and ¢: L — H are homomor-
phisms) is given by

O(V & W, =) Apxy (G x H)y A ((OD™ < D™) 0 (D™ — D™))

where we view H x K C O(V) x O(W) as a subgroup of O(V @& W) via block sum.
As Top is cartesian and (G x H)-OrthSp is topological, this is then indeed a
cofibration, completing the proof of the pushout product axiom for cofibrations.
Next, we will show that i 0 f is a (G x H)-global weak equivalence for any
cofibration i: A — B between cofibrant objects and any H-global weak equivalence
f: X — Y between cofibrant objects; this then in particular applies to the generating
(acyclic) cofibrations, proving (up to exchanging the roles of G and H) the remaining
case for the pushout product axiom. For this we consider the defining pushout

ANX DX BAX

wl ]

ANY —— P

BAf

iNY BAY.

By the previous proposition applied to trivg A and trivgf, the map A A f is a
(G x H)-global weak equivalence, and likewise for B A f. Moreover, i A X is a
cofibration by the previous step, so that B A X — P is also a (G x H)-global weak
equivalence by left properness. We conclude from 2-out-of-3 that also P - BAY is
a (G x H)-global weak equivalence, as claimed. O

COROLLARY 7.19. The smash product defines a left Quillen bifunctor
G-OrthSp x G-OrthSp — G-OrthSp (7.3)

with respect to the G-global model structures for any compact Lie group G.

PrOOF. We may factor (7.3 as

G-OrthSp x G-OrthSp —— (G x G)-OrthSp -~ G-OrthSp.

The claim now follows from the previous proposition together with Lemmal[7.15] O
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LEMMA 7.20. The smash product G-Top, x G-OrthSp — G-OrthSp is a left
Quillen bifunctor for the Al-model structure on G-Top, and the G-global model
structure on G-OrthSp. Moreover, if X € G-Top, is Al-cofibrant, then X N — is
fully homotopical, and if Y € G-OrthSp is flat, so is =AY : G-Top, — G-OrthSp.

PRrROOF. The pushout product axiom for cofibrations follows from Lemmas
and [7.15] as in the proof of Lemma [£.22] Moreover, if X € G-Top, is A#-cofibrant,
then X A — = XX A — is homotopical by Proposition asis — AY for any
flat Y. With these established, the pushout-product axiom for acyclic cofibrations
then follows as in the proof of Proposition [7.18§ O

7.1.5. Suspension spectra. Next, we come to the analogue of the suspension
spectrum functor in the global setting.

CONSTRUCTION 7.21. We recall from [Sch18| Construction 4.1.6] the construc-
tion of the (topologically enriched) functor 2°: OrthSp — L-Top,:

The based orthogonal space 2°X is given on objects by (Q2°X)(V) = QV X (V),
and a linear isometric embedding ¢: V' — W acts via the composite

5 .
QVx(v) 2L VoW i) x (W) = QW X(W).
The functoriality of €2® in morphisms of orthogonal spectra is the obvious one.
We will construct the enriched left adjoint X°® of Q° in two steps:

CONSTRUCTION 7.22. Write L-Sp for the enriched category of Top,-enriched
functors O — L-Top, , which we will conflate with the category of Top,-enriched
functors O A Ly — Top,, where L is the Top,-enriched category obtained from
L by adding disjoint basepoints to morphism spaces, and — A — denotes the tensor
product of enriched categories, with objects all pairs (V € O,W € L) and with
morphism spaces given by the smash product of the morphism spaces in O and L .

We then define the Top,-enriched functor diag: L-Sp — OrthSp as the re-
striction along the functor A: O — O A L given on objects by sending a finite-
dimensional inner-product space V to (V, V) and given on morphisms by sending
[A,w] € O(V, W) to [A,v] NA € O(V,W) AL(V,W),. More concretely, this means
that diag(X)(V) = X(V)(V) for any X: L — OrthSp, with the structure maps
given by the composite of the spectral and orthogonal space structure maps; the
functoriality in X is the obvious one.

CONSTRUCTION 7.23. Applying ¥°° levelwise yields a Top,-enriched functor
3*°: L-Top, — L-Sp, and we define ¥* := diag o ¥*°: L-Top, — OrthSp. More
concretely, this means that (X°X)(V) =XV X (V) := SV A X(V), with the evident
functoriality in X and with structure maps induced by the structure maps of X.
One readily verifies that this is an enriched left adjoint to the functor from the
previous construction, with unit X — Q°X*X given after evaluation at each V € LL
by the unit X (V) — QVEY X (V) of the adjunction QY 4 £V,

As usual, we will write ¥¢ = X*® o (—);: L-Top — OrthSp; plugging in
the definitions, the latter agrees with the functor of the same name from [Sch18|
Construction 4.1.7].

PROPOSITION 7.24. Let G be compact Lie. The adjunctions
Y% : G-L-Top = G-OrthSp : Q°
¥*: G-L-Top, = G-OrthSp :Q°
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are Quillen adjunctions, and X% is fully homotopical.

PRrROOF. It is clear from the definition that Q® preserves fibrant objects, i.e. it
sends G-global 2-spectra to static G-orthogonal spaces. To complete the proof that
these are Quillen adjunctions, it will then suffice by [Lur09, Corollary A.3.7.2] that
Y.* preserves cofibrations or, equivalently, that ® preserves acyclic (level) fibrations
as a functor to G-L-Top,. Plugging in the definitions, this amounts to saying that

SV A —: (0(V) x G)-Top, = (O(V) x G)-Top, :QV

is a Quillen adjunction for the Go(v) g-model structure. This is an instance of
Lemma using that SV admits the structure of an (O(V) x G)-CW-complex.

It remains to show that X% is homotopical, for which it will suffice by factoring
a general weak equivalence into an acyclic cofibration followed by an acyclic fibration
that X% preserves G-global level weak equivalences. Plugging in the definitions this
amounts to saying that

SV A (=)s: (O(V) x G)-Top — (O(V) x G)-Top,
preserves Go(v),g-weak equivalences, which is an instance of Proposition @ O

7.1.6. Stability. G-global spectra enjoy the same refined notion of stability as
their equivariant cousins:

PROPOSITION 7.25. Let G be any compact Lie group and let V be a G-
representation. Then both adjoints in

5Y': G-OrthSp 4 0pa = G-OrthSp 4. 12

are homotopical, and the induced adjunction Gpg_ g = Spe_g Is an adjoint equiva-
lence.

PrOOF. If f is a G-global weak equivalence and ¢: H — G is any homo-
morphism, then ¢*(XVf) = Y9 Vo*f is an H-equivariant weak equivalence by
Proposition The same argument shows that QY is homotopical.

It remains to show that the unit X — QV3Y X and counit ZVQVX — X are
invertible for every X. This follows again from Proposition after restricting
along each group Lie group homorphism ¢: H — G. O

PROPOSITION 7.26. The co-category &p g s stable and compactly generated by
the objects X% (L(VH, -) ><ng) where ¢ runs through homomorphisms p: H — G of
compact Lie groups (up to isomorphism), and Vi is a fixed faithful H-representation.
In particular, Spg._g is presentable.

PROOF. As in the equivariant case (Proposition , stability follows from
the previous proposition, and it will suffice to show that the homotopy category is
compactly generated in the triangulated sense by the given objects. This is in turn
the content of [Sch22al Corollary A.19]. O

7.1.7. Equivariant spectra vs. global spectra. Finally, let us explain the relation
between G-equivariant and G-global spectra.

LEMMA 7.27. Any G-equivariant weak equivalence between equivariantly cofi-
brant orthogonal G-spectra is a G-global weak equivalence. Moreover, the inclusion
induces a fully faithful functor i: Gpg ~ Gpg’f > Opg1, and this admits a right
adjoint, which is a localization at the G-equivariant weak equivalences.
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PROOF. The first claim is immediate from Proposition [6.23] together with Ken
Brown’s Lemma. For the second claim, we fix a functorial cofibrant replacement
€: @ — id for the G-equivariant model structure on G-OrthSp. By 2-out-of-3, a
map [ is a G-equivariant weak equivalence if and only if Qf is a G-equivariant
or equivalently (by the above) a G-global weak equivalence. In particular, the
full subcategory C C G-OrthSp of those objects for which ex: QX — X is a
G-global weak equivalence is itself closed under G-global weak equivalences. Thus,
|[Len25a, Proposition A.1.15] shows that the inclusion of C remains fully faithful
after localizing both sides at the G-global weak equivalences. As on the other hand
the inclusion of equivariantly cofibrant objects into C admits a homotopy inverse
(namely, Q), this shows that the map Sp&t — Gpg._g induced by the inclusion is
indeed fully faithful.

We will now show that ) defines a right adjoint to this map; as we have already
seen that it precisely inverts the G-equivariant weak equivalences, this will then
complete the proof of the lemma. For the claim it suffices to show that ¢ exhibits
() as an idempotent comonad on &p¢ ), i.e. that for every X € G-OrthSp the
two maps Qex,eqx: QX = QQX are G-global weak equivalences. This follows
at once from them being G-equivariant weak equivalences between equivariantly
cofibrant objects by construction. [l

7.2. How to do global homotopy theory less efficiently. In this subsec-
tion, we will introduce another model of the co-category Sp g, this time in terms of
the category G-L-Sp of orthogonal spectrum objects in based G-orthogonal spaces
from Construction At first, this might seem like a silly idea—after all, we
just said that the same co-categorical information can be packaged in a much more
efficient way using plain orthogonal G-spectra. However, this new bloated model
will be central for our proof of the universal property of global spectra (Theorem .
The reason for this is that it once again comes from Bousfield localizing a suitable
G-global level model structure on G-L-Sp, and this level model structure will not
yet be equivalent to G-global level model structure on G-OrthSp. For our purposes,
the level model structure on L-spectra will be better behaved: we will see later
that the corresponding derived suspension spectrum functor X*° is fully faithful and
that its right adjoint 2°° in turn admit another right adjoint; both of these formal
properties will then be exploited crucially in the proof of Theorem [E]

7.2.1. The level model structure. As promised, we begin by constructing a
suitable G-global level model structure.

DEFINITION 7.28. A map f: X — Y in G-L-Sp is called a G-global level weak
equivalence or G-global level fibration if f(V): X(V) — Y(V) is an (O(V) x G)-
global weak equivalence or fibration, respectively, in (O(V') X G)-L-Top for every
finite-dimensional inner product space V.

PROPOSITION 7.29. The G-global level weak equivalences and G-global level
fibrations participate in a model structure on G-L-Sp, which we call the G-global
level model structure. This model structure is proper, topological, and cofibrantly
generated with set I of generating cofibrations given by the maps

@OV, =) AL(W, =)4) A (OD"™ < D") 4
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where we let H run through all compact Lie groups, V' through all H-representations,
W through all faithful H-representations, and ¢ through all homomorphisms
H—G.

DEFINITION 7.30. We write 06p_y,, for the oo-category associated to the
G-global level model structure on G-L-Spm

The only (minor) difficulty in proving the proposition will be that while the
weak equivalences are again defined levelwise, the evaluation functors are very far
from preserving cofibrations this time. In order to understand the homotopical
behaviour of pushouts along cofibrations, we will therefore again isolate a larger
class of maps such at pushouts along them are homotopically well-behaved.

LEMMA 7.31. Let G be a compact Lie group, let W be a finite-dimensional inner
product space, and write K for the class of all maps in (O(W') X G)-L-Top, of the
form O(V, W) Ao(v) @ where we let V' run through finite-dimensional inner product
spaces and i runs through cofibrations of (O(V') X G)-L-Top,. Then every retract
of a relative K-cell complex is a cofibration in G-L-Top, and an h-cofibration in
(0(W) x G)-L-Top.

PROOF. For the first claim it suffices to show that any map in K is a cofibration
in G-L-Top, and we may then further restrict to the case that i is a generating
cofibration, i.e. of the form (L(U,—) x(, (O(V) x G) x (D™ < D")), for
some homomorphisms p: H — O(V) and ¢: H — G, faithful H-representation U,
and n > 0. Plugging in the definitions, O(V, W) Ag(v) ¢ can then be identified
with the map ¢ (O(V,W) AL(U,—)4 A (0D™ < D™). ). Lemma shows that
O(V,W)AL(U,—)4+ A (0D™ — D™) is an H-global cofibration, and so the claim
follows from ¢y being left Quillen (Lemma .

For the second claim, we similarly use the closure properties from Remark [2:10]to
reduce to the case where 7 is a generating cofibration, and hence in particular of the
form ¢ = j, for some cofibration of (O(W) X G)-L-Top. Then O(V, W) Ao j+
is a pushout in (O(W) X G)-L-Top of O(V,W) xo(v) j. Using Remark
one easily checks that O(V, W) x j is an (unbased) h-cofibration of orthogonal
(O(V) x O(W) x G)-spaces, so that O(V, W) x (v j is an unbased h-cofibration
of orthogonal (O(W) x G)-spaces by [Sch18, Corollary A.30(ii)]. Using once more
that h-cofibrations are closed under pushout, this yields the claim. (I

DEFINITION 7.32. We call a map f in G-L-Sp an unbased level h-cofibration
if f(V) is an h-cofibration in (O(V) X G)-L-Top for every V € O. We call
X € G-L-Sp well-based if the unique map 0 — X is an unbased level h-cofibration.

PROOF OF PROPOSITION [Z.29] Similarly to the construction of the G-global
level model structure on G-OrthSp, we will apply the Crans—Kan transfer criterion
for

G-L-Sp 2% T (G x O(V))-L-Top (7.4)

%
where the product runs over a set of representatives for the isomorphism classes of
finite-dimensional inner product spaces. Assuming the conditions of the criterion
are satisfied, one again directly checks that the resulting model structure would have

10The reader is invited to choose for themself whether the letter 0’ stands for ‘double,’” ‘diagonal,’ or
‘dumb.’
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the correct weak equivalences and fibrations. Moreover, the generating (acyclic)
cofibrations would be the maps of the form O(V, —) Ag(vy iy where V runs through
finite-dimensional inner product spaces and 4 through generating (acyclic) cofibra-
tions of (O(V') X G)-L-Top. If we take the generating cofibrations of the latter to
be the ones from Proposition this then simplifies to the claimed generating
cofibrations.

By Lemma all maps in I and J are in particular levelwise closed embed-
dings, while [Bar23| Lemma A.16] shows that the sources of the standard generating
(acyclic) cofibrations of (O(V') X G)-L-Top are small with respect to levelwise
closed embeddings; thus, the same adjunction argument as in the proof of Proposi-
tion [7.1] shows that the sets I and J permit the small object argument. It remains
to prove that any relative J-cell complex is a G-global level weak equivalence.

For this we first consider a generating acyclic cofibration k :== O(V, —) Ao(v) j+,
where j is a generating acyclic cofibration of (O(V') X G)-L-Top; by Remark
we may assume that j is a map between cofibrant orthogonal (O(V) x G)-spaces
and hence in particular levelwise Hausdorff. We claim that k is a G-global weak
equivalence and an unbased levelwise h-cofibration. If we fix W € O, then k(W) =
O(V, W) Novy j+ is a pushout of O(V, W) x vy 4, so it suffices to show that the
latter is an unbased h-cofibration and an (O(W) x G)-global weak equivalence.
The former was verified as part of the proof of Lemma [7.31] For the latter, we
first observe that O(V, W) x j is an (O(V) x O(W) x G)-global weak equivalence
by Lemma together with Corollary On the other hand, its source and
target are levelwise Hausdorff by assumption on j, and they are O(V')-free as O(V')
acts freely on O(V, W); thus, Proposition shows that O(V, W) xo(v) j is an
(O(W) x G)-global weak equivalence. This completes the proof that all maps in J
are G-global level weak equivalences and levelwise unbased h-cofibrations.

Lemma[£.12) then shows that any pushout of a map in J is again a G-global level
weak equivalence; moreover, it is also a levelwise unbased h-cofibration as the latter
are closed under pushouts. Since a transfinite compositions in (O(W) X G)-L-Top
of maps that are both (O(W) x G)-global weak equivalences and h-cofibrations
are again (O(W) x G)-global weak equivalences by [Bar23| Corollary A.12], we
conclude that any relative J-cell complex is a G-global level weak equivalence. This
completes the verification of the assumptions of the Crans—Kan criterion and hence
finishes the proof that the model structure exists and is cofibrantly generated with
the claimed generating cofibrations.

The model structure is right proper and topological since it is transferred from
a right proper topological model structure. Finally, left properness follows since by
Lemma [7.31] any cofibration is an unbased level h-cofibrations, and pushouts along
the latter preserve GG-global level weak equivalences by Lemma [4.12 (Il

With the model structure established, Lemma has the following conse-
quences, the first of which was already noted in the proof of the proposition:

COROLLARY 7.33. Any cofibration in G-L-Sp is an unbased level h-cofibration.
In particular, every cofibrant object is well-based. ([

COROLLARY 7.34. If X is cofibrant in G-L-Sp, then the orthogonal space X (V')
is closed for every V € O. O



7. THE UNIVERSAL PROPERTY OF GLOBAL SPECTRA 107

REMARK 7.35. If a: G — G’ is any homomorphism of compact Lie groups, then
applying Lemma levelwise shows that o*: G’-L-Sp — G-L-Sp is homotopical
right Quillen, giving rise to a derived adjunction Lai: 06pg o & 08Py 4 1.

7.2.2. A presheaf description. We will now describe the oco-category 0&p ), in
terms of reduced presheaves:

PROPOSITION 7.36. Let G be any compact Lie group, and write RepGp, for
the full subcategory of 38p_,, spanned by the zero object together with the
objects o1(O(V,—) AL(W, —)4) for all homomorphisms ¢: H — G, arbitrary H-
representations V', and all faithful H-representations W. Then the inclusion extends
to an equivalence

PSh?(RepSpg) = 0GPy,

where the left-hand side denotes the full subcategory of PSh(SRepSp;) spanned by
presheaves sending 0 to the terminal object. In particular, 96y, Is presentable.

To prove the proposition, we will use the following based variant of Lurie’s
detection result for presheaf co-categories [Lur09, Corollary 5.1.6.11]:

LEMMA 7.37. Let C be a cocomplete, pointed, and locally small oco-category.
Let Z C C be a small full subcategory containing the zero object and satisfying the
following properties:

(1) For any I € Z, the unique lift C — Spc, of Hom(I, —) is cocontinuous.
(2) The functors Hom(I, —): C — Spc are jointly conservative.

Then T — C extends to an equivalence PSh°(Z) == C.

PROOF. As C is cocomplete and locally small, the inclusion extends to a functor
A: PSh(Z) — C left adjoint to the restricted Yoneda embedding Y. By what it
means to be a zero object, Hom(0,z) ~ 1 for all x € C, i.e. T factors through
PSh’(Z), so we obtain a restricted adjunction PSh%(Z) = C. It remains to show
that this is in fact an adjoint equivalence. As our second assumption guarantees
that T is conservative, it will suffice for this that the unit n: id — TA is invertible.

Since Z°P has a zero object, postcomposing with the forgetful functor induces
an equivalence Fun’(Z°P, Spc, ) =+ Fun’(Z°P, Spc). Moreover, the full subcategory
Fun®(Z°?, Spc,) C Fun(Z°P, Spc,) is closed under colimits (as any colimit of initial
objects is initial), so that colimits in Fun®(Z°P, Spc, ) are computed pointwise. Thus,
our first assumption guarantees that the right adjoint T is cocontinuous, so that the
class of all pointed presheaves X for which 7nx is invertible, is closed under colimits.
It will therefore suffice to show that the unit nx is invertible whenever X = Y(I) is
representable. If we now let Z € C arbitrary, then the composite

Hom(A(X), Z) -5 Hom(TA(X), T(2)) 220X, o0m(X,7(2))
is invertible as it is just the adjunction equivalence. By assumption, A(X) ~ I € T;
if also Z € I, then the first map is an equivalence by the Yoneda lemma, so that also
the second map is an equivalence by 2-out-of-3. We conclude that Hom(nx, Y(Z))
is an equivalence for every Z € I. Asnx: T(I) = X — TA(X) ~ Y(I) is a map in
Yoneda image, this implies that nx is an equivalence. (I

Applying this criterion to the situation at hand will require some preparations.
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LEMMA 7.38. Let V € O be arbitrary. Then we have Quillen adjunctions
O(V,—-) Aoy (—): (O(V) x G)-L-Top, = G-L-Sp :evy
O(V, =) Aoy (—)4: (O(V) X G)-L-Top = G-L-Sp :evy

with homotopical right adjoints.

PROOF. It is clear from the definition that evy preserves weak equivalences
and fibrations. O

COROLLARY 7.39. Let ¢: H — G be a homomorphism of compact Lie groups,
let V' be an H-representation with corresponding homomorphism p: H — O(V), let
W be a faithful H-representation, and let Uy be any complete H-universe. Then
©1(O(V,—) ANL(W, —),) corepresents the composite

ev - (=) )(F’N’)
DGPG—gl — 6(O(V) X G)-glyx 7 GEIC())(Ss/d) X G)-gl,* ;) SpC* (75)

PROOF. Because of the isomorphism
OV, =) AL(W, =)1) = O(V. =) Aoy (LW, =) X sp) (O(V) x G)) ,
this follows at once from the previous lemma together with Lemma [2.37] a

LEMMA 7.40. In the situation of the previous corollary, both the functor
evy : 06pg1 — S0(v) x G)-gl,« and the composite ([7.5) are cocontinuous.

PrOOF. In light of Lemma [3.30] it suffices to prove the first statement. For
this it is in turn enough to verify preservation of coproducts and pushouts.

For coproducts, let (X;);c; be any family of cofibrant objects of G-L-Sp.
By Corollary each X;(V) is well-based, so that the inclusions X;(V) —
Vier Xi(V) = (Ve Xi)(V) exhibit the latter as a coproduct in the underlying
oo-category of (O(V) X G)-L-Top, by Lemma[1.13] as desired.

The statement about pushouts follows in the same way from Corollary
together with Lemma [£.12(2). O

PROOF OF PROPOSITION [[.36l. We verify the assumptions of Lemma [7.37}

(0) As the underlying co-category of a model category, 96p ., is locally small
and cocomplete.

(1) Cocontinuity of corepresented functors follows by combining Corollary
and Lemma

(2) Joint conservativity is clear from Corollary and the definition of the
G-global level weak equivalences. O

7.2.3. G-global Q2-spectra. To obtain a model of G-global stable homotopy theory,
we will again have to pass to a suitable Bousfield localization. For simplicity, we
will only do this on the level of co-categories (as opposed to performing a Bousfield
localization on the level of model categories, which would entail verifying additional
technical assumptions).

DEFINITION 7.41. We call X € G-L-Sp a G-global Q-spectrum if the adjoint
structure map 5: X (V) — QW X(V @ W) is a (G x H)-global weak equivalence for
all compact Lie groups H and all H-representations V, W (not necessarily faithful).
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LEMMA 7.42. Let X € G-L-Sp be levelwise closed, i.e. for all inner product
spaces V € O, X(V) is a closed orthogonal G-space. Then X is a G-global Q-
spectrum if and only if 6(Uy)?: X(V)(U)? — (QVX(V & W)(Ug))¥ is a weak
homotopy equivalence for every homomorphism of compact Lie groups ¢: H — G,
some (hence any) complete H-universe Uy, and all H-representations V, W.

PROOF. The assumptions guarantee that both X (V) and QW X(V @ W) are
closed orthogonal (G x K)-spaces for all K-representations V, W. Thus, Lemma m
shows that X is a G-global Q2-spectrum if and only if

cU): X(V)Uy) — QY X(V o W) Uy)

is a Gu Kk xg-equivariant weak equivalence for all compact Lie groups H, K and
all K-representations V,W. As Uy is also a complete universe for every closed
subgroup of H (Remark , this is equivalent via replacing H by its subgroups to
& (Ug) inducing a weak homotopy equivalence on (¢, ¢)-fixed points for all compact
Lie groups H and K, K-representations V and W, and homomorphisms ¢v: H — K
and ¢: H — G. Restricting V and W to H-representations along ), this simplifies
to the condition from the statement of the lemma, finishing the proof. O

As a consequence of Lemma, G-global Q-spectra are stable under G-global
level weak equivalences. Thus, it makes sense to ask whether an object of the
oo-categorical localization 96p . is a G-global €)-spectrum.

DEFINITION 7.43. We write 06pg C 06p. 1, for the full subcategory spanned
by the G-global Q-spectra.

Below we will prove:

PROPOSITION 7.44. The inclusion 06pY < 96p.,,; admits a left adjoint L,
giving rise to an accessible Bousfield localization.

DEFINITION 7.45. We call a map in 06p .1, a G-global weak equivalence if it is
sent to an equivalence under the Bousfield localization L. A map in G-L-Sp will
be called a G-global weak equivalence if and only if its image in 06p,; is soH
We denote the localization of G-L-Sp at the G-global weak equivalences (which is
equivalent to DGpg in a preferred way) by 0Spg1-

To prove Proposition [7.44] we will explicitly construct a set S such that the
G-global Q-spectra are precisely the S-local objects.

CONSTRUCTION 7.46. Let H be a compact Lie group, let V.W be H-rep-
resentations, and recall the map nl‘i’VHV: oVew,-)ASY — O(V,-) of or-
thogonal H-spectra from Construction [6.14] corepresenting the H-fixed points
X(V)T = (QWX(V @ W))H of the adjoint structure map. We define S as the
set consisting of the maps R&}f I),V = L (const mg‘ﬁ,[) in 96p 4.y, for all homomor-
phisms ¢: H — G and representations V, W (up to isomorphism).

LEMMA 7.47. An X € 06y, is S-local precisely if it is a G-global Q)-spectrum.

Proor. By adjunction, X is S-local if and only if ¢*X is local with respect
to the maps const ﬁglﬁ/{ for all p: H — G and all representations V, W. If we fix a
faithful H-representation U, then the collapse map L(U, =) AO(V, =) — O(V, —) is

A concrete description of the G-global weak equivalences will be given in Proposition
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G-global level weak equivalence by Proposition [f.16]applied levelwise, and likewise for
LU, -): AO(VeW, - )ASY — O(VaW, —)ASYW; thus, being local with respect to
the map KIJVI; is equivalent to being local with respect to L(U, —)4 A K‘F,IV? (in the co-
categorical sense). We now observe that L(U, —)+ A O(V, —) is cofibrant in H-L-Sp
by the explicit description of the generating cofibrations, as is L(U, =)+ AO(VOW, —).
Since S" is an H-CW-complex, the endofunctor QW of H-L-Sp is right Quillen
by Lemma applied levelwise, so that — A S is left Quillen; we conclude that
L(U,—)+ A HV’W is a map of cofibrant objects. Lemma then shows that a
fibrant object of H-L-Sp is local in the topologically enriched sense with respect
to L(U, =)+ A ﬁ‘iIVHV if and only if its image in 0&py_ is local in the oo-categorical
sense with respect to Ky w-

Fixing V and W, but letting U vary and passing to colimits, we see that an
object of 96p g, represented by a fibrant and levelwise closed H-L-spectrum Y is
local with respect to const Iﬁ:gg if and only if Y(V)(U)? — QWY (V & W) (Uy)H
is a weak homotopy equivalence for our favourite complete H-universe Uy . As the
latter condition is invariant under H-global level weak equivalences of levelwise
closed H-L-spectra, we conclude that this more generally holds without the fibrancy
assumption. Varying ¢: H — G and the H-representations V' and W, Lemma [7.42]
then shows that a levelwise closed X € G-L-Sp defines an S-local object of 9Gp¢_g
if and only if it is a G-global Q-spectrum. As any X € G-L-Sp is weakly equivalent
to a levelwise closed G-L-spectrum (Corollary , this completes the proof. [

PROOF OF PROPOSITION [[.44]l By Proposition the oco-category 06p 1y
is presentable. Thus, the claim follows from the previous lemma via the general
theory of Bousfield localizations [Lur09, Proposition 5.5.4.15]. O

7.3. Comparison of the approaches. In this subsection we will prove:
THEOREM 7.48. Let G be any compact Lie group. Then the functors
const: G-OrthSp — G-L-Sp and diag: G-L-Sp — G-OrthSp
descend to mutually inverse equivalences Gpg g1 ~ 0GP g1-

The key step in the proof will be showing that diag preserves G-global weak
equivalences. We begin with the case of G-global level weak equivalences:

LEMMA 7.49. The functor diag: G-L-Sp — G-OrthSp sends G-global level
weak equivalences to G-global weak equivalences and hence descends to 36p 4, —

Spegl-

PRrROOF. It is clear that diag sends acyclic fibrations (i.e. maps X — Y such
that each X (V)(U) — Y (V)(U) is an acyclic fibration in the Go(1r),0(v)xg-model
structure) to G-global level weak equivalences. By Corollary it will therefore
suffice to show that diag sends any G-global level weak equivalence f: X — Y such
that X and Y are levelwise closed to a G-global weak equivalence.

Restricting along any homomorphism of compact Lie groups ¢: H — G (and
replacing G by H), it suffices to show that 7 (diag f) is bijective for every n € Z. We
will give the argument for n = 0; the argument for general n is analogous, but requires
slightly more notation. For this we consider the functor IIx : s(Ug) x s(Ug) — Sets
sending (V, W) to [SV, X (V)(W)]¢ with the obvious functoriality in V' and W, and
define Iy analogously. If we write A: s(Ug) — s(Ug) X s(Ug) for the diagonal
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embedding, then 7§ (diag X) = colimIIx o A and 7§ (diagY) = colim Iy o A by
definition. As A is cofinal, it will therefore suffice to show that the map

colim SV, X(V)(W)¢ — colim SV, Yy (V) (W)€

(V,W)ES(MG)XS(Z/Ig) (V,W)ES(Z/{G)XS(Ug)

induced by f is bijective, for which it is enough by the Fubini Theorem for colimits
to prove bijectivity of the analogous map

colim colim [SV, X (V)(W)]¢ — colim colim [SV,Y (V)(W)]¢.

Ves(Ug) Wes(Ua) Ves(Ug) Wes(Ue)
Arguing as in the proof of Lemma this may be identified with the map
colim [SV, X (V)(Ug)]¢ — colim [SV,Y(V)(Ug)|¢
VesUea)

Ves(Ua)
induced levelwise by f(V)(Ug): X(V)Ug) — Y(V)(Ug). As the latter is a G-
equivariant weak equivalence, the claim follows. (Il

LEMMA 7.50. The functor diag: 96p¢ 1,1 — Gpgg Is cocontinuous.

PRrROOF. It suffices that the pointset level functor G-L-Sp — G-OrthSp pre-
serves homotopy pushouts and homotopy coproducts.

Any cofibration f in G-L-Sp is an unbased level h-cofibration by Corollary [7-33]
and so diag f is an unbased level cofibration in G-OrthSp. Pushouts along the
latter are homotopy pushouts by Theorem as diag: G-L-Sp — G-OrthSp
evidently preserves pointset level pushouts, this shows that it also preserves homotopy
pushouts.

On the other hand, [Sch18, Corollary 3.1.37(i)] shows that coproducts in
G-OrthSp preserve G-global weak equivalences in full generality, so diag sends any
coproduct of cofibrant objects to a homotopy coproduct. O

The previous lemma already reduces the question whether diag also descends to
08P g1 — Opg g to understanding its effect on the set S from Construction
Looking at their definition, we should then first understand the interaction of diag
with the left adjoints to restriction (see Remark .

LEMMA 7.51. Let a: G — G’ be any homomorphism of compact Lie groups.
Then the Beck—Chevalley map BC,: Lay o diag — diag o Loy is an equivalence.

PROOF. As a consequence of Lemma both source and target of BC, are
cocontinuous functors 9&p;.1y1 — Sperg. In light of the presheaf description
of 06y, from Proposition [7.36] it will therefore suffice to show that the Beck-
Chevalley map is an equivalence on the objects of the subcategory RepSp,. It
is clear that the Beck—Chevalley map is an equivalence for the zero object; every
other object of RepGp; is then of the form X := L O(V, —) for some ¢: H — G
and some H-representation V. As Beck—Chevalley maps compose, we see that the
map BCi: Lo diag(X) — diagLai(X) in question is an equivalence provided that
both the Beck—Chevalley maps L(pa) diag(O(V, —)) — diag L(pa)O(V, —) and
Ly diag(O(V, —)) — diag Ly O(V, —) are so. In other words, up to replacing o and
G, it suffices to treat the case where X = O(V, —) for some G-representation V.

Fix a faithful G-representation U, so that the collapse map L(U, =) AO(V, —) —
O(V,—) is a cofibrant replacement of X. Plugging in the definitions, the Beck—
Chevalley condition then amounts to saying that for some (hence any) cofibrant
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replacement f:Y — diag(L(U,—)+ A O(V,—)) in G-OrthSp the induced map
aY — aydiag(L(U, —)4+ A O(V, —)) = diagon (L(U, =) A O(V, —)) (7.6)

is a G’-global weak equivalence. We may choose the cofibrant replacement already
in the G-global level model structure, and we will show that in this case is even
a G'-global level weak equivalence, i.e. that for every inner product space W the
Gow),a-weak equivalence f(W): Y(W) — L(U, W) AO(V,W) is sent by ay to a
Go(w),ar-weak equivalence. By Proposition Y(W) is Gow),g-cofibrant, as is
L(U, W)+ AO(V,W) by Lemma[4.15] Thus, the claim follows from Example O

COROLLARY 7.52. The functor diag: 06p .11 — Spg.g Inverts G-global weak
equivalences.

PROOF. By cocontinuity (Lemma , it suffices to show that diag inverts the
maps in the set S from Construction By definition of the latter together with
the previous lemma, it then suffices (after possibly changing the compact Lie group
G) to show that all maps of the form const H‘ng/ for G-representations V, W are
inverted. As diag o const = idg.orthsp, this is an instance of Proposition [7.10} [

For the proof of the converse we will need:

LEMMA 7.53. Let X € G-L-Sp be level fibrant and a G-global Q-spectrum.

(1) IfU,U’" are H-representations and V' is any faithful H-representation, then
g(V): X(U)(V) = QU X(U & U')(V) is Gu.g-weak equivalence.

(2) If U is any H-representation and i: V. — W is an embedding of faith-
ful H-representations, then X (U)(i): X(U)(V) — X(U)(W) is a Gu.g-
equivariant weak equivalence.

PROOF. For the first claim, note that 6: X (U) — X(U®U’) is a (G x H)-global
weak equivalence, and both its source and target are fibrant orthogonal (G x H)-
spaces by Lemma [2.39 and the definition of the G-global level fibrations. Thus,
G is even a (G x H)-global level weak equivalence, so that (V') is a Gov),axu-
weak equivalence and hence in particular a Gy g-weak equivalence for the diagonal
H-action.

For the second claim, we similarly note that X (U)(i) is a Gy gxow)-weak
equivalence by fibrancy of X (U), hence in particular a Gy g-weak equivalence. O

COROLLARY 7.54. If X € G-L-Sp is fibrant and a G-global Q2-spectrum, then
also diag X € G-OrthSp is a G-global Q2-spectrum.

PrOOF. If H is any compact Lie group and V, W are H-representations such that
V is faithful, then the adjoint structure map (diag X)(V) — QW (diag X)(V & W)
factors as the composite

x()(v) X209 vy v e w) 2V oW x(v e w) (v & W)

where i: V — V & W denotes the summand inclusion. By the previous lemma, both
of these maps are Gy g-weak equivalences, so the claim follows by 2-out-of-3. [

PROPOSITION 7.55. The functor diag: G-L-Sp — G-OrthSp preserves and
reflects G-global weak equivalences.
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PROOF. We may equivalently show that the induced functor 9&p ¢, — Spegi
precisely inverts the G-global weak equivalences.

That it inverts all G-global weak equivalences was established in Corollary
For the converse, let f: X — Y be any G-global weak equivalence in 06p_;,; and
consider the naturality square

X T iLX

|

YT>1'LY

for the unit of the Bousfield localization L: 38p,_ 1, = DGpg 3. As we have just
seen, diag sends the horizontal maps to equivalences in Gpg 4. Thus, if diag f is a
G-global weak equivalence, then so is diagiLf by 2-out-of-3; conversely, to show
that f is a G-global weak equivalence, it will suffice to show that iLf is so. In
other words, we may assume without loss of generality that X and Y are G-global
Q-spectra. After cofibrant-fibrant replacement in the G-global level model structure,
we may then assume that f is represented by a map X — Y in G-L-Sp between
cofibrant-fibrant G-global Q-spectra; we will denote this pointset level map by f
again, and we will similarly view diag f as a map in G-OrthSp.

By the previous corollary, both diag X and diagY are G-global Q-spectra, so
that diag f is a G-global level weak equivalence. We will now complete the proof of
the proposition by showing that f(V) is an (O(V') x G)-global level weak equivalence
of orthogonal (O(V') x G)-spaces for any V, i.e. f(V)(W) is a Gu g-equivariant weak
equivalence for every compact Lie group acting arbitrarily on V' and faithfully on
W. To prove this, we consider the commutative diagram

X(V)(2) G(Vew)

X(V)(W) XV (VeWw) QWX(V eoW)(VeWw)
f(V)(W)l f(V)(“/EBW) lﬂwf(veam(veavv)

~
w
Y(V)(W) BGION Y(V)(VeWw) Swew) QYY(VeWw)(VeWw)
By Lemma[7.53} the horizontal maps are Gz g-weak equivalences. On the other hand,
fVeW)(VaeW)is a Gy g-weak equivalence by assumption on diag f, whence so
is QW f(V @ W)(V @& W) by Lemma 4.15l The claim follows by 2-out-of-3. O

COROLLARY 7.56. Let a.: G — G’ be any homomorphism of compact Lie groups.
Then o*: G’-L-Sp — G-L-Sp sends G’-global weak equivalences to G-global weak
equivalences. O

PROOF OF THEOREM [T.48 As diag o const = idg.orthsp, Proposition
shows that these functors descend to the localizations at the G-global weak equiv-
alences, with const being right inverse to diag. To prove that const is also left
inverse (thereby completing the proof of the theorem), we will now exhibit a
pointset level zig-zag of natural transformations between the identity of G-L-Sp
and the composite const o diag. For this we define F': G-L-Sp — G-L-Sp by
F(X)(V)(W) = X(V)(V &W) with the obvious functoriality in each variable. The
two summand inclusions V < V & W <= W then induce natural transformations
i: constdiag — F' < id :j. We will show that j is a weak equivalence; the argument
for ¢ is then analogous.
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By Proposition[7.55] it will suffice that diag j: diag X — diag F/(X) is a G-global
weak equivalence for every X. If we write sh: L-Top, — L-Top, for the functor
given by precomposition with V' +— V @V, then diag F'(X) agrees with diag(sh o X))
by direct inspection, and the map j is induced by the natural transformation
k: id — sh given by the inclusion of the second summand. By [Bar23| Lemma 3.8],
koX: X — sho X is a G-global level weak equivalence, so that diag j = diag(k o X)
is a G-global weak equivalence by another application of Proposition [7.55] O

7.4. The global co-category of global spectra. We will now explain
how the two pointset models of G-global spectra discussed above assemble into
representation stable globally presentable global co-categories.

CONSTRUCTION 7.57. Define Gp,, as the levelwise localization of Ntop(OrthSpb)
at the G-global weak equivalences; this is well-defined as the restriction functors are
homotopical by definition of the weak equivalences. We similarly define 9Gp,,; by
localizing Ntop(L-Spb) at the G-global level weak equivalences and 96p,, by instead

localizing at the G-global weak equivalences (which is well-defined by Corollary|7.56]).
Theorem [7.48| immediately implies:

COROLLARY 7.58. The topological functor const: OrthSp — L-Sp induces an
equivalence of global co-categories Gp,) — 0&p,;. (]

7.4.1. Presentability. As in the unstable situation, it is not clear how to verify
the Beck—Chevalley condition for global cocompleteness by hand. Instead, our proof
will proceed in two steps: we will first show that 96p,,, is globally presentable using
presentability of &, ., and then exhibit Gp,) ~ 0&p,, as a (parametrized) accessible
Bousfield localization.

CONSTRUCTION 7.59. Let G be a compact Lie group and let V be any G-
representation. FEvaluation at V' defines a topologically enriched homotopical func-
tor H-L-Sp — (H X G)-L-Top, for every compact Lie group H. Applying
Ntop((_)b> and localizing, we therefore obtain a global functor

evy © 0691‘,1 — ggl,*(]BG X _).
The definition of the G-global level weak equivalences immediately implies:

LEMMA 7.60. The functors evy are jointly conservative when G runs through
all compact Lie groups and V' through all G-representations. (]

LEMMA 7.61. The functor evy : 36p,; — &, .(BG x —) is a global left adjoint.

Proor. By Lemma and presentability of 96p,,;(BH) = 06p .1, (Propo-
sition [7.36)), each of the individual functors evy : 96p,,(BH) — &, .(BG x BH)
admits a right adjoint, so it will suffice to show that these right adjoints satisfy the
Beck—Chevalley condition with respect to restriction along any a: H — H’ in Glo
or, equivalently, that the Beck—Chevalley map Loy evy — evy Lay is invertible for
any such «, where Lay: 06p 1,1 — 06p g7, 1s as in Remark

Note that both source and target of the latter Beck—Chevalley map are left
adjoints, so the collection of objects for which it is invertible is closed under all
colimits. By the presheaf description of 96py;,, from Proposition [7.36] it will
therefore suffice to verify invertibility for the objects of the form X := Lo O(W, —)
for homomorphisms ¢: K — H and K-representations W. Arguing as in the proof
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of Lemma[7.51} one reduces to the case ¢ = id, so that X is modelled by the cofibrant
object L(U, —)4+ A O(W, —) where U is our favourite faithful H-representation. If
1Y = LU, -): ANO(W,V) is any cofibrant replacement in the (G x H)-global level
model structure on (G X H)-L-Top,, then the Beck—Chevalley map in question is
represented on the pointset level by aif. We claim that the latter is a (G x H')-
global level weak equivalence, which we can reexpress as saying that for any inner
product space T, any K C O(T), and any homomorphism ¢: K — G the map
Yo f(T) = ap* f(T) is a G pr-equivariant weak equivalence. By definition, Y (T')
is G x m-cofibrant, so that ¢*Y (T) is Gi g-cofibrant by Lemma Moreover,
also L(U,T)4+ A O(W,¢*V) is Gk m-cofibrant by Lemma and faithfulness of
the H-representation U. Thus, Example @ shows that ay sends the Gg p-weak
equivalence ¥* f(T') to a G, m/-equivariant weak equivalence, as desired. O

PROPOSITION 7.62. The global co-category 06y, is globally presentable.

PROOF. We begin by proving that 38p,,, is fiberwise presentable. For this we
note once more that if G is any compact Lie group, then 96p,,,(BG) is presentable
by Proposition [7.36] Let now V be any H-representation; by the previous lemma
evy : 06p,,(BG) — &G x H)-gl,« is cocontinuous. Thus, in the naturality square

26y, (BG) AN 26y, (BG)

evVJ/ J{evv

S x mygle —5 GG x gl
all maps except possibly the top one preserve colimits. As for varying V' the right-
hand vertical maps are jointly conservative, also f*: 96p,,,(BG’) — 26p,,,(BG) is
cocontinuous, hence a left adjoint by the Adjoint Functor Theorem.

Next, we recall once more that each f*: 96p,,,(BG’) — 26p,,,(BG) admits a left
adjoint L fi, whence so does more generally any restriction along a map f: X — BG
in PSh(Glo) by Remark It remains to verify the Beck—Chevalley conditions
from Lemma [3.45] i.e. that for any pullback

x LB

o7 s

X — BG
in PSh(Glo) the Beck-Chevalley map BCi: Lf/¢”* — g¢*Lfi is invertible. By
Lemma the functors evy are jointly conservative, so it will suffice to show
that the Beck—Chevalley map is an equivalence after hitting it with evy for every
representation V. But we have a commutative diagram of Beck—Chevalley maps

evy Lf/g™ Bey, Lf]evy ¢ —=— Lf/g* evy

evy BCgl lBC!

evy g*Lfi —— evy g*Lfi W g*Lfievy
in which the two horizontal Beck—Chevalley maps are equivalences as evy is a left
adjoint, while the right-hand vertical map is an equivalence since G, , is globally

*
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cocomplete (Corollary [4.8). We conclude by 2-out-of-3 that also the left-hand
vertical map is invertible, finishing the proof of the proposition. (Il

LEMMA 7.63. The localization 36p,,; — d6p,, has a fully faithful right adjoint.

PROOF. If G is any compact Lie group, then Proposition shows that the
localization functor 0&pe. ;1 = 06p,,(BG) — 06p,(BG) = Gpgy admits a right
adjoint, which is fully faithful with essential image given by the G-global Q-spectra.
It therefore only remains to verify the Beck—Chevalley condition. By full faithfulness
of the right adjoints, this reduces to proving that the restriction functors preserve
the essential images, which is clear from the definition of G-global Q-spectra. [

THEOREM 7.64. Both 06p,; and Gp,, are globally presentable.

PROOF. In light of Corollary it will suffice to prove the first statement.

By Proposition @, each individual category 9&pg_, is presentable, so it
remains to show global cocompleteness. For this, let us write R: 06p, — 06p,, for
the right adjoint from the previous lemma. If X € PSh(Glo) is any presheaf, then
R(X): 36p,(X) — 26p,,(X) is a fully faithful right adjoint (as a limit of such
functors), so its left adjoint is a Bousfield localization. Moreover, if f: X — Y is any
map in PSh(Glo), then fi: 96p,,,(X) — 06p,,,(Y") descends through the localization
functor as f* preserves the essential image of the fully faithful right adjoint R (the
latter being part of a global functor); in particular, f*: &py(Y) — &py(Y') has a left
adjoint, and it only remains to verify the Beck—Chevalley condition for pullbacks in
PSh(Glo). As localizations are in particular essentially surjective, this may be done
after precomposing with 36p,,; — 36p,,. Using once more that Beck-Chevalley
maps compose, this then follows at once from 38p,, being globally cocomplete
(Proposition and the localization being a left adjoint. O

Recall the homotopical functor X% : G-L-Top — G-OrthSp from Proposi-
tion Varying G, this yields a global functor X% : &, — Gp,y; for later use, we
record:

LEMMA 7.65. The global functor X% : &, — Gp, is a left adjoint.

PROOF. By the aforementioned Proposition %% is left Quillen, proving
the existence of a pointwise right adjoint. To prove the Beck—Chevalley condition
for these right adjoints it then suffices to observe that also the restriction functors
G’-OrthSp — G-OrthSp are right Quillen (Lemma and that the Beck-
Chevalley condition holds for the underived functors (in fact, for the standard choice
of adjunctions and counits, the Beck—Chevalley map will even be the identity). O

7.4.2. Representation stability. In order to prove representation stability, we
will explicitly describe the tensoring of Gp,, over pointed equivariant spaces.

PROPOSITION 7.66. The levelwise smash product
Niop(Top<™?) X Niop(OrthSp’) — Niop(OrthSp”) (7.7)
descends to —®—: G, x Gp,) =~ &eof Gp, — Gp,, and this is the unique bifunctor
preserving Orb-colimits in the first variable and such that S° ® — is the identity.
Proor. Lemma shows that the levelwise smash product descends ac-

cof

cordingly and that each individual &g, X Gpg g — Gpgg preserves colimits
in the first variable. It remains to show that for any injective a: G — G’, any
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cofibrant G-space X, and any G’-global spectrum Y the Beck—Chevalley map
Lay(X ® a*Y) - (LayX) ® Y is invertible. In light of Lemma we may
equivalently show that the pointset level map ay(X A a*Y) — (auX) AY is a weak
equivalence. A direct computation shows that the latter is even an isomorphism. [

In other words, the canonical tensoring of &p,, over &, is given (up to cofibrant
replacement) by the levelwise smash product. Proposition therefore translates
to the following;:

COROLLARY 7.67. The global co-category Gp,, is representation stable. O

7.4.3. Symmetric monoidal structure. Once we know the universal property
of Gp,, the general theory will yield a globally presentably symmetric monoidal
structure with unit S, and shows that this unique. We will now construct such
a symmetric monoidal structure by hand, using the smash product of orthogonal
spectra; it will then later follow a posteriori that this agrees with the symmetric
monoidal structure coming from the universal property.

CONSTRUCTION 7.68. For any compact Lie group G, we write G-OrthSp™®

G-OrthSp for the full (topologically enriched) subcategory spanned by the flat
G-orthogonal spectra in the sense of Definition These assemble into a global
subcategory Ntop(OrthSpﬂat’b) C Nmp(OrthSpb), and we write @gﬁt for its
levelwise localization at the G-global weak equivalences.

LEMMA 7.69. The map gggf‘t — Gp, induced by the inclusion is an equivalence.

PROOF. If G is any compact Lie group, then Lemma[7.3] implies that functorial

cofibrant replacement in the G-global model structure defines a homotopy inverse
to the inclusion G-OrthSp™® < G-OrthSp. a

CONSTRUCTION 7.70. By [BDS16, Proposition 3.5.3], the enriched symmet-
ric monoidal structure on G-OrthSp given by the smash product restricts to
G-OrthSp"™, and by Proposition this descends (for varying G) to a sym-
metric monoidal structure on gggf‘t ~ Gp,;. We will write @S for the resulting
symmetric monoidal global oco-category.

We will now construct a symmetric monoidal refinement of X% : &, — Gp,.
Note that if we already knew @gg to be globally presentably symmetric monoidal,
we would obtain a unique symmetric monoidal left adjoint from the general theory;
we will conversely need the symmetric monoidal structure on X¢ to establish that
the smash product on Gp,; preserves global colimits in each variable.

CONSTRUCTION 7.71. Recall the universal property of the Day convolution
product as the recipient of the universal bimorphism . Given orthogonal spaces
X,Y, we then have maps

(ESX)VAELY)(W) = SYAX (V)L ASYAY (W), =2 SYEWA(X (V) xY (W) 4+
SYEWA(By,w )+ vVew o
_— ANXKRY)(VoW), =EIXXY)(VeW)
for all V,W € O; by [Sch18| Proposition 4.1.18], these define a bimorphism, the
induced map (XFX) A (XFY) = EP(X XY) is an isomorphism, and together
with the unique isomorphism ¥$ 1 = S this upgrades ¥ : L-Top — OrthSp to a
symmetric monoidal functor. Applying the symmetric monoidal continuous Borel
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construction, we obtain a symmetric monoidal global functor Ntop(L-Top&b) —
Niop(OrthSp®?) restricting to Nyop (L-Top?°t®") — Nio, (OrthSpat®?) where
Ntop(L—ToquOf’&b) denotes the Glo-subcategory on quasi-cofibrant orthogonal
based G-spaces (Construction [4.37)). Localizing then yields the desired symmetric
monoidal refinement
L &XQ f,® flat,® ®
1 6 = e - Sl = &),

VARIANT 7.72. Analogously, one upgrades the reduced suspension spectrum
functor %*: L-Top, — OrthSp to a symmetric monoidal functor, and hence obtains
a symmetric monoidal global functor

£,® flat,®
E':@S* ~ Gl = Gp, 2@5.
Once the next proposition has been proven, the universal property of §S . (Theo-
rem [4.39)) will imply that ¥¢ is the unique symmetric monoidal global left adjoint
with the given source and target.

PRrROPOSITION 7.73. The symmetric monoidal global co-category @S is globally
presentably symmetric monoidal.

PrOOF. For any compact Lie group G, the symmetric monoidal product on
Spg is equivalently given as the left derived functor of the left Quillen bifunctor
from Corollary and hence preserves colimits in each variable. As we already
know that Gp, is globally presentable, it therefore only remains to show that the
Beck—Chevalley map Loy (X ® oY) = (LawX) ® Y is invertible for any a: G — G’
and X € Gpg g, Y € Gpgry. As both sides preserve ordinary colimits in both
variable separately and since both Gp¢ ) and Gper_, are stable in the usual sense,
we reduce to the case where X and Y are generators as in Proposition[7.26] and hence
in particular contained in the essential image of the symmetric monoidal left adjoint
Y% from the previous construction. Using that Beck—Chevalley maps compose as in
the proof of Proposition the claim then follows from Corollary O

7.4.4. Equivariant vs. global spectra reduz. Finally, we discuss the relation to
the global co-category Gp of equivariant spectra from the previous section:

PROPOSITION 7.74. The inclusion of equivariantly cofibrant orthogonal G-
spectra induces a fully faithful global functor &p — &p,,. Moreover, its underlying
Orb-functor admits a right adjoint which is levelwise a localization at the equivariant
weak equivalences.

PROOF. Lemma already shows that &p — Gp,, is fully faithful and admits
a pointwise right adjoint which is a localization at the equivariant weak equivalences.
To complete the proof, it remains to verify the Beck—Chevalley condition for the
pointwise right adjoints with respect to injective homomorphisms. As the right
adjoints are localizations, this amounts to saying that a*: Gpgr_g — Gpg g sends
G’-equivariant weak equivalences to G-equivariant ones for any injective a: G — G'.
This is however immediate from Proposition [l

By the universal property of &p, the first half can be rephrased as saying that
the unique equivariantly cocontinuous functor Sp — Gp,, sending the sphere to the
sphere is fully faithful. The additional information about the right adjoint provided
by the proposition will become relevant later in the proof of Theorem [8.34]
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7.5. Proof of the universal property. In this subsection we will finally
prove the following strenghtening of Theorem [E| from the introduction:

THEOREM 7.75. The pair (gggl, S) is an idempotent algebra in CATg}g'CC. The
©p,-modules are precisely the representation stable globally cocomplete global
oo-categories. In particular, we have for any such D an equivalence

evs: Fun®o<¢(&p ,, D) =5 D.

gb
The proof will be given below after some preparations. The key step for this
will be showing that evg: Fun® (26p,), D) — D admits a fully faithful right adjoint
for any representation stable globally presentable D. We begin by proving the
analogous statement for 36p,,;, which actually holds in larger generality.

LEMMA 7.76. The evaluation functor Q% = evq: 06p,,; = &, , admits both a

fully faithful left adjoint LX>° as well as a fully faithful right adjoint.

PROOF. The existence of the right adjoint is a special case of Lemma [7.61]
For the existence of the left adjoint, observe that evy: G-L-Sp — G-L-Top,
is right Quillen by Lemma [7-38] with left adjoint given by the usual suspension
spectrum functor. It then only remains to verify the Beck—Chevalley condition.
Unravelling definitions, this amounts to showing that for any a: G — G’, any
cofibrant X € G’- L-Top, and any cofibrant replacement f:Y — a*X, the
induced map X° f: XY — Y*°a* X is a G-global level weak equivalence, i.e. for
every V the map SV A f is an (O(V) x G)-global weak equivalence. This is however
simply an instance of Corollary [£.23]

Finally, it is clear that the ordinary unit X — Q2°°X°°X is an isomorphism for
every (cofibrant) X; thus, the derived unit id — Q> LX° is invertible, i.e. L3
is fully faithful. It follows formally (see e.g. [HRS25| Lemma 1.2]) that the right
adjoint of Q°° is also fully faithful. |

PROPOSITION 7.77. Let C be any pointed globally cocomplete global co-category.
Then evs: Fun®(d6p,,,,C) — C(1) admits a both a fully faithful left adjoint Sy and
a fully faithful right adjoint S,.

PROOF. By the previous lemma and 2-functoriality of Fun™(—, C), the restriction
functor — o LX*°: Fun™(26&p,,,,C) — Fun™ (&41,4,C) has a fully faithful left adjoint
given by — o Q% (here we are using that 2% is also a left adjoint). Combining this
with the universal property of &, , from Corollary we conclude that evg has a
fully faithful left adjoint, and it only remains to show that it also admits a right
adjoint, which will then automatically be fully faithful as before.

For this we observe that Fun™(d&p,;,C) — Fun(d&p,,;,C) preserves colimits
by [MW22, Lemma 2.6.1.3], so that evs: Fun™(2&p,,,,C) — C(1) is cocontinuous.
As the source is presentable (Proposition , the existence of a right adjoint then
follows from the (non-parametrized) Adjoint Functor Theorem. O

An analogous argument already shows that evg: Fun® (26p,,C) — C(1) admits a
right adjoint for any pointed globally presentable global co-category C; however, this
adjoint will usually not be fully faithful, i.e. we might not have a Bousfield localization.
For representation stable C, we will now show that in fact the Bousfield localization
Fun®(06p,,;,C) = C(1) from the previous proposition restricts accordingly:
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PROPOSITION 7.78. Let C be globally presentable and representation stable.
Then the right adjoint S, : C(1) — Fun®™(&p,,,, C) of evs lands in the full subcategory

of those left adjoints factoring over the localization 06p,,; — dG6p,,.

In Construction[7.46] we already explicitly described a set S such that 96p 4, —
08P 1s a Bousfield localization at S, and varying G this allows us to characterize
the left adjoints 96p,,; — C factoring through 96p,; — C as those functors inverting
an explicit set of maps. For the proof of the proposition, it will be convenient to
recast this criterion in terms of the invertibility of certain Beck—Chevalley maps.

CONSTRUCTION 7.79. Let G be a compact Lie group, and let VW be G-
representations. For any L-spectrum X, we get a natural map of based orthogonal
G-spaces 6: X (V) — QW X (V @ W) as the adjoint of the structure map, yielding
a natural transformation of topologically enriched functors L-Sp = G-L-Top,;
note moreover that both functors are homotopical, see Lemma [4.24] for the non-
trivial case. Applying Ntop((f)b) and passing to localizations we obtain a natural
transformation

06y, — §gl,*(BG X =)

=
T

@Wl vaw’ §g17*(BG X _)'

evV@W

We write o for the associated Beck-Chevalley map X% evy — evy g . Plugging in
the definitions, this is given on any well-based X € G-L-Sp by the usual structure
map SV X (V) = X(V o W).

LEMMA 7.80. Let V' be a G-representation. Then evy : 06p,,; — &, . (BG x —)
admits a left adjoint O(V, —) ®¢ —.

PROOF. As 06p,,, is globally cocomplete, the functor 06p,,; — 96p;,,,(BG x —)
equipping an H-global spectrum with the trivial G-action admits a left adjoint.
Thus, it will suffice to show that the functor 36p,,(BG x —) — &, ,(BG x —)
induced by the functor evy : G-L-Sp — G-L-Top sending X to X (V) with the
diagonal G-action admits a left adjoint. For every compact Lie group H, the
induced functor evy: (G X H)-L-Sp — (G X H)-L-Top, is right Quillen by
Lemmas and and its left adjoint O(V, —) A — sends (G x H)-global weak
equivalences between well-based (G x H)-orthogonal spaces to (G x H)-global level
weak equivalences by Corollary[£.23] The same argument as in the proof Lemmal[7.76
(which considered the special case G = 1 and V = 0) therefore shows that the
individual left adjoints &g x 1)« — 06P(@ x H)-g satisty the Beck—Chevalley
condition and hence assemble into the desired global left adjoint. O

CONSTRUCTION 7.81. Let V, W be G-representations. We write
k:O(VaW, -)eq 2V (-) = 0V,-)®¢ —

for the Beck—Chevalley transformation associated to the natural transformation
o from Construction [7.79} In other words, « is the total mate of the natural
transformation &.

LEMMA 7.82. Let C be globally presentable. A left adjoint F': 9Gp,,; — C
factors through 36p,, if and only if F' inverts the natural transformations  from
the previous construction for all compact Lie groups G and representations V, W.
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PrOOF. The left adjoint F factors through the localization if and only if its right
adjoint U: C — 08p,,, factors through the full subcategory 9&p*?. By definition,
this precisely amounts to requiring that the pastings

C S @Ivl S gl *(BG X _)
- TS w
s

c U @1\11 evyaw @gl,*(BG X 7)

are equivalences for all compact Lie groups G and G-representations V, W. However,
as a natural transformation is an equivalence if and only if its total mate is so and
since passing to mates is compatible with pastings, this is in turn equivalent to the
pastings

o(V,-)®c

C 06y &, ,(BG x —)
_ \ ~,
- n -
%
C <T OGQM oO(VaW,)eg— O, *(BG X )
being equivalences, which precisely amounts to F' inverting the maps &. 0

PRrROOF OF PROPOSITION [(.78] Let us fix a compact Lie group G together with
G-representations V, W, and consider the diagram

c(1) — C(1)
eV§T Tm
Fun"(0&p,,),C) +———— Fun"(26p,,,,C) (7.8)
Sl e T

Fun® (&,,.. (BG x —),C) +——— Fun"(&,,(BG x -),0).

gl,*
By (homotopy) 2-functoriality of Fun®, the two lower vertical maps have right
adjoints, given by precomposition with the left adjoints to evaluations, and the
Beck—Chevalley map for the lower square is given on an F': 96p,,; — C by applying
F to the Beck—Chevalley map associated to o, i.e. to k. As Beck—Chevalley maps
compose, we then conclude from the previous lemma that the right adjoint S, factors
through Fun © 06p,, C) if and only if the Beck—Chevalley map associated to the
pasting (7.8)) is 1nvert1ble for all compact Lie groups G and all representations V, W.

The pasting is given on a left adjoint F': &, ,(BG x —) — C by applying F'
to the map og in Ggl «(BG). By the explicit description from Construction os
is invertible, so that the pasting is an equivalence. Thus, if we can show that
the top and bottom horizontal maps are equivalences, then also the Beck—Chevalley
map will be invertible for purely formal reasons.

For the top map, there is nothing to prove. For the bottom map, it will suffice
(after replacing C by Fun([n],C) for varying n > 0) to prove that the map is an
equivalence on groupoid cores. We write fgt: Glo g — Glo for the forgetful functor,
and we consider the bifunctor

@: fgt*ggl,* X fgt*ggl,* = fgt*(§ X Ggl *) m fgt*@gl,*

gl
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induced by the smash product, so that the effect of the bottom map in (|7.8]) on
groupoid cores is given by

—©° fgt*@(SW, 7) : HomPr]élo (fgt*fgt*ggl,*v C) - ]:_IOInPrIé10 (fgt*fgt*ggl,*a C)
To see that this is an equivalence, it will suffice by Corollary that
—00(S", —): Homp, (fgt™ &y 4, fet™C) — Homp,  (fgt* S, ,, fgt"C) (7.9)
Glo /g ’ Glo/pa ’

is so. Combining Examples[5.4 and [5.7] we see that © defines the canonical tensoring
of the pointed cocomplete Glo pg-oo-category fgt*ﬁgl,*. Thus, Lemma shows
that (7.9) is homotopic to

(S ® —) o —: Hom(fgt*&,, . fgt"C) — Hom(fgt* &, ,, fgt“C).
This map is then indeed an equivalence by representation stability of C. (|

COROLLARY 7.83. Let C be globally presentable and representation stable. Then
evs: FunL(DGle,C) — C(1) is the left adjoint in a Bousfield localization.

PROOF. As a consequence of the previous proposition, evs has a right adjoint
given by the composite

C(1) 2 Fun' (068py,,C) = Fun® (26p,, C),

where Fun’(08p,,,,C) denotes the full subcategory of left adjoints factoring through
the localization L: 26p,,) — 96p,; and the unnamed equivalence is given by pre-
composing with a right adjoint to L. As S, is fully faithful by Proposition the
claim follows. |

PROOF OF THEOREM [L.75l Since Gp,, is representation stable (Corollary [7.67)
and globally presentable (Theorem [7.64)), there is a unique left adjoint

RepSph
Spaiy P = Gy

sending S to S, and we may equivalently show that this functor is an equivalence.

Comparing corepresented functors on Pré’&ePSph'ex, it will suffice to show that
evs: FunL(@gl,C) — C is an equivalence for any representation stable and pre-
sentable C. By the previous corollary together with Corollary [7.58] evs is a Bousfield
localization; we will complete the proof by showing it is conservative.

For this let 7: F; — F, be any morphism in Fun" (&py, C) such that 7(S) is
an equivalence in C(1). By the universal property of &, this guarantees that
the natural transformation 7o X% : Fy o X5 — Fp o % of left adjoint functors
&, — C is an equivalence. In particular, if G is any compact Lie group, then the
natural transformation 7 between Fy, Fy: Gpg_,) = C(BG) is an equivalence on the
compact generators from Proposition As C(BG) is in particular stable in the

usual non-parametrized sense, this implies that 7 is an equivalence, as desired. [J

COROLLARY 7.84. The global oco-category Gp,; admits a unique globally pre-
sentably symmetric monoidal structure with unit S, and this is the one induced by the
smash product (Construction . Moreover, this defines the initial representation
stable globally presentably symmetric monoidal global co-category.

PROOF. The symmetric monoidal structure from Construction [7.70] is globally
presentably symmetric monoidal by Proposition [7.73] The remaining statements
then follow from Corollary together with Theorem [7.75 O
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REMARK 7.85. In the previous section, we saw that the Orb-cocomplete rep-
resentation stabilization £°: 6® — Gp® is a pointwise construction: for every
compact Lie group G, the symmetric monoidal functor ¥*°: 6%7* — Gp% is given
by universally inverting G-representation spheres in CAlg(Pr"). We will now show
that the corresponding statement is not true for the Glo-cocomplete representation
stabilization X®: 6? . @ggl by showing that Ggl . Gp?j is not simply given by
inverting the non-equivariant spheres.

By |[CHLL24, Lemma 5.5.3], we may equivalently show that X*: &g . — &py
is not a stabilization in Pr". For this we will write Bg(Z/2) := L(R[Z/2], —-)/(Z/2).
Specializing the computation from [Sch18, Corollary 4.1.13], we see that the
group moHom(X® B (Z/2)+,3°Bg1(Z/2)4) (with the group structure coming from
additivity of Gp,)) is free abelian of rank 3. On the other hand, Bg(Z/2) corre-
sponds under our equivalence to PSh(Glo) to the represented presheaf B(Z/2). If
L: PSh(Glo),. — C denotes the stabilization, a simple computation shows that

moHome (LB(Z/2) , , LB(Z/2), ) = mo (S Homeo(B(Z/2), B(Z/2))).  (7.10)

As Homgi(B(Z/2),B(Z/2)) has exactly two path components (corresponding to the
identity homomorphism and the trivial homomorphism), the abelian group (|7.10))
has rank 2 # 3.

REMARK 7.86. In |[Nik15|, Gepner and Nikolaus introduced a notion of genuine
stability in the setting of &g-modules in Pr", which is closely related to representa-
tion stability: they declare an Gy-module C to be Ggi-stable if it is pointed and the
relative tensor product — ®g,, C inverts V. SG-gl,x = Gc-gl,« for every compact
Lie group G and every G-representation V' (where we view Gg_g1. . as an Sy-module
via the symmetric monoidal functor trivg o (=), : & — 63* — 6%_5;1,*). They
moreover announced that Gpgl is the free Gy -stable G4-module on one generator;
however, as they explained to us, their unpublished argument contained a gap.
Let us compare this (hypothetical) universal property to the one established in
Theorem [Z.75] above:

As G, is the unit for the parametrized Lurie tensor product, the lax symmetric
m0n01dal evaluatlon functor T' := evy: Prg,, — Pr" lifts to a functor T to Gy-
modules, and by [MW22| Propositions 2.6.3.2-2.6.3.7] this lift admits a fully faithful
symmetric monoidal left adjoint given explicitly by &, ®e,, — A short computation
using Proposition shows that &, , ~ G, ®e,, Gg,« and that an Gg-module C
is Gg-stable if and only if the globally presentable global co-category &, ®g,, C is
representation stable in our sense. As we will now explain, Theorem reduces
the question whether Gp,, is the Gy-stabilization of Gy in the sense of Gepner
and Nikolaus to the question whether Gp, is contained in the essential image of
the inclusion of Ggz-modules. We do not know whether the latter condition holds,
though we strongly suspect it does not.

Assume first that Gp,,; lies in the essential image. Then &p, ~ &, Vs, Spy
via the counit, so Gp, is Gg-stable and the universal property as an Gg-module
Just follows from the universal property of Gp,, and full faithfulness of G, ®e,, —
Conversely, assume that Gpy = Fli“(@gl) is the free Gy-stable Gy-module. If C is
any representation stable global stable oo-category, then I''"(C) is Gy -stable as it
admits an Gp,-module structure induced by the unique Gp,-module structure on
C. By adjunction, the representation stable globally presentable global co-category
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L h-
S, De,, Gpy therefore corepresents the same functor on Prgnepsph-ex g Spy,, so

that Gp,| ~ G, ®e,, Gpy as claimed.



PART III

Global Thom spectra

Reaping the rewards of our work in the previous sections, we will now give
two constructions of a symmetric monoidal global Thom spectrum functor: an
oo-categorical construction as a natural parametrized analogue of [ABG™14] and a
model-categorical construction as a global refinement of [SS19|. As our final main
result (Theorem we will then show that these two constructions are equivalent.

8. The parametrized global Thom spectrum functor

In [ABG ™14, Definition 2.20], Ando, Blumberg, Gepner, Hopkins, and Rezk
introduced an oco-categorical Thom spectrum functor as the unique left adjoint

Thgl Spc/pic(Sp) — Sp

extending the inclusion i: pic(Sp) < Sp; this admits a natural symmetric monoidal
enhancement induced by the evident symmetric monoidal structure on the inclusion
i. Restricting this along the functor Spc,poyz — SPC/pic(sp) Induced by the J-
homomorphism J: BO x Z — pic(Sp) (which we will recall in Construction ,
one recovers the classical Thom spectrum functor for virtual vector bundles, which
can equivalently be described as the unique cocontinuous (symmetric monoidal)
extension of J.

In this section, we introduce a globally parametrized version of the Thom
spectrum functor. We begin in §8.1] with some preliminaries on parametrized
symmetric monoidal cocompletion. §8.2]is devoted to the construction of a global
refinement of the J-homomorphism. In we finally construct the globally
parametrized Thom spectrum functor and equivariant variations thereof.

8.1. Symmetric monoidal cocompletion. If C® is a symmetric monoidal T-
oo-category and 7n: C — P(C) a T-cocompletion of the underlying T-oco-category of
C®, then we already saw in Remarkthat there is a unique pair of an enhancement
of P(C) to an object P(C)® € CAlg(CATE ) together with an enhancement n® of
7 to a symmetric monoidal T-functor, and that 7% is then initial among symmetric
monoidal T-functors into an object of CAlg(CAT ). Specializing this to the
description of the T-cocompletion from Theorem we get:

COROLLARY 8.1. Let C® be a small symmetric monoidal T-oco-category. Then
there exists a unique way to equip PSh(C) with a T-presentably symmetric monoidal
structure and to make the Yoneda embedding y: C — PSh,(C) into a T-symmetric
monoidal functor y®. Moreover, if D® is any T-presentably symmetric monoidal
T-oo-category, then restriction along y® defines an equivalence

Fun™®(PSh,(C®), D®) == Fun®(C®, D®). 0

125
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8.1.1. Day convolution. It is immediate from the construction that the unit
for the symmetric monoidal structure on PSh,(C®) is given by the Yoneda image
of the unit of C®. We will now also describe the symmetric monoidal product on
PSh,.(C)® fairly concretly in analogy with the usual formula for Day convolution.
For this, let us define for any small T-co-categories C, D the ‘external product’

— X —: PSh;(C) x PSh(D) — PSh,(C x D)
as the composite

PShy,(C) % PShy (D) 2P, PSh.(C x D) x PShy(C x D) —X=+ PShyr(C x D).
PROPOSITION 8.2. Let C® be a small symmetric monoidal T-co-category. Then
the symmetric monoidal product on PSh,(C®) is equivalent to the composite

PSh;(C) x PSh;(C) —2= PSh,(C x €) -2 PSh,.(C), (8.1)
where the second functor is left Kan extension along the tensor product of C.

ProoF. The functors pri and prj are left adjoints, as is ®;. Since the product
on PSh;.(C x C) is T-bilinear as a consequence of Proposition [3.72] we see that (8.1))
is T-bilinear. Moreover, in the diagram

Cx(——n——"(CxC—2" ¢

|
Yec X yCl Yecxce ly
~

PShy(C) x PShy(C) = PShy(C xC) = PShy(C)

the left-hand square commutes by [Mar22, Lemma 6.2.6] and the right-hand square
does so by [IMW24, Corollary 3.3.3]. Altogether we see that is a T-bilinear
functor extending the tensor product on C. As the same holds for the tensor product
on PSh,(C®) by definition, the claim now follows from the universal property of
PSh,(C) as the free (non-monoidal) T-cocompletion. O

If f®:C® — D% is a strong symmetric monoidal T-functor and C, D are small,
then it follows from the universal property that there is a unique symmetric monoidal
left adjoint f!® fitting into a commutative square

c® ", PSh,(C)

f% 7

D? — PShy(DP).

Its underlying T-functor is then simply the unique left adjoint completing the
corresponding square of non-monoidal T-functors, and hence left adjoint to the
restriction functor f*: PShp(D) — PSh;(C) by [MW24| Corollary 3.3.3]. We will
now describe a sufficient criterion for when f* acquires a strong symmetric monoidal
structure again, making f,® into a left adjoint in CMon(CATr):

PROPOSITION 8.3. Let J be a small symmetric monoidal T-co-category, and
let T C J be a symmetric monoidal subcategory. Assume that for every A € T the
inclusion Z(A) — J(A) admits a right adjoint R4 such that the Beck—Chevalley
map Ra(X) ®@ Ra(Y) = Ra(X ®Y) is an equivalence for all X,Y € J(A).
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Then the unique T-cocontinuous symmetric monoidal functor i;° : PShy.(Z) —
PSh,.(J) extending the inclusion has a strong symmetric monoidal right adjoint,
i.e. a right adjoint in (T x FingP)-co-categories.

Note that if one were willing to assume that the right adjoints R4 from the
previous proposition assemble into a parametrized functor again, this would be a
direct consequence of 2-functoriality. However, in the example of interest to us, this
stronger condition will not be satisfied, and so we will need a different approach.
This will rely on the notions of initial and final T-functors, which we now recall:

DEFINITION 8.4. A functor f: Z — J of small T-oco-categories is called final if for
every T-cocomplete T-oo-category C, the Beck—Chevalley map colimz of* — colim 7
is an equivalence of functors Fun(J,C) — C. The notion of an nitial functor is
defined dually.

REMARK 8.5. By [MW24] Proposition 4.6.1 and Remark 4.6.2] it suffices to
verify the above assumption for C = Specy in the case of final functors or C = Spci”
for initial functors. Moreover, loc. cit. also shows that the above notion of initial
and final functors is equivalent to the definition given in [Mar21| Definition 4.3.1]
in terms of lifting properties.

LEMMA 8.6 (cf. [Sha23, Theorem 6.7]). A functor f: Z — J is final if and
only if f(A): Z(A) — J(A) is final in the non-parametrized sense for every A € T.
Dually, f is initial if and only if each f(A) is initial.

ProOF. It suffices to prove the second claim. By the parametrized version
of Quillen’s Theorem A from [Mar21, Corollary 4.4.8], f is initial if and only
if for every T-oo-groupoid X € PSh(T) and each functor X — 7, the induced
map Ar(Z) x7 X — X (where the pullback is via the target map) becomes an
equivalence after applying the groupoidification functor Caty — Spcy left adjoint
to the inclusion. As the latter is just given by applying groupoidification pointwise,
we see that f is initial if and only if the projection

Ar(Z(A)) x 7(a) Hom(A, X) — Hom(4, X)

becomes an equivalence after groupoidification for every A € T and X — J.
Applying the statement of the lemma for T'=1 (and the oo-groupoid Hom(4, X))
then shows that this holds provided that f(A) is initial for every A € T
Conversely, assume that f is initial. If T has a terminal object 1, then running the
above argument backwards for A = 1 shows that the oo-category Ar(Z(1)) x 71y X
is weakly contractible for every co-groupoid X and every X — J(1), i.e. f(1) is
initial. The claim now follows since for any A € T' the T/ 4-functor obtained from f
by restriction along T/4 — T is initial by [Mar21, Remark 4.4.9]. O

PROOF OF ProPOSITION B3] By [MW24] Corollary 3.3.3], the underlying
T-functor of i is left adjoint to the restriction functor i*: PShy(J) — PShp(Z)
along i: Z — J. Thus, if we view the strong symmetric monoidal T-functor ifz’ as
a (T x Fin}P)-functor, then it has a levelwise right adjoint, and this satisfies the
Beck—Chevalley condition with respect to maps in T. Factoring a general map in
T x Fin® and using that Beck—Chevalley maps compose, it will therefore suffice
to show that the right adjoints also satisfy the Beck—Chevalley maps with respect
to FinSP. This precisely amounts to saying that for any fixed A € T the natural
laz symmetric monoidal structure on the functor i*: PSh(J)(A) — PSh(Z)(A)
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is strong, which is in turn equivalent to the Beck—Chevalley maps for the tensor
product and the inclusion of the symmetric monoidal unit being invertible.

As the T-functor 4, is fully faithful by Theorem the Beck—Chevalley
condition for the unit is automatic, and the Beck—Chevalley condition for the tensor
product is equivalent to the existence of some equivalence filling

PSh(Z)(A) x PSh(Z)(4) —=— PSh(Z)(4)

" Xi*T Tz*

PSh(7)(A4) x PSh(7)(A) —z— PSh(7)(4)

for each A € T. Plugging in the description of the symmetric monoidal product
from Proposition [8.2] it will suffice to show that i* commutes with both the external
product X and with the left Kan extension ®; separately. The former is immediate
from the definitions (without any assumptions on 7). For the latter, we will show
that the Beck—Chevalley map associated to the naturality equivalence

PSh(7)(A) —Z— PSh(J x J)(A)

o] Jaxor

PSh(Z)(A) —— PSh(Z x I)(A)

is an equivalence. Replacing T' by T4, we may assume that A is terminal. For
any BeT and Y € J(B), we write Y | ® 7 for the comma T p-category, i.e. the
pullback {Y'} Xggix 7 Ar(fgt™J) Xgee 7 fgt™(J x J) where fgt: T/p — T denotes
the forgetful functor and the pullback is via the tensor product; analogously we
define X | ®7 for X € Z(B). By the pointwise formula for parametrized Kan
extensions [MW24], Remark 6.3.6], see also [LLP26| Remark 3.36], the Beck—
Chevalley condition then translates to saying that for every B € T, X € Z(B), and
F: J% x J° — Spcp the Beck—Chevalley map
()?fé}f)lop (fgt*F) opr — (XCi)éI;I)lop(fgt F)opr

(i.e. the map induced by the inclusion of indexing categories) is invertible. For this
it will in turn suffice to show that X | ®7 < X | ® 7 is initial (so that the result of
applying (—)°P is final). By the previous lemma, this can be checked levelwise, i.e.
we are altogether reduced to showing that for every C € T, Y € Z(C) the inclusion

Z(C)y; xz(c) (Z(C) x Z(C)) = T (C)y; X 7(c) (T(C) x T(C))

is an initial functor of (non-parametrized) co-categories. However, our assumptions
guarantee that this functor admits a right adjoint, induced by R¢, and every left
adjoint functor is in particular initial. O

8.1.2. Slice symmetric monoidal structures. We will now give an even more con-
crete description of the symmetric monoidal cocompletion of a symmetric monoidal
T-space. For this let us first recall from Remark that for any T-space X
the Yoneda embedding X — PSh4(X) corresponds under our usual equivalence
PSh,(X) ~ Spep(X x —) to the functor

y: X — Sper(X x —) (8.2)
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classifying the object A: X — X x X of Sper (X x X) = PSh(T') /x « x; in particular,
(82) exhibits Spcy (X x —) as the parametrized cocompletion of X by Theorem [L.52]
Let us recast this in terms of slice T-oo-categories:

REMARK 8.7. As before (Construction [3.14), we define Sper, x = (Sper)/x
as the pullback of evy: Ar(Spcy) — Sper along the map 1 — Spey classifying the
global section X.

Recall that the cartesian unstraightening of Spcy € Catr C Fun(PSh(T)°P, Cat)
over Spcy = PSh(T) is simply given by evy: Ar(Spcy) — Spep. As explained in
the proof of Theorem it follows that the cartesian unstraightening of Ar(Spcr)
is given by the full subcategory Ar™(Ar(Spcy)) C Ar(Ar(Sper)) spanned by all
maps in Ar(Spcp) inverted by evy. Passing to cartesian unstraightenings over
Spcr = PSh(T'), we therefore obtain a pullback square as depicted on the left in
the following diagram

fw evo
Un(Spegy) —— Ar™(Ar(Sper)) 2= Ar(Spey)

| ev{ i

Speg 5 Ax(Sper) ——g—— Sper,

where f is the unique map of cartesian fibrations sending 1 to X, i.e. it is the functor
Y — (pr: X xY — Y). By direct inspection, also the right-hand square is a pullback,
hence so is the total rectangle. As evgof is simply the functor X x —, naturality
of straightening therefore shows that Un®*(Specy /x) Un®(Spep (X x —)), and
hence Spcp /X Sper (X x —). Plugging in the definitions, this equivalence is given
levelwise by the evident equivalence (PSh(T)/y ) /pr: xxy—y =~ PSh(T),xxy. We
will denote the composite of the Yoneda embedding with this equivalence again
by y: X — Spcy,x and refer to it as the Yoneda embedding again; it in particular
exhibits Spey,x as the T-cocompletion of X. Chasing the identification of the
Yoneda image from Remark through the above equivalence, we see that the
image of y: X — Spcyp, x agrees with the preimage of the terminal object under the
forgetful functor Spey, x — Spey.

Suppose that C® € CMon(CATr) ~ Fun(7°P, CMon(CAT,)) is a symmetric
monoidal T-co-category and X € CAlg(C®(1)) is a commutative algebra in its
global sections. We now describe a slice symmetric monoidal structure on the slice
T-oo-category C;x from Construction Let us start by recalling the pointwise
symmetric monoidal structure on the arrow category:

CONSTRUCTION 8.8. Postcomposing with the limit-preserving functor Ar =
Fun([1],—): CATs — CAT, defines a functor
Ar: CMon(CAT) - CMon(CAT). (8.3)
Denote by Ar: CMon(CATr) — CMon(CATr) postcomposition with (8.3) and by
evi: Ar — idcmon(caTy)s @ = 0,1 the functor induced by evaluation at i € [1].

REMARK 8.9. Note that if C* is a cartesian symmetric monoidal T-co-category
in the sense of Remark then the symmetric monoidal T-co-category Ar(C*) is
cartesian as well.

CoNSTRUCTION 8.10. Let C® € CMon(CATy) ~ Fun(7T°P, CMon(CAT,)) be
a symmetric monoidal T-oo-category. Given any commutative algebra X® in C®(1),



130 III. GLOBAL THOM SPECTRA

we can view it as a lax symmetric monoidal functor 1 — C®(1) and hence a map
1 = const 1 — C® in Fun(7T°P, OP,,), where OP, denotes the very large oo-category
of co-operads (containing CMon(CAT ) as a non-full subcategory). We then define
C?X as the pullback

C;@X — Ar(C®)

) J«
J/ evy
1 ——(C®
X®

in Fun(7°P,OP,). Since the forgetful functor OP,, — CAT,, preserves limits,
this refines the T-oo-category C,x from Construction Moreover, in each
degree A € T, the above is just the usual slice symmetric monoidal structure
[Lurl7, Theorem 2.2.2.4 and Remark 2.2.2.5]; in particular, each C?X(A) is a
symmetric monoidal co-category (and not just an operad), and the composite

CPy — Ar(C®) == C® (8.4)

is given in each degree by a strong symmetric monoidal functor (and not just a lax
one). As this composite is moreover conservative, it follows that for every f: A — B
in T the lax symmetric monoidal restriction functor f*: C?X (B) — C?X (A) is strong
symmetric monoidal, i.e. C?X is a symmetric monoidal T-co-category. We will refer
to this as the slice symmetric monoidal structure on C,x. With this established, what
we said above shows that is a refinement of the forgetful functor fgt: C,x —C
to a strong symmetric monoidal T-functor.

LEMMA 8.11. Let S C T be a cleft and let C® be an S-cocomplete symmetric
monoidal T-co-category such that the tensor product is S-bilinear. Then also C;@X
is S-cocomplete, and the tensor product is S-bilinear.

Proor. By [MW22| Corollary A.1.4], the underlying T-co-category of C/®X is
S-cocomplete, and the forgetful functor is S-cocontinuous. Using that the latter
is also conservative and symmetric monoidal, we immediately see that the tensor
product on C?X preserves S-colimits in each variable as this holds in C®. (]

PROPOSITION 8.12. Let X® € CMon(Spcy). Then the Yoneda embedding
y: X — Spepx refines to a strong symmetric monoidal functor X® - &Eg/x for
the slice symmetric monoidal structure, thus exhibiting ﬁpicg /x 8S the symmetric
monoidal T-cocompletion of X®.

PROOF. Observe first that any lax symmetric monoidal refinement of y is
already strong: namely, we can check this after postcomposing with the conservative
strong symmetric monoidal functor fgt: M? /x Spcr, and as fgtoy: X — Spey
takes values in the full subcategory spanned by the terminal object, it admits a
unique lax symmetric monoidal structure, which is automatically strong.

Since the tensor product on Spcy /x 1s T-bilinear (Lemma, any symmetric
monoidal enhancement y® of the Yoneda embedding extends uniquely to a symmetric
monoidal, T-cocontinuous functor PSh,(X)® — 5@? /X from the free symmetric
monoidal T-cocompletion of X. As explained in Remark the underlying functor
PSh,.(X) — Sper /x is an equivalence, which then implies that y®: X — Spc? /x
is a free symmetric monoidal T-cocompletion.
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We are therefore reduced to constructing a lax symmetric monoidal structure on
the Yoneda embedding y, which by the definition of M? /x @S a pullback amounts

to constructing a commutative square in Fun(7°P, OP,)

Hom(—, X)® —— Ar(Spey)”

J lew

18— Spef

such that idx € Hom(X, X) gets sent to its Yoneda image, viewed as an element in
the fiber over (pry: X x X — X) € Spcy-(X). By the universal property of cartesian
symmetric monoidal structures [Lurl7, Proposition 2.4.1.7], this is equivalent to
constructing a commutative square of T-oo-categories

Un® o Hom(—, X)® —— Ar(Sper)

l levl (8.5)

const Fin, —————— Spep

sending idx in the fiber over 1 € Fin, to the Yoneda image of idx and such that
Un®(Hom(Y, X)®) — Ar(Spcy(Y)) satisfies the Segal condition for every Y €
PSh(T'). Note moreover that if the top arrow factors through Spcy , C Ar(Sper),
then the Segal condition is automatic as the forgetful functor Speq , — Spey is
conservative and preserves fiberwise limits.

Let us abbreviate B := PSh(T). By [HHLN23|, Example 2.5.10], the composite
of the Yoneda embedding 5°P — Fun(B, Spc) with straightening for left fibrations
is given by X +— B/x, i.e. as the cartesian straightening of evy: Ar(B) — B. Thus,
a diagram of the form is equivalent (via cartesian unstraightening) to

Ar(B) xp Fin, & Ar™(Ar(B))
J levl (8.6)
B x Fin, Ar(B),

(Y, (n))—(pr: Y XX ((n))—=Y)

where the pullback is via the target map Ar(B) — B, and the left-hand vertical
map is induced by the source map. Plugging in the definitions, the map Un® o
Hom(—, X)® — Ar(Spcy) corresponding to a factors through Spey, if and only if
a takes values in the full subcategory of those squares in B such that the diagonal
composite is an equivalence. Moreover, the resulting lax symmetric monoidal functor
will be a refinement of the Yoneda embedding if and only if o further sends the
object (idx, 1) in the fiber over (X, 1) to the object

X 2, XxX

|

X =— X
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in the fiber over X x X — X. We now simply note that the pasting

Ar(B) x5 Fin, —25 Ar(B) —— Arx(B)

l (evo,‘evl) levl
B x Fin, ——— Bx B ——— B,
idx X® —X=

1

where 8 sends f: Y — Z to

y 9y 7

[

Y —— Vv
provides the desired square (8.6). O

Finally, let us generalize the above discussion to the setting of a cleft S C T*:

PROPOSITION 8.13. Let S C T be a cleft, and let X € Spcp. The Yoneda embed-
ding y: X — Spey, x factors uniquely through Spcgyr)x = SPCr/x XSpe, SPCopr;
exhibiting the latter as S-cocompletion. Moreover, given any commutative monoid
structure X® on X, EIES»T/X is a symmetric monoidal subcategory with respect
to the slice symmetric monoidal structure on Spey, x, and y®: X — Spct ;- /x 18

a symmetric monoidal S-cocompletion.

PROOF. Proposition [3.72] shows that Sm?»T y is a symmetric monoidal sub-
category for any commutative monoid X®. In light of the previous proposition, it
will therefore once more suffice to prove the non-monoidal universal property. By
[IMW24, Theorem 7.1.13] this reduces to showing that Spcg,7/x C Spey, y is the
smallest subcategory containing the Yoneda image and closed under S-colimits.

By design, Spcg, C Spcy contains the terminal object, and so the description of
the Yoneda image from Remark 8.7]shows that the Yoneda embedding factors through
Speg,r)x- Moreover, as Spcg, C Spey is closed under S-colimits, so is Speg,p/x C
Spep. Conversely, let A € T be arbitrary, let a: A — 1 be the unique map in PSh(7T),
and let Y — a*X define an element of Spcg,/x(A) C (PSh(T)/4)/x x4; We want
to show that Y is an S-colimit of objects in the Yoneda image, which translates
to saying that every (f,g): Z — X x A with Z € Spcg C Spcy is an S-colimit
in Spcp (X x —) of objects in the Yoneda image. But it follows straight from the
definitions that (f, g) is the image under fi of (id,g): X — X x A, and the latter
belongs to the Yoneda image by Remark O

EXAMPLE 8.14. Suppose f: X — Y is a map of T-spaces and denote by

Ji: SpCspr)x — SPCouT/y

the unique S-cocontinuous extension of X Sy Spcp /Y- By construction of
the Yoneda embedding (Remark [8.7), fi factors as

(f x=)
SpCspr ) x ™ Spegpp (X X —) =—— Spegur(Y X —) = Spegur v

where the equivalences are the ones from Remark In particular, f is given
in degree A € T by the functor PSh(T/A)/ﬂzf: PSh(T/A)/,TZX — PSh(T/A)/TrZy
postcomposing with 7% f.
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Suppose now that S C T is a cleft, X € Spcyp, and ¢: X — C is a functor into
an S-cocomplete T-co-category C. Denote by

Ti: Spegpr/x = C
the unique S-cocontinuous extension of 4. This has the following pointwise description
on global sections:

LEMMA 8.15. For any object (f: Y — X) € Spcgyr)x, we have an equivalence
Ti(f) ~ colim(i o )

in C(1), where colimy : Fun(Y,C) — C denotes the parametrized colimit-functor
(left adjoint to the inclusion of constant diagrams).

PROOF. As Y € Spcg,r and T} is an S-cocontinuous extension of i, it suffices
to show that f € Spcg,p/x is the parametrized colimit of the composite yo f: ¥ —
X — Spep)x-

If we write fi: Spcg,p/y — SpCgpr/x for the unique S-cocontinuous extension
of yf as in the previous example, then we have seen in said example that fi(idy) ~ f.
On the other hand, yf = fiy by construction. As f, is S-cocontinuous, this reduces
us to considering the case f = idy, i.e. we want to show that the colimit of
y: Y — Spcgyr/y is the terminal object idy. By [MW24, Proposition 6.1.3],
this holds in Spey/y. As Spegyr/y C Speyy is a full subcategory containing the
terminal object, this then also holds in Spcgyz/y- O

8.2. The global J-homomorphism. We begin by recalling the classical
J-homorphism BO X Z — pic(Sp):

CONSTRUCTION 8.16. Consider the topologically enriched symmetric monoidal
functor j¥: L® — Top” sending an inner product space to its 1-point compactifica-
tion SV (with basepoint the point at co) and sending a linear isometric embedding
i: V — W to its unique basepoint-preserving extension SV — S the unit iso-
morphism is the unique one, while the compatibility isomorphism for the tensor
product is given by the isomorphisms SVEW — SV A SW (v, w) + v Aw. Applying
Niop and postcomposing with the localisation Ntop(TopQ) — Spc? yields a functor
3% Niop(L®) — Spc?. The composite ¥ o j© restricts to a map of commutative
monoids [, o BO(n) =~ Niop(t L) — pic(Sp), and using the universal property
of group completion this extends uniquely to a map J®: BO x Z — pic(Sp) of
commutative monoids, which we call the J-homomorphism.

Using our concrete pointset models §®i , of the initial pointed globally pre-

sentably symmetric monoidal co-category (Theorem 4.39) and @gg of the initial
representation stable globally presentably symmetric monoidal oo-category (Corol-
lary [7.84]) in terms of pointed orthogonal spaces and orthogonal spectra, respectively,
we can easily write down a global version of the previous construction:

CONSTRUCTION 8.17. By applying the symmetric monoidal continuous Borel
construction (Construction to the topological symmetric monoidal functor
j® from above and localizing at the equivariant weak equivalences, we obtain a
symmetric monoidal global functor j® : Ntop(L@’b) — &% sending a G-representation
V to the G-space SV. We will write jg for the composite

v
Nigp(LT?) 2 &2 <5 &5
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with the unique symmetric monoidal equivariantly cocontinuous functor (modelled
on the pointset level by sending a topological space to the constant orthogonal
space).

REMARK 8.18. By definition, j®(1): Nyop(L®) — Spc? recovers the symmetric
monoidal functor j® from Construction [R.16]

CONSTRUCTION 8.19. We write Rep® = ¢ Niop (L), and we fix once and for
all a (pointwise) group completion Rep® — Rep®#'P =: VRep®. We may think of
objects of VRep(BG) as virtual G-representations, i.e. formal differences V& W of
G-representations.

For any G-representation V, the G-global spectrum XSV is invertible with
respect to the smash product as a consequence of Proposition Thus, the
composite

e
with the unique symmetric monoidal global left adjomt (see Variant [7.72)) factors

umquely through a symmetric monoidal global functor J VReQ @g. We
call le the global J-homomorphism.

The above construction of the global J-homomorphism in terms of the pointset
level models has the advantage that it is very explicit, and this description will be
particularly convenient for the comparison of global Thom spectrum constructions
in the next section. Nevertheless, in more categorical contexts it can be preferable
to have a model-independent construction. While there is probably no way to avoid
using at some point that topological spaces model oco-groupoids, we will now give
an alternative construction of i ol that only requires the symmetric monoidal functor

7% Ntop(L ) — Spc? as geometrlc input. To emphasize the model-independence,
we phrase this in terms of the construction gm%b’* of the initial pointed globally
presentably symmetric monoidal oco-category obtained from the abstract theory
developed in (which admits a unique equivalence P @S’* = Em%o’*).

THEOREM 8.20. There exists an initial example of an extension of
t
Niop (L®) —> Spc® 222, SpcGlO . (8.7)

(where const denotes the unique symmetric monoidal left adjoint) to a symmetric
monoidal global functor 1'?1: Ntop(L®’b) — M%IO .» and the diagram

i®
)y
% Ggl *

Niop (L) ¢J~ (8.8)
£§1\> Em%lo,*

commutes. More precisely, any identification of the resulting symmetric monoidal
functors on global sections Niop (L®) = Spc%lo’* extends uniquely to an equivalence
filling .

Let us begin by observmg that ( corresponds by adjunction to a symmetric
monoidal global functor j® : const Ntop(L ) — &Lcl - 1f we ignore monoidal struc-
tures for a second, then extending ({8.7) to a global functor is equ1valent to extending
j along the (fully falthful) adJunCthIl coumt const Nyop (L) — Ntop(L ). The initial
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such extension is given by the left Kan extension of j, so we have to understand
when a functor Ntop(Lb) — Spegyo . 1 left Kan extended from const Nyop(L).

LEMMA 8.21. Let T be a small co-category with a terminal object 1, and let C
be a small T-oco-category such that for every p: A — 1 the functor p*: C(1) — C(A)
is fully faithful and admits a right adjoint p,. Moreover, let £ be any presentable
(non-parametrized) co-category and denote by £ the category of T-objects in £
(Example[1.24). Then a T-functor F: C — £ is left Kan extended from const C(1)
if and only if for every A € T and X € C(A) the map F(e: p*p.X — X) in
Er(4) = Fun(T/OX, &) induced by the counit becomes an equivalence after evaluation
at idA.

PROOF. Write 7: const £ — £ for the unique T-functor extending const: & —
Er(1) = Fun(T°P,€). By |[LLP26|, Theorem 6.9] (for M = . T), the individual
right adjoints £,(A4) — & (evaluating at id4 € Tfﬁ) assemble into a right adjoint
p: Un®(Er) = Un“(const £) = € x TP over T°P such that the composite

Fung (D, £7) 22 Fun,op (Un(D), Un** (1)) 22— Funop (Un** (D), € x T°P)

is an equivalence for every T-oo-category D. Applying this for D = C and D =
const C(1) yields a commutative square

Funr(C,£7) ————— Fun 70 (Un“(C), £ x T°P)

resl J{e (8.9)

Funy(const C(1), E7) —<— Fun,pop (C(1) x TP, & x TP).

By [Lurl7, Proposition 7.3.2.6°P], the individual right adjoints p.: C(A) — C(1)
assemble into a right adjoint v: Un®(C) — C(1) x T°P over T°P, so that the right-
hand vertical arrow in admits a left adjoint given by precomposing with ~.
On the other hand, the left-hand vertical arrow admits a left adjoint given by
parametrized left Kan extension, and it follows formally that also the square where
we pass to left adjoints vertically commutes.

As we assumed each p*: C(1) — C(A) to be fully faithful, the right adjoint v is a
localization at the images of the counits e: p*p. X — X for all A € T and X € C(A).
Thus, F': C — £ is in the image of the left adjoint of the left-hand vertical map
(i.e., F is left Kan extended) if and only if p o Un®(F) inverts the above counit
maps. By the explicit fiberwise description of p, this is precisely demanding that
each F(e) become an equivalence after evaluation at id4 € T;)E. O

ig .
COROLLARY 8.22. The composite Niop (L% =5 [ 2, Spcgio,« is left Kan
extended from const Nyop(L).

PROOF. It is clear that trivg: Niop(L’)(1) = Niop(L’)(BG) is fully faithful
for every compact Lie group G, with right adjoint given by taking G-fixed points.
Applying the previous lemma for £ = Spc, and using that the composite

const

L3 evid
Sa SG-gl —~ Spegio,« (BG) —% Spe,

is given by taking G-fixed points (see Lemma [3.30)), we only have to show that
for every G-representation V the inclusion SOV") < SV of G-spaces induces an
equivalence on G-fixed points. This is obvious. O
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In order to lift the above results to statements about symmetric monoidal global
functors, we will use the following proposition:

PROPOSITION 8.23. Let C® be globally presentably symmetric monoidal. Then
the restriction i% : Fun® (Nyop (L"), C®) — Fun®(const Nyop (L), C®) admits a left
adjoint i?, and the Beck—Chevalley map 1, o fgt — fgt o i? associated to

Fun®(Nyop (L"), C2) —© , Fun®(const Niop(L®),C®)

fgtJ/ lfgt

Fun(Niep (L), C) — Fun(const Nyop(L),C)
is an equivalence.
PrOOF. We may identify the diagram in question with
Fun™® (PSh(N;op(L)?)®,C®) —— Fun™®(PSh(const Niop(L))®,C®)
fgtl lfgt (8.10)
Fun®™(PSh(Niop(L)?),C) —————— Fun™(PSh(const Niop(L)),C),

where the top and bottom horizontal arrow are given by precomposing with the sym-
metric monoidal global left adjoint L : PSh(const Niop(L))® — PSh(Nyop(L’))®
induced by the inclusion and its underlying global functor L: PSh(const Nyop(L)) —
PSh(Niop(L >)), respectively. The latter admits a right adjoint R (namely, the
restriction functor) which is again globally cocontinuous, and the left adjoint to the
bottom arrow in the above diagram is then given by precomposing with R, with unit
and counit again given by precomposition. If we can show that L 4 R upgrades to a
symmetric monoidal adjunction L® - R®, then a left adjoint to the top horizontal
arrow in will be similarly given by precomposing with R® and with unit and
counit given analogously, which then clearly satisfies the Beck—Chevalley condition.

For this we will verify the assumptions of Proposition [8:3] As observed in the
proof of the previous corollary, each trivg: Ntop(Lb)(l) — Niop(L’)(BQ) is fully
faithful and has a right adjoint induced by taking G-fixed points. Unravelling the
definitions, the Beck-Chevalley condition amounts to saying that VEQWE < Ve
defines an isomorphism onto (V' @ W)%, which is obvious. O

Proor or THEOREM [8.20l As noted above, the symmetric monoidal functor
corresponds to a symmetric monoidal global functor j®: const Ntop(L@) —
§p_G10 , and Propositionprovides the desired initial extension j& ol The universal
property then shows that any identification j 1(1) =79~ (®o 1g1)( ) (e.g. the one
obtained from Remark extends umquely to a symmetric monoidal natural
transformation 1g1 —do 1g1 and it only remains to show that this transformation is
an equivalence. This can be checked after forgetting the monoidal structure, where

this follows immediately from the fact that both maps sides are left Kan extended
from the full subcategory const Nyop(L) by Corollary and Proposition O

REMARK 8.24. One can similarly define a ‘model independent’ Version of the
global J-homomorphism as the unique extension of the composite of j& ol : Rep® —
&LGlo , with the 1n1t1al symmetric monoidal left adjoint &)_Glo .= &gg‘fg Sph.@

inverting the image of 1 1, as provided by §5.3] The previous theorem then implies
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that the result corresponds under the unique equivalence Gp% —s SpRePSPRE ¢
p que eq Ob, SPalo
the global J-homomorphism J ol constructed above via the pointset model.

8.3. Parametrized Thom spectrum functors. Applying Proposition 812}
we can now construct the global Thom spectrum functor and its unstable analogue:

DEFINITION 8.25. We define the global Thom space functor
. ® &
thy: SPCG1o/Repe — Sl v

as the unique globally cocontinuous extension of jg: Rep?® — @S . (Construc-
tion |8.17)) along the Yoneda embedding, and we define the global Thom spectrum
functor as the unique globally cocontinuous extension

&S: g@glo/vag@ — @ES
of the global J-homomorphism Jg: VRep® — Q}gg from Construction

REMARK 8.26. In particular, we get for any compact Lie group G symmetric
monoidal left adjoints

® . ® — ® ®
thG-gl : SpCG—gl/trivc;&REB '_ PSh(GrlO/IBG)/trivcﬁg€B - 6G—g1,*

& . ® . ® ®
ThG-gl . SpCG—gl/trichReQ@‘ T PSh(GlO/BG)/triV(;VRep@ - GpG—gl

where the sources carry the slice symmetric monoidal structures and the targets carry
the symmetric monoidal structure induced by the respective pointset level smash
product. The fact that we started with global functors provides (coherent) symmetric
monoidal equivalences th%_gl of*~f*o thg,_gl and Th%_gl of*~f*o Thg,_gl for
any homomorphism f: G — G’ of compact Lie groups, while the fact that the global
functors th,) and Th, are parametrized left adjoints implies that the corresponding
Beck-Chevalley maps provide equivalences fiothg g ~ thgr g0 fi and fioThe g ~
Thgr g © fi (of non-monoidal functors).

Corollary shows that the unique globally cocontinuous symmetric monoidal
functor 3*: & , — Gpg (also see Variant for a pointset level description) is
the initial map in CAlg(Prg&,,) that inverts representation spheres. By construction
of the global Thom space and Thom spectrum functors, this fits into a commutative
square

wd
S@Glo/m@ @gl,*

i lz. (8.11)

SPCaio/VRep® -y @ES
L]
of presentably symmetric monoidal global co-categories, where the left vertical map
is the unique globally cocontinuous symmetric monoidal extension of the composition

®
Rep® — VRep® “— Speg, /VRep®

of the group completion map with the Yoneda embedding (Proposition [8.12]). We
owe the following corollary of the symmetric monoidal universal property of global
spectra (Theorem and Corollary to David Gepner, Thomas Nikolaus, and
Stefan Schwede:
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COROLLARY 8.27. The diagram (8.11)) is a pushout of presentably symmetric
monoidal global co-categories.

PRrOOF. By Corollaries and [£.8| and the construction of the various maps,
is a commutative square in CAlg(Préi®). It therefore suffices to show that
for every presentably symmetric monoidal global co-category C, the square
induces an equivalence

Hom(&p%, C) ~ Hom(&5 ,,C) X Hom(8pe g €) HOM(SPCGI0/VRep® - C);
where Hom(—, —) = Homg a4 (piGloy (—, —) denotes the co-groupoid of symmetric

monoidal left adjoints.

Fix a presentably symmetric monoidal global co-category C. It follows from
Proposition and the universal property of group completion that restriction
along SpCqio/rep® — SPCGIo/VRepe Yields an inclusion of path components

Hom(Spcgio/vRep® - C) <= Hom(Spcgy, /Rep®» C)

with image those globally cocontinuous symmetric monoidal functors Spcgio/repe —
C which send elements in the Yoneda image of Rep® to invertible objects. By
construction of the Thom space functor @S, this implies that the projection

HOHI(@S,*»C) X Hom(Speq),, rop :C) Hom(MGlo/Vchﬂ%C) - Hom(@S*,C)

is the inclusion of the components consisting of those globally cocontinuous sym-
metric monoidal functors which in every degree G send all representation spheres
to invertible objects. The map Hom(X*,C): Hom(ig17 C) — Hom(G, ., C) admits
the same description by the universal property of global spectra (Corollary -
and Corollary [5.28| finishing the proof.

VARIANT 8.28. People allergic to pointset models might prefer defining the
global Thom spectrum functor as the unique left adjoint Spc&, /VRep® §92T§Sph’®
extending the ‘model-independent’ global .J-homomorphism from Remark By
said remark, the result will agree with the above construction up to postcomposition
with the unique symmetric monoidal equivalence &pg?f Sph.® @S. Similarly,
we may of course change the model of the symmetric monoidal cocompletion of
VRep®, and the two resulting global Thom spectrum functors will agree up to

precomposition with the unique equivalence under VRep®.

We now explain how to adapt the global construction from the previous sub-
section to the equivariant setting. For simplicity, we will restrict to the case
of equivariant Thom spectra, leaving the analogous case of Thom spaces to the
interested reader.

LEMMA 8.29. The global J-homomorphism J% ol : VRep® — &p® ol factors uniquely
through a symmetric monoidal Glo-functor J® : VRep — Gp®.

PROOF. By Proposition [7.74} the unique equivariantly cocontinuous symmetric
monoidal global functor i: Gp® — @g is fully faithful and at every compact Lie
group G, it admits a right adjoint rq: 6p%_gl — Gp% which is a localization at the
equivariant weak equivalences. As equivariant weak equivalences are preserved by
smashing with flat orthogonal G-spectra (Theorem , it follows that the induced
lax symmetric monoidal structure on the right adjoint r¢ is strong. By [Piit25]



8. THE PARAMETRIZED GLOBAL THOM SPECTRUM FUNCTOR 139

Corollary 6.3], this implies that ig: SpG = SpG ol TG induce mutually inverse
equivalences pic(Spg) =~ plc(SpG l) for all compact Lie groups G. In particular,
i restricts to an equivalence plc(@g ) = plc(ggg ), so that J% o factors uniquely
through &p® as claimed. O

DEFINITION 8.30. We define the equivariant Thom spectrum functor

Th*: alLOrbDGlo/VRCEGB — Gp® (8.12)

as the unique Orb-cocontinuous symmetric monoidal extension of J%.

REMARK 8.31. Writing Orbg, C Glo for the subcategory spanned by finite
groups and injective homomorphisms, the underlying symmetric monoidal Orbgy,-
functor of Th® was first constructed in |[Jur22].

REMARK 8.32. Let us fix a compact Lie group G, and write Orbg for the nerve of
the topological category of transitive G-spaces as in Example [LNP25, Lemma
6.12] decribes a functor fgt: Orbg — Orb lifting to an equivalence Orbg — Orb /pg
sending G/H to BH — BG. If we abbreviate VRepg = fgt*VRep?, then we may
view in degree G as a symmetric monoidal functor

ThE: Spc? = PSh(Orbg)? 5 = &pé

G/VRep® /VRep.

which we call the G-equivariant Thom spectrum functor. The fact that we started
with global functors provides (coherent) symmetric monoidal equivalences

ThE o f* =~ f* o ThE,

for any homomorphism f: G — G’ of compact Lie groups, while the fact that
the global functor Th is an Orb-parametrized left adjoint implies that Thg is a
left adjoint for every compact Lie group G and that for every injective group
homomorphism f: G — G’, the corresponding Beck—Chevalley map provides a
(non-monoidal) equivalence f; o Thg ~ The o fi.

PROPOSITION 8.33. The square

Th®

® ®
SPCObGlo/VRep® > 6p

Ll j (8.13)

® ®
§&CGIO/VRepQB ES @gl
of symmetric monoidal global functors commutes up to canonical equivalence, where
the map on the left is the unique symmetric monoidal left adjoint compatible with
the Yoneda embeddings and the map on the right is the unique symmetric monoidal

left adjoint.

Proor. By construction, both paths through the diagram are symmetric
monoidal Orb-cocontinuous functors extending dgl, so the claim follows from the
universal property of Orb-cocompletion. (]

While the vertical functors in (8.13) do not have global right adjoints (they only
preserve Orb-colimits, not all Glo-colimits), their underlying Orb-functors do admit
right adjoints. We then have:
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THEOREM 8.34. The induced lax symmetric monoidal structures on the right
adjoints of the vertical maps in (8.13)) are in fact strong, and the Beck—Chevalley
map

Th
Sped, /VRep® lorh ———— &p%|om
T = T (8.14)
® ®
SPCo,hsio /VRep® |orb 4’“% @gﬁorb
—

is an equivalence.
The proof will require some preparations.

LEMMA 8.35. The lax symmetrix monoidal Orb-right adjoint @ggbrb —

Gp®|0rb of the inclusion is strong symmetric monoidal. Moreover, it is Orb-
cocontinuous.

PROOF. Let us begin by showing that the right adjoint r is strong symmetric
monoidal. By Lemma [7.27] 7 is given in each degree by a localization at the G-
equivariant weak equivalences. Thus, the Beck—Chevalley condition for the unit is
automatic, while the Beck—Chevalley condition for the tensor product amounts to
saying that a tensor product of G-equivariant weak equivalences is a G-equivariant
weak equivalence. Plugging in the definition of the tensor product on @gg as the
derived smash product of flat G-orthogonal spectra, this is then a direct consequence
of Theorem [6.31]

It remains to show Orb-cocontinuity. By [Sch18, Corollary 3.1.37] equivariant
weak equivalences are stable under wedge sum, so the same argument as above
shows that r preserves fiberwise coproducts. As it moreover preserves fiberwise finite
colimits by stability, this shows that f is fiberwise cocontinuous. Finally, Proposi-
tion implies by the same kind of argument that r satisfies the Beck—Chevalley
condition for the left adjoints to restrictions along injective homomorphisms, so that
r is Orb-cocontinuous by Lemma |3.47] O

LEMMA 8.36. Let S C T be a cleft and let X € Spcy. Then the S-parametrized
right adjoint R of the inclusion Spcg,r/x < SpCr,x Is S-cocontinuous. Moreover,
if X is equipped with a commutative monoid structure, then the lax symmetric
monoidal structure on R (with respect to the slice symmetric monoidal structures)
is strong.

ProOF. By |CLL25b, Lemmas 3.16 and 3.17], we have a right Bousfield
localization incl: Spcg,r|s &= Sperp|s 7. It follows formally that the Beck—Chevalley
map

@I&T/XHS — (SILCSDT/X”S

fgtl / lfgt
(Sper)ls —— Spegerls

is an equivalence. By [CLL25bl Proposition 4.28], the bottom map r is S-
cocontinuous; as the vertical maps are conservative and S-cocontinuous, we conclude
that also R is S-cocontinuous. Similarly, r is strong symmetric monoidal with
respect to the cartesian symmetric monoidal structures (being a right adjoint),
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so that R is strong symmetric monoidal with respect to the the slice symmetric
monoidal structures. O

Proor oF THEOREM [R.34l That the lax symmetric monoidal structures on
the right adjoints in are strong was verified as part of the previous two lemmas.
Moreover, the lemmas also show that all functors in are Orb-cocontinuous,
so that it suffices to verify the Beck—Chevalley condition after restricting to the
Yoneda image.

If we write R for the left-hand vertical map in and r for the right-
hand one, then the Beck—Chevalley map is given by definition on an object X €

SPCOIBEGlo/VRep lorb (BG) by the composite

(Thg o R)(X) - (roinclo Thg o R)(X)
% (r o Thg.g oinclo R)(X) < (r o Thg.g)(X).

The map 7 is an equivalence by full faithfulness of incl: &p < G&p,; moreover, if X
is contained in the Yoneda image (and hence in particular in the essential image of
incl: SPCobpGlo/VRep “F SPCGIo/VRep): then so s e: (inclo R)(X) — X by the same
argument. Thus, the whole composite is an equivalence for any such X, finishing
the proof. O

Evaluating at BG for any compact Lie group G, this shows:

COROLLARY 8.37. We have a commutative diagram

Th
® G-gl ®
SPCG g1 trive VRep® S

! |

where the vertical map on the left is given by restriction along the unique lift
Orbg — Glo/pg of fgt: Orbg — Glo, while the map on the right is the localization
at the equivariant equivalences (which is induced by the identity of the 1-category
of orthogonal G-spectra). (]

Combining this with the global functoriality of Th
every compact Lie group G a commutative diagram

¢1» We in particular obtain for

Th
® gl ®
Spcgl /VRep® > Gpg

resgl J{TESG

® ®
SPCG vReps Thg 7 OPG

REMARK 8.38. Analogously to the non-equivariant setting discussed before,
one can define more general versions of the global and equivariant Thom spectrum
functors by instead extending the inclusions pic(@gg) o Gpg and pic(Gp®) — GSp®,
see also [HKZ20| for the corresponding definition in the setting of G-oco-categories
for a fixed finite group G. For us, however, the approach where the J-homomorphism
is already built into the definitions will be more convenient. In particular, this is
closer to the geometrical intuition of virtual equivariant vector bundles, and the
examples of global (homotopical) bordism spectra we are interested in arise much
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more naturally in this settingB Moreover, while we will see in the next section
that the above global Thom spectrum construction can be equivalently described in
terms of a concrete pointset level construction, we do not even have a candidate for
a pointset level model of the more general Thom spectrum construction for global

spaces over pic(@g? ).

9. Comparison with classical global Thom spectra

In this section we will describe a model-categorical construction of a global
Thom spectrum in the form of an enriched symmetric monoidal functor from the
category of orthogonal spaces over a certain periodic global Grassmannian BOP to
the category of orthogonal spectra. On the level of ordinary categories, this will
merely be a minor (and inconsequential) variation of a non-equivariant construction
due to Sagave and Schlichtkrull [SS19]. What is new here is the observation,
due to Schwede, that this construction has excellent model-categorical properties,
from which we will deduce that the induced functor on continuous Borel categories
Ntop(L-Top;E};OP) — Ntop(OrthSpA’b) descends to a global left adjoint

Niop(L-Top gop)[G-gl. weak equiv.™'] — Spg.

The main goal of this section (Theorem [9.57)) will then be to identify this with the
parametrized global Thom spectrum functor from the previous section.

9.1. Global Thom spectra via model categories. In this subsection we
will describe our pointset model of the (G-)global Thom spectrum functor. We will
restrict ourselves throughout to giving the necessary definitions, and most of the
proofs of the good homotopical properties of the global Thom spectrum functor are
relegated to Appendix [A] by Stefan Schwede.

9.1.1. Thom spaces of (equivariant) vector bundles. We begin with a brief review
of Thom spaces of (equivariant) Euclidean vector bundles:

CONSTRUCTION 9.1. Let (: E — B be a Euclidean vector bundle. Its Thom
space T¢ is the topological space with underlying set E U {oo}, topologized in such

a way that
S(E) x [0,1] — T¢

(6)\)|—>{li/\'e A1 9.1)
’ 00 A=1

is a quotient map, where S(E) := {e € E : |le|| = 1} denotes the sphere bundle. We
view T¢ as a based space, with basepoint co. If G is a compact Lie group and ( is
a Euclidean G-vector bundle (i.e. G acts continuously on F and X by Euclidean
bundle maps), then we view T as a based G-space via the unique extension of the
given action on F. Similarly, given a map of Euclidean G-bundles, i.e. a pullback
square

E1L>E2

Cll : lCz (9.2)

BlT)BQ

121 fact, in order to realize these examples over pic we would have to define the global J-
homomorphism anyhow.
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of topological G-spaces such that _f is fiberwise linear and isometric, we define T’
as the unique based extension of f.

REMARK 9.2. For any b € B, the map identifies all points C\g(lE)(b) x {0}
with each other, and it moreover identifies all points in S(E) x {1}. Thus, de-
scends to a homeomorphism from the (unreduced) mapping cone of |g(g): S(E) —
B. Similarly, we can also describe the topology on T¢ as the quotient topology with
respect to

D(E)—)Tg
1
H{H el #1

00 llell =1,

where D(E) = {e € E : |le|| < 1} denotes the disk bundle of E, i.e. T, is homeomor-
phic to D(E)/S(E).

ExampLE 9.3. If B is compact, then is a continuous surjection when we
equip the target with the topology of the 1-point compactification. As the latter is
Hausdorff, this shows that T¢ is just the 1-point compactification in this case. In
particular, if V' and W are inner product spaces, then the mapping space O(V, W)
in the indexing category of orthogonal spectra is equal to the Thom space of the
bundle w :=pr: Og(V,W) = {(i,w) e LV,W) x W :w L i(V)} = L(V,W).

REMARK 9.4. If (;: E; — B;, i = 1,2 are two Euclidean G-bundles, then we
obtain a map T¢, ATy, — T¢, x¢, by extending e; Aea — (€1, e2). By [Hus93, proof
of Proposition 16.1.5], this is a homeomorphism.

CONSTRUCTION 9.5. Given any G-representation V' and any map of G-spaces
f: A — Gr(V), we write T(f) for the Thom space T-¢ of the pullback of the
tautological bundle ¢ == pr: {(U,u) : U € Gr(V),u € U} — Gr(V). This then
becomes a topological functor T': G-Top g,y = G-Top, in the obvious way.

The following result will be proven as Lemma [A-6]in the appendix:

LEMMA 9.6. Let G be a compact Lie group, let V' be a G-representation, and
let F be a family of closed subgroups. Then T': G-Top /g, (v) = G-Top, preserves
F-weak equivalences. O

9.1.2. Global Thom spaces. Now we come to the construction of the global Thom
space functor. We begin by introducing what will later turn out to be the model
analogues of the symmetric monoidal global space Rep® and its group completion
VRep®. These naturally come to us as highly structured objects:

DEFINITION 9.7. An wultra-commutative monoid is a (strictly) commutative
algebra in L-Top with respect to the box product.

Recall that the box product on L-Top was constructed as enriched Day
convolution, and so an ultra-commutative monoid structure on an orthogonal
space X can be equivalently described as a collection of multiplication maps
pyw: X(V) x X(W) - X(Ve W) for all VIV € L together with a unit map
n: 1 — X(0) satisfying the expected naturality, unitality, associativity, and commu-
tativity relations.
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EXAMPLE 9.8 (See [Sch18, Example 2.3.12]). For any n > 0 we define Gr,, as
the orthogonal space L(R"™, —)/O(n) where O(n) acts via the tautological action on
R™. Note that this means that two embeddings R™ =2 V' are identified in Gr, (V) if
and only if they have the same image, and we will therefore typically denote points in
Gr, (V) as subspaces of V. In this notation, the structure map Gr, (V) — Gr, (W)
for a linear isometric embedding f: V — W is given by U — f(U).

The global Grassmannian Gr is then the orthogonal space Gr =[], ~, Gry,.
This becomes an ultra-commutative monoid whose unit is the unique point of Gr(0)
and with multiplications given by the coproduct of the maps

Gr, (V) x Gr,(W) — Grpn (VO W)
(Ul, Ug) — U; & Us.

EXAMPLE 9.9 (See [Sch18| Example 2.4.1]). The periodic global Grassmannian
BOP is given on an inner product space V by BOP(V) = Gr(V @ V), but with
the structure map associated to a linear isometry f: V — W defined as

Gr(VeV) — Gr(Wae W)
U (f @ f)(U) + (im(f)" ©0).

One can check that this becomes an ultra-commutative monoid with unit the unique
point of BOP(0) and with multiplication maps Gr,,(V & V) x Gr,(W & W) —
Grypn (Ve W) e (Ve W)) given by sending (Uy, Us) to the image of Uy @ Us
under the isomorphism (Vo V) (WeW) = (VeaW)a (Ve W), (v, ve;w,ws) —
(v1, w1; V2, ws). We then have a map of ultra-commutative monoids i: Gr — BOP
given at an inner product space V by Gr(V) - Gr(Ve V), U~V & U.

Our model-categorical global Thom space functor will be defined as a certain
enriched symmetric monoidal functor th® : L-Top sar — L-Top,, where we equip
the source with the 1-categorical analogue of the slice symmetric monoidal structure,
i.e. the tensor product is given on objects by sending (f: A — Gr,g: B — Gr) to
the composite

AR B 2, grxGr 2 Gr,

while the symmetric monoidal product on morphisms and the unitality, associativity,
and symmetry isomorphisms are defined in the unique way for which the forgetful
functor to L-Top is strict symmetric monoidal. Note that since the mapping space
between (f: A — Gr) and (9: B — Gr) in L-Top ¢, is a subspace of the mapping
space mapsy,_.op (A, B), this symmetric monoidal structure is again topological.

CONSTRUCTION 9.10. For any V' € L, we define
EGr(V) = {(v,U) € V x Gr(V):v € U},

and we write (y = pry: EGr(V) — Gr(V) for the tautological bundle. If we make
EGr into an orthogonal space by letting u: V' — W act via (v,U) — (u(v), u(U)),
then ( is a map of orthogonal spaces.

Given now any object f: B — Gr of L-Top g,, we define th(f) as the based
orthogonal space sending V' € L to the Thom space of the pulled back bundle
fiCv: EGr(V) xgr B(V) — B(V). A linear isometric embedding u: V' — W acts
via the map T'x ¢, — Tz, induced by the fiber product of the structure maps

EGr(U) xgrw) B(U) = EGr(V) xarv) B(V);
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in other words, th(f) is obtained by levelwise applying the Thom space functor to
the pulled back map f*( in OrthSpc. In the notation of Construction [9.5] we then
have th(f)(V) = T(fy: B(V) — Gr(V)) for any V € L. Given a commutative

diagram
A—*—+ B
N
Gr

in L-Top we similarly define th(«): th(f) — th(g) as the map given in degree V/
by T(av: fv — gv).

ExXAMPLE 9.11. Let V € L and let W C V be any subspace. If we write
w: L(V,—) — Gr for the map corresponding to W € Gr(V), then the pulled back
bundle w*(y: EGr(U) xgrw) L(V,U) — L(V,U) admits a trivialization for any
U € L by sending a point (¢,z) € L(V,U) x W to (i(z),i(W);4). It follows that we
have an isomorphism L(V, =)y A SV 2 th(w) given in degree U by sending i A x to
oo if 2 = oo and to (i(x),i(W);i) € EGr(U) xgruy L(V,U) if z € W.

The following result will again be proven in the appendix:
PROPOSITION 9.12 (See Theorem 1)) For every compact Lie group G,
th: G-L-Top g, — G-L-Top,
is homotopical and left Quillen. O
We now explain in what sense the isomorphisms from Example are natural:

CONSTRUCTION 9.13. Write y: L°°® — L-Top for the enriched Yoneda embed-
ding and y g, for the comma category as usual, so that objects of y /Gr are given
by maps w: L(V,—) — Gr while a morphism w — w’ is given by an isometric
embedding o:: V' — V'’ making the diagram

(V=) ——— L(V.-)

\ A "

commute (note the change in variance).

We define an enriched functor (y,q,)°® — L by sending w: L(V, —) — Gr to
w(idy) € Gr(V) and by sending a map a: w — w’ to the inverse of the restriction
of a: V. — V' to w(idy) — w'(idy-); note that this is indeed well-defined since
a(w(idy)) = w(e) = w'(idy) by commutativity of (9.3). Postcomposing with
j: L — Top, then gives a map k: (y,g,)°” — Top, sending w: L(V,~) — Gr to
the sphere S*(dv) One directly checks that the isomorphisms from the previous
example define a natural isomorphism between the restriction of th and the composite

(Y/Gr)op (k,(—)+oyofgt) Top, x L-Top, —A— L-Top. . (9.4)

If we equip y g, with the symmetric monoidal structure inherited from L, then
((w: L(V,-) = Gr)X(w: LV’ —-)— Gr))(idv@\//) = w(idy)+w'(idy/) Cc VeV’

and one directly checks that k becomes a symmetric monoidal functor via the evident
isomorphism Swdv) A guw'(idy/) =~ gu(idv)&w'(idy/) and the unique isomorphism
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S0 = g0} As also all the functors in have natural symmetric monoidal
structures, this upgrades the whole composite to a strong symmetric monoidal
functor. We will now explain how one can make th into a strong symmetric monoidal
functor th® such that the natural isomorphism from the previous construction is a
symmetric monoidal isomorphism.

LEMMA 9.14. Let n > 0, I1,...,1I,, be topologically enriched categories, and
let X; € Funeont(I;, Top) for i = 1,...,n be arbitrary. Moreover, let D be any
cocomplete category enriched and tensored over Top, and let

n
F,G: [ [ Funcon(I;, Top),x, = D
i=1
be topological functors that preserve colimits and tensors in each variable. Then
any natural transformation o between the restrictions []}_, (y /x;)°? = D of F and
G admits a unique extension to a natural transformation F' — G.

Proor. We will give the proof for n = 1; the general case then follows induc-
tively by adjoining over one of the factors.
Given Y : I — Top, we have for all 4,5 € I maps

a; ;- maps(j, —) x maps(4,j) x Y (i) - maps(i, —) x Y (4)

Bij: maps(j, —) x maps(i, j) x Y (i) — maps(j, —) x Y (j)
via precomposition and the functoriality of Y, respectively. Moreover, we have for
every ¢ € I a unique map +;: maps(i, —) x Y (i) — Y such that ~;(id;, —) = id.
These then assemble into a diagram

[] maps(j, —) x maps(i, ) x Y(i) = [[ maps(i,~) x Y(i) 5> ¥, (9.5)
ijel B el
in Funcont (I, Top) and the enriched Yoneda lemma says that this is a coequalizer
diagram. Given any map f: Y — X, we can then uniquely lift to a diagram
in Funcens (I, Top),x expressing f as a coequalizer. As F' and G are assumed to
preserve tensors, this then similarly expresses F(Y) and G(Y) as coequalizers. As
any transformation F' — G is automatically enriched and hence preserves tensors,
this shows that in any extension of ¢ to a natural transformation : F' — G, the
map oy : F(Y = X) - G(Y — X) must be the map induced on coequalizers by

[[ F(maps(j,—) = X) @ (maps(i, j) x Y (7)) = [ F(maps(i, —) = X) @ Y (i)

g€l i€l
I, n®(map5(i7j)xY(i))J( J{LL neY (i)
[I G(maps(j,—) = X) ® (maps(i, j) x Y (i)) = [] G(maps(i, —) — X) @ Y (i).
i,5€l el

In summary, we have shown that there exists for every Y a unique map & making
each of the diagrams

F(maps(i,—) > X)Y (i) —— F(Y)
"l lg, (9.6)
G(maps(i,—) = X) @Y (i) — G(Y)

commute. It only remains to show that these maps are indeed natural, for which we
consider any map a: (f: Y — X) — (¢9: Z — X) in Funeon (I, Top),x. We want
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to show that G(a) o5 = 40 F(a), which can be checked after restricting along the
epimorphism [[,.; F(maps(i, —) — X) ® Y (i) — F(Y) and hence after restricting
along each F(maps(i,—) — X) ® Y(¢). Using the compatibility relation for
both Y and Z the claim then translates to commutativity of

F(maps(i, —) — X) @ Y(i) ~22°% p(maps(i,—) = X) @ Z(i)

a®idJ{ J{U@id

G(maps(i,—) » X)® Y (3) e G(maps(i, —) = X) ® Z(1),

which is clear. O

REMARK 9.15. It seems tempting to try to prove the theorem by first identify-
ing Funcont (I, Top),/x ~ Funcont(y,x, Top) and then appealing to the result for
terminal X from [Kel05, Theorem 4.51]. However, while such an identification holds
in the unenriched (or oo-categorical) setting, it fails here for pointset topological
reasons: by [Kel05, Theorem 5.26] this would entail that the corepresented func-
tor of any x: maps(i, —) — X be cocontinuous—this corepresented functor sends
Y — X to the fiber of Y (¢) over id;, and taking fibers is not in general cocontinuous
in Top.

PRrROPOSITION 9.16. There exists a unique strong symmetric monoidal structure
on th such that the isomorphism from Construction becomes an isomorphism
of symmetric monoidal functors.

PROOF. Asy /g, contains the monoidal unit 0: L(0, —) — Gr, there is a unique
isomorphism S 22 th(0) compatible with the identification from Construction [9.13
similarly, there is a unique compatible isomorphism th(—) A th(—) — th(— X —)
on (y,g,)°". By Lemma the latter uniquely extends to a transformation on
all of L-Top /Gr» Which is then necessarily an isomorphism. Moreover, appealing
to uniqueness multiple times shows that this satisfies all the coherence conditions
necessary for the structure map of a strong symmetric monoidal functor. O

Having established all the necessary model-categorical properties, we can now
explain how th® induces a symmetric monoidal left adjoint of global co-categories.

CONSTRUCTION 9.17. For any orthogonal space X we write &, [X] for the
levelwise localization of the continuous Borel category Ntop(L-Topi} ) at the un-
derlying (G-)global weak equivalences. If X is an ultra-commutative monoid,
then we write &,[X ]® for the analogous localization of the symmetric monoidal
continuous Borel construction applied to the slice symmetric monoidal structure
on L-Top,x. These two constructions define functors L-Top — CATq, and
CAlg(L-Top®) — CMon(Catqyo) via the strict functoriality of the 1-categorical
slice and the functoriality of the continuous Borel construction.

REMARK 9.18. We have already seen in Proposition that &,[X] is equiva-
lent to the slice (&,)/x. The reason to introduce new notation here is that & [X]
naturally comes to us as a functor in X, and we did not show that the aforemen-
tioned identification is natural in X in fact, even defining the functoriality of the
oo-categorical slice would need tools like the parametrized unstraightening from
[Mar22] that we did not introduce here. We have therefore decided to introduce the
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above ad-hoc notation in order to avoid any kind of ambiguity in the comparison to
the constructions from the previous section.

As th: G-L-Top /ar — G-L-Top, s homotoplcal for every G (see Proposi-
tion [9.12), the continuous Borel construction Nyop(th”) descends to a global functor
thy s Gy [Gr] — &, . For the symmetric monoidal version we have to work only
slightly harder:

CONSTRUCTION 9.19. As th is left Quillen for every G, it preserves cofibrant
objects, and hence also quasi-cofibrant ones (as introduced in Definition . As
a functor Ntop(L-Top(/’é)i’b) — Niop(L- -Topi©°®?) it is of course still homotopical;
moreover, also the symmetric monoidal product on both sides is now homotopical (see
Proposition , and hence the restriction of Ny (th®’b) descends to a symmetric
monoidal global functor

ths: 6,[Gr]® ~ &,[Gr]*h® — &I ~ &8 |

refining th,.
PROPOSITION 9.20. The global functor th,; is a left adjoint.

PROOF. Proposition [0.12] immediately implies the existence of a pointwise right
adjoint. To see that these pointwise right adjoints satisfy the Beck—Chevalley
condition, we may then equivalently show that th, satisfies the Beck—Chevalley
condition with respect to the left adjoints along restriction. This follows as usual by
observing that the Beck—Chevalley condition holds on the pointset level and that
all functors in sight are left Quillen. O

9.1.3. Global Thom spectra. We will now construct a global Thom spectrum
functor L- Top BOP — OrthSp”, where BOP is the ultra-commutative monoid
from Example

CONSTRUCTION 9.21. Recall from Example that the mapping space O(V, W)
in the indexing category for orthogonal spectra agrees with the Thom space of the
bundle w = pr: Og(V, W) = {(4,w) : w L im(4)} — L(V,W). As before we morever
write ( =pr: EGr(VaV)={{U,u):uecUCV} - Gr(VaV)=BOP(V) for
the tautological bundle. Then we have a commutative diagram

Oo(V,W) x EGr(V & V) —— EGr(W & W)

o] L

L(V,W) x BOP(V) ———— BOP(W

where the bottom map is the action map and the top map sends a tuple (i, w; U, u)
o ((i®)(U)+ (im(i)* ©0),4(u) + (w, 0)). One directly checks that this is continuous
and fiberwise linear bijective, so that the above square is in fact a pullback.
By the pasting law we then get for any map f: X — BOP of orthogonal spaces
a pullback square

Oo(V,W) x fLEGE(V & V) —— fiEGr(W & W)
wxf‘*,cl - lqu (9.7)
L(V,W) x X(V)

act
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where the top map sends a tuple consisting of i: V — W, w € im(i)*, z € X (V),
and u € fy(z) CV @V to (X(i)(z) € X(W),(w,0) +i(u) € BOP®)(fv(z))).

CONSTRUCTION 9.22. Given a map f: X — BOP of orthogonal spaces, we
define the orthogonal spectrum Th(f) as follows: for every inner product space V,
we set Th(f)(V) = Trscpev = T(fv: X(V) = Gr(V & V)); given another inner
product space W, we define the structure map O(V, W) A Th(f)(V) — Th(f)(W)
as the composite

T, N Tf‘*/C =~ waf;(: — Tf(SVC

of the isomorphism from the symmetric monoidal structure on 7" and the map
induced by . More concretely this says that for any i: V' — W, the structure
map SW V) A Th(f)(V) — Th(f)(W) is the based map sending w A [z, u] for
weW —i(V),ze X(V),and u € fy(X) CV @V to [X(i)(z),({®i)(u)+ (w,0)].
We omit the straightforward computations that this indeed defines an orthogonal
spectrum and that Th becomes a topological functor L-Top ;gop — OrthSp by
sending a map «: f — g in L-Sp gop to the map given levelwise by

T(av): Th(f)(V) = Th(g)(V), [z, u] = [a(), u].

ExaMPLE 9.23. The orthogonal spectrum Th(idgop) is literally equal to
the spectrum denoted MOP in [Sch18| Example 6.1.7]. Similarly, if we write
BOP! c BOP for the subspace given in degree V' by Gryidim(v)(V © V), then
Th(BOP¥ — BOP) is the spectrum denoted MOP!¥ in loc. cit. In particular,
taking d = 0 this says that the global homotopical real bordism spectrum MO is
obtained by applying the above construction to BO = BOPI — BOP.

EXAMPLE 9.24. Let V € L and let w: L(V, —) — BOP classify the subspace
W = w(idy) C V@& V. Analogously to Example we have an isomorphism
O(V,—) A SV = Th(w) given in degree U by sending [i,u] A x for i: V — U,
u € im(i)*, and 2 € W to [i, (i @ 4)(z) + (u,0)] € Th(w)(U).

Just like its unstable cousin, the global Thom space functor has excellent
model-categorical properties:

THEOREM 9.25 (See Theorem 2)). For any compact Lie group G,
Th: G-L-Top ;gop — G-OrthSp

is homotopical and left Quillen for the G-global model structures. O

Similarly to our strategy for the global Thom space functor, we will now upgrade
the computation from Example to a functorial comparison and use this to make
Th into a symmetric monoidal functor.

CONSTRUCTION 9.26. We define f: (y,gop)°” — OrthSp as follows: for V € L
and w: L(V,—) — BOP, we set W := w(idy) C V@V and f(w) = O(V,—) A SV.
Given another map w’: L(V’,—) — BOP and an isometric embedding o: V' — V’
satisfying woL(a, —) = w’ (i.e. (a®a)(W)+ (im(a)* ©0) = W), we define f(a) as
the adjunct of the map S"' — O(V, V') A SV sending an « € W’ with components
z1 € (a®a)(W) and 2 € im(a)t C V' &0 to [, z2] A (a® )~ (z1). We omit
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the straightforward verification that the diagrams

oV, ) As" — oW, —)asW
Ex. l’ﬁ’ EiEx.
/
Th(w’) ThiL(a. D) Th(w)

commute, so that f is a topological functor isomorphic to the restriction of Th.

CONSTRUCTION 9.27. Given w: L(V,—) — BOP and w': L(V’,—) — BOP
with W = w(idy) and W' := w'(idy-), then (w & w’)(idygy+) is the image of
WaoW Cc(VeV)d (V' @ V') under the isomorphism x: VoV oV oV —
VeV eV eV’ swapping the two terms in the middle. We omit the easy verification
that the composites

o

f(w) Af(w') = (O(V,—) ASY) A (O(V', =) ASW) =
OV oV, )ASYEW Ly 0V a v, —)As VW) = f(wRw)

together with the unique isomorphism f(0: L(0,—) — BOP) = S make f into a
strong symmetric monoidal functor.

As in Proposition [9:16 we deduce:

COROLLARY 9.28. There exists a unique symmetric monoidal structure on Th
such that the isomorphism from Construction is symmetric monoidal. O

As in Construction we then get a symmetric monoidal global functor

Th%: 6,[BOP]® ~ &, [BOP]™® — &plt*® ~ &pf

by applying the symmetric monoidal continuous Borel construction to Th®. More-
over, we deduce from Theorem by the same argument as before:
COROLLARY 9.29. The global functor Zh,, is a left adjoint. O

Finally, let us explain how the global Thom space and Thom spectrum functors
relate to each other:

ProrosiTioN 9.30. The diagram

L-Top G, —th, L-Top,

L-Top/li lE'

L-TOP/BOP T} Sp

of symmetric monoidal (topological) functors commutes up to symmetric monoidal
isomorphism.

PROOF. As before, it suffices to prove this after restriction to (y,;g,)°.

By definition, the bottom composite becomes foy?f. Recall that i: Gr — BOP
was defined in degree V by U — V & U, so that this composite is given on
objects by sending w: L(V,~) — Gr with W = w(idy) to O(V,—) A SVEW,
We have an isomorphism O(V,—) A SV = 2°L(V, —), given in degree U € O
by sending (i: V — U,u € im(i)*) A = to (i(x) + u) A i, which then induces an
isomorphism O(V, —) A SVEW = 3¢(L(V, )1 A SW). We omit the straightforward
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but lengthy computation this is natural and compatible with the symmetric monoidal
structures and hence identifies f oy ,; with the description of X° o th|(y/cr) from

Proposition [0.16]

COROLLARY 9.31. We have a commutative square

® th ®
ggl[Gr] B @gl,*
s E
&, [BOP]® F @S' 0

gl

9.2. Rigidity of the global Grassmannian. The two global Thom spectrum
constructions expect inputs from two different global co-categories, so as part of our
comparison we in particular have to produce an equivalence between the latter. If
there were several such equivalences, we would of course be under pressure to justify
why our equivalence is the right choice. In order to settle this question once and for
all, we will establish a uniqueness property for our comparison; this subsection is
devoted to proving the following key ingredient for this:

THEOREM 9.32. The identity is the unique automorphism of the symmetric
monoidal global co-category Rep® which sends the object R € Rep(1) to itself; more
precisely, the fiber of evg: Aut(Rep®) — Rep(1) over the point R is contractible.

9.2.1. Homomorphisms into orthogonal groups. Because of the equivalence
Rep ~ [],,~,BO(n), (non-monoidal) endomorphisms of Rep can be described in
terms of conjugacy classes of homomorphisms between orthogonal groups. We
therefore begin with some elementary representation-theoretic considerations.

LEMMA 9.33. Let G be a compact Lie group, let n > 0, and let fi, fo: G = O(n)
be homomorphisms. Then f, and fs are conjugate (i.e. homotopic in Glo) if and
only if for every g € G the two matrices fi(g) and f2(g) are conjugate in GL(n,C).

PROOF. The condition is clearly necessary. To see that it is also sufficient,
we first observe that f; and fs are conjugate if and only if they are conjugate as
homomorphisms to GL(n,R) [BtD95, Exercise 11.6.10.5], i.e. if and only if the
two representations f;{R™ and f3R™ are isomorphic without regarding the inner
product. We will show that these representations become isomorphic after scalar
extension to C; forgetting the complex structure will then in particular give an
isomorphism ffR"™ & ffR® = f3R™ @& fSR™ and counting the multiplicities of
irreducible representations on each side yields the claim.

To prove that ffC" and f5C" are isomorphic, it will suffice to show that their
characters x;: g — Tr(fi(g)) agree [BtD95, Theorem I1.4.12]. This follows at once
from cyclic invariance of the trace and the assumption that fi(g) be conjugate to
f2(g) for each fixed g € G. U

COROLLARY 9.34. Let f1, fa: O(m) — O(n) be homomorphisms. Assume that
for every block diagonal matrix
Ay
A= . (9.8)
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where A; € O(m;), 1 <m; <2, my + -+ + m, = m, the two matrices f1(A) and
f2(A) are conjugate in GL(n,C). Then f; and fy are homotopic in Glo.

PRrOOF. By elementary linear algebra, every orthogonal matrix is conjugate to
a block matrix of the form . As any homomorphism sends conjugate elements
to conjugate elements, the claim then follows from the previous lemma. O

LEMMA 9.35. Any automorphism of O(2) is an inner automorphism.

PrOOF. As SO(2) is the identity component of O(2), f restricts to an auto-
morphism of SO(2). By [BtD95, Proposition I1.8.1], we therefore need to have
f(A)=Aor f(A) = A~! for all A€ SO(2). As A and A~! become conjugate in
O(2) via the reflection R == (' ), we see that f: O(2) — O(2) preserves conjugacy
classes of elements in SO(2).

On the other hand, any matrix in O(2) \. SO(2) has —1 and 1 as eigenvalues
and hence is conjugate to R. As f also has to preserve O(2) \. SO(2), we conclude
that f preserves also the conjugacy class of elements in O(2) \. SO(2), so that it is
conjugate to the identity by Lemma [9.33] O

Using this, we can now prove the following incoherent precursor to Theorem [9.32

PROPOSITION 9.36. The only automorphism of Rep® in CMon(Ho(Spcg,,)) is
the identity.

PRrOOF. If f is any such automorphism, then f(R) = R since this is the only
object of Rep®(1) generating it under the symmetric monoidal product. As f is
symmetric monoidal up to incoherent equivalence, we conclude that f(R™) = R™,
and hence dim f(V) = dimV for any representation V by naturality. Thus, f
preserves the decomposition Rep ~ [],.,BO(n), and we can therefore identify it
with a family of conjugacy classes of isomorphisms f,,: O(n) == O(n) such that
the diagram

O(m) x O(n) L= O(m) x O(n)

[ [

commutes up to conjugation for every m,n > 0. We want to show that all f,, are
inner automorphisms, which is trivial for n = 0, 1, while for n» = 2 this is an instance
of the previous lemma. For n > 3, we then see by applying the compatibility
condition inductively that f,, sends any block matrix of the form to an element
conjugate to itself, so it is an inner automorphism by Corollary [9.34] O

We now turn our attention to describing the set of homotopies between suitable
homomorphisms to O(n), which amounts to understanding the centralizers of certain
subgroups of O(n).

CONVENTION 9.37. Throughout, we identify the wreath product %,, 1 Cs with
a subgroup of O(n) via the homomorphism that sends a permutation to the cor-
responding permutation matrix and that sends an element of C% = {£1}" to the
corresponding diagonal matrix.

For ny,...,n, > 0 we will abbreviate O(nq|---|n,) = O(ny1) x --- x O(n,) and
S| |ne) = (Bn, 10) X+ - X (£,,203). We will view O(n4| - - - |n,) as a subgroup
of O(ny + --- 4 n,) via block sum, and we will similarly view ¥(n;|---|n,) as a
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subgroup of £(ny + -+ +n,) = Xy, 4. pn, L Co. Finally, we will view %(ny|-- - |n,)
as a subgroup of O(ny|---|n,) via the product of the above embeddings.

LEMMA 9.38. Let ni,...,n, > 0 and write n := ny + -+ + n,. Then the
centralizer of ¥.(ny|---|n,) in O(n) consists precisely of the matrices of the form

iidR7l1
(9.9)
Fidgn-

PrROOF. It is clear that the matrices of the above form are contained in the cen-
tralizer. To prove the converse, we view R” as a representation of G = X(n4| - - - |n,),
so that any element A of the centralizer defines an isometric G-equivariant automor-
phism of R™. For every 1 < k <r and every ny +---4+np_1 <i<np+---+ ng,
the standard basis vector e; is fixed by the subgroup

G =(En, 102) X -+ (Ep,_,102) x 1 x (B 1CY) X oo X (B, 1 Ca).

MNk+1

Conversely, if x € R is not contained in the span of these e;’s, then it is not fixed
by ((id; —1,...,—-1),(1d; —-1,...,=1),.. ) € G-k. Thus, the G_j-fixed points are
precisely given by the span Vi of the e;’'s for ng + -+ +ng_1 <t <mny + -+ ng;
in particular, A has to restrict to an automorphism of V. As R" = @,_, Vi,
this expresses A as an orthogonal direct sum of automorphisms of V}, (centralizing
Y, 1Ca), and we may therefore restrict to the case r = 1.

For this, let us identify A with an element of U(n). Then A has a complex
eigenvalue A with corresponding eigenvector v = (v1,...,v,) # 0. As A centralizes
¥n 1 Co, we have ABv = BAv = BA\v = ABv for any B € 3,1 C5, i.e. Bv is again
an eigenvector with eigenvalue A. If we fix 1 < 4 < n such that v; # 0 and let
B € 3,1 Cy be the matrix sending the standard basis vector e; to —e; for j # ¢
and sending e; + e;, this implies that e; = (2v;)~! - (v + Bv) is an eigenvector with
eigenvalue A. Similarly, for any 1 < j < n we find a B € ¥, C5 with e; — ¢;, so
that every standard basis vector is an eigenvector with eigenvalue A, i.e. A = diag(\).
As A is an orthogonal matrix, we then have A = £1, finishing the proof. O

COROLLARY 9.39. Let nq,...,n, > 0andn :=nqy+---+n,. Then the inclusions
CsmyE(n1 -+ ny) = ComyE(ni| -+ ny) 4 ComyO(n] -+ ny)

of centralizers are actually identities.

PROOF. In light of the previous lemma, it suffices to observe for the first
inclusion that each element of the form belongs to X(n), while it suffices for the
second inclusion to note that each such element centralizes all of O(nq]---|n,). O

The techniques used in the proof of Proposition [0.36] are of course woefully
inadequate when one wants to prove a homotopy coherent statement. On the other
hand, the definition of Rep® involves the topology of orthogonal groups, and without
a purely categorical definition of it at hand, it is not clear how we should get control
over its automorphisms by abstract nonsense.

As our solution to this, we will approximate Rep® by a categorically defined
gadget &qu, serving as a discrete replacement of real representations. To motivate
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this, note that as a first-order approximation, the difference between an automor-
phism f of Rep® in CMon(Ho(Spcg,,)) and one in CMon(Spcg,) is that in the
former we do not record the choice of the homotopies filling the squares

BO(ny| - - |ny) o, BO(ny|- - |n,)

l l (9.10)

BO(n) BO(n).

fn

As the top map is assumed to be an automorphism, the space of such homotopies
is a torsor over the automorphisms of the right-hand vertical map, i.e. over the
centralizer of O(n4|---|n,) in O(n). Corollary says that this agrees with the
centralizer of X(ny|---|n,) in either $(n) = ¥, 1 Cy or O(n). Assuming we can
make [T, -, Bi(n) into a symmetric monoidal global co-category and the inclusion
to [1,,>0 BO(n) = Rep® into a symmetric monoidal global functor, to remember
the above 2-cells it is therefore enough to know the restriction of f to [[,,~,BX(n).
Similarly, the aforementioned corollary also tells us that the 2-cell _actually
comes from Bi(n) One might therefore try to understand automorphisms of Rep®
in terms of automorphisms of (a symmetric monoidal refinement of) [, -, BX(n).
This is exactly what we will do now: in we will introduce this refinement and
compute its space of automorphisms, and in we will show that this space is
equivalent to Aut(Rep®), which will then easily yield the proof of Theorem [9.32}

9.2.2. Discretizing real representations. Just like the symmetric monoidal re-
finement Rep® of [[,,~,BO(n), our refinement Rep}' of [],~,BX(n) will arise via
the continuous Borel construction. B

CONSTRUCTION 9.40. We write ]:gz for the symmetric monoidal 1-groupoid of
finite free Cs-sets under disjoint union, and we write @? = Ntop(]-'g;b) for the
corresponding continuous Borel category. More concretely, this is the symmetric
monoidal global 1-groupoid sending a compact Lie group G to the groupoid of finite
(Cy x mo(@))-sets such that the Cy-action is free, with the evident restrictions.

CONSTRUCTION 9.41. Define a functor from the category of finite Cs-sets to the
category of finite-dimensional inner product spaces and R-linear maps as follows:

We send a finite free C-set X to the vector space | X | of Cy-equivariant functions
x: X — R, where the generator of C5 acts on the target via multiplication by —1;
the inner product is given by (x, &) = %erx x(2)&(x). For a Ce-equivariant map
[+ X =Y, we define [f| by [f|(xX)(y) = X2 (4)=y X(2) for every x: X — R.

One then directly checks that || preserves coproducts and sends injective Co-
equivariant maps to isometric embeddings, thus yielding a symmetric monoidal
functor |-|: fa — L% Passing to continuous Borel categories, we obtain a sym-
metric monoidal global functor |-|: Repsl — Rep®.

REMARK 9.42. Note that ][, ,BX(n) =~ Fc, as (discrete) topological categories,
with the equivalence given on the n-th coproduct summand by the map classifying
the object {1,...,n} x Cy with its evident action of X(n) = (X, 1 Cs).

If X is a finite free Cy-set and {z1,...,x,} a system of orbit representatives,
then | X| can be identified as an inner product space with R” with its standard
scalar product via evaluation at zi,...,x,. One then directly checks that as a

non-symmetric monoidal functor |-| agrees under the chosen equivalences with the
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map [, BX(n) — [1,50BO(n) induced by our usual embeddings $(n) < O(n).
Similarly, one computes that the monoidal product on [[, 5, BX(n) is induced by
the block sum embeddings X(m|n) — X(m + n).

PROPOSITION 9.43. Evaluation at 1 € Glo defines an equivalence
EndCMon(SpcGlo)(@?) — EndCMon(Spc) (]:gz)

PRrROOF. We factor the evaluation functor CMon(Spcg;,) — CMon(Spc) through
the oo-category CMon(Spcgy, ,,,) of commutative monoids in Fin-global spaces,
and we will show that each of these individual restrictions defines an equivalence on
endomorphism spaces.

For the first restriction we observe that i: Gloz;, < Glo admits a left adjoint
Ho: Glo — Gloz;, induced by the enriched functor BG — Bng(G). As i is fully
faithful, Ho is a (Bousfield) localization at those group homomorphisms that induce
bijections of path components. It follows that Ho* := Fun(Ho, CMon(Spc)) is fully
faithful with essential image those functors that invert these maps in Glo. This
condition is evidently satisfied for Repl'; as i* is left inverse to Ho* this shows that
it induces an equivalence

EndCMon(SpCGIO) (Re[g? ) = EndCMon(SpCGIO}_m ) (Z* Re] 315'1 ) .

To show that also restriction along {1} < Gloz;, induces an equivalence of
endomorphism spaces, it will suffice that i*Rep?: Glo%,, — CMon(Spc) is right
Kan extended from {1}. As CMon(Spc) — Spc is a conservative right adjoint, it
suffices to show that the underlying Fin-global space i*Reps: Glo%, — Spc is right
Kan extended from the point. Plugging in the definitions, this can be written as

Fun(—,F
Glo%,, — Cato un(=Fe,) Catoo,

which is indeed right Kan extended by [Len25b| Example 2.8]. O

LEMMA 9.44. Let C® be any symmetric monoidal co-category. Then evaluation
at the free Cy-set Cy defines an equivalence Fun® (ng,C‘X’) — Fun(BC,,C).

PrROOF. Write P: Caty, — CMon(Cats,) for the left adjoint to the forgetful
functor. Then P(X) ~ [[, ~o(X*™)nx, is a 1-groupoid whenever X is so; it will
therefore suffice to prove the universal property of .7%2 with respect to symmetric
monoidal 1-categories, which is an instance of [Len22| Lemma 2.21]. (]

PROPOSITION 9.45. The space Aut(Rep}) is an Eilenberg—MacLane space of
type K(Z/2,1). The unique non-trivial automorphism of the identity is given by
acting with the generator of Cy.

PROOF. For the first half, note that in the diagram
Aut(Repj') — End(F¢,) — Hom(BCs, F¢,) (9.11)

the first map is a monomorphism (i.e., an inclusion of path components) by Propo-
sition while the second one is so by Lemma We now observe that any
automorphism of F¢, has to send the object Cy to itself (as this is the only object
with precisely two endomorphisms), so that factors through Aut(BCs). The
latter is connected (and Aut(Rep') is non-empty), so the inclusion of path compo-
nents Aut(Rep}) — Aut(BC») has to be an equivalence. It is clear that Aut(BCs)
is a K(Z/2,1), with the unique non-trivial automorphism of the identity of BCy
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given by the natural transformation 7 corresponding to the generator of Cy, and
that (9.11) sends the natural transformation given by acting with the generator to
7, which then completes the proof of the proposition. O

9.2.3. Automorphisms of Rep®. As promised, we will now prove the following
comparison between automorphisms of Rep® and Rep?:

PRrROPOSITION 9.46. The maps
Aut(Rep®) — Hom(Reps', Rep®) < Aut(Rep}) (9.12)
induced by |-| are monomorphisms, and they have the same image.

PROOF. View both Rep® and Rep}' as functors Fin, — Spcg,, satisfying the
Segal condition. Throughout the proof, we will make use of the usual formula
[GHN17, Proposition 5.1] for mapping spaces in a functor category as the end

Hom(F, G) ~ / Hom(F((r}), G({r)))

(ry€EFin,
= lim (Tw(Fin,) = Fin® x Fin, Hom(F().6() Spc),
where Tw denotes the twisted arrow category.

Consider the subfunctor Fg: Tw(Fin.) — Spc of Hom(Rep®(—), Rep®(—))
given at a: (r) — (s) by the component of Rep®(«): Rep®((r)) — Rep®((s)).
Then the map lim F; — lim Hom (Rep®(—),Rep®(—)) ~ End(Rep®) induced by
the inclusion is a monomorphism (as a limit of monomorphisms), and its image
consists precisely of those natural transformations whose underlying functor is the
identity. By Proposition lm, this image agrees with Aut(Rep®). In the same way,
Proposition 9.45 identifies Aut(Rep}) with the limit of the analogously defined
subfunctor Fs C Hom(RepY (—), Reps(—)), reducing us to proving that the maps

lim Fo() > Jim  Hom(Repf!((r)).Rep®((s)) « lim  Fi(a)
S a: (Tr)—(Ss

a: (r)y—(s) a: (ry—

induced by |-| are monomorphisms with the same image. Using once more that
limits preserve monomorphisms, it will then suffice to show that for each « the maps

Fg(a) — Hom(Rep;'((r)), Rep®({s))) « Fs() (9-13)

are monomorphisms with the same image.

By construction, the image of the first map is the component of Rep®(«a) o ||,
while the image of the second one is the component of |-| o Reps (), and these maps
are indeed homotopic. To prove that the maps are monomorphisms, we first
note that the Segal conditions for @g and Rep® imply that we have equivalences

Fo(a) = [[ Felxio @)

=1

Fs(a) = [[ Fs(xioa)
=1

Hom (Rep;'((r)), Repj' ({s))) = HHOIH(@?(<T>),@5H(<1>))

induced by the maps y;: (s) — (1) with x;'(1) = {i}. As monomorphisms are
closed under products, we may therefore assume that s = 1. Using moreover that



9. COMPARISON WITH CLASSICAL GLOBAL THOM SPECTRA 157

the class of all a: (r) — (1) for which the above maps are monomorphisms is
closed under equivalences in Tw(Fin,), we may then further assume for (notational)
simplicity that « is order preserving. We set a := min(a~1(1) U {r + 1}).

Now it is time to plug in the definitions. We may identify Rep® () with the
map [[,, — BO(mi|---|m,) =[], BO(n) given on the summand (m1,...,m;)
by the composite

BO(my|---|m,) == BO(mg|---|m,) — BO(mq + - - - +m,.).

Writing Hom* (BO(m . .. |m;.), BO(m, + - - - +m,)) for the component of this map,
we therefore have

Fe(a)~ [ Hom"(BO(ml...|m,),BO(mqg+ - +m,)).

My, My

Analogously, Fs(a) ~[,,, ., Hom" (BE(ma|- -« |m,),BE(mg + - - - +m,.)), while
we may identify the relevant path component of Hom (Repj'((r)), Rep®((1))) with
I, ., Hom® (BE(m|- - - [m,),BO(mq + - - +m,)), where Hom" in each case
denotes the component of the composite of the projection to BX(myg| - - - |m,.) followed
by the evident embedding. In this description, the maps from are given by post-
composition with the usual embedding BX(mg + - - - +m,) — BO(mg + - +m,.)
and precomposition with B (my] - - - |m,.) — BO(my|- - - |m,), respectively. Plugging
in the explicit description of mapping spaces in Glo, we have therefore altogether
reduced to showing that the maps

.....

B(Ci(ma+...+mr)i(ma| s |m7«)) — B(Co(ma+4..+mr)i(ma| e |mr))
B(CO(ma+-~~+m7-)O(ma| T |mr)) - B(CO(ma+~~+m7-)Z(ma| T |mr))

of classifying spaces of centralizers induced by pre- and postcomposition are equiva-
lences. This is precisely the content of Corollary |

PROOF OF THEOREM [0.321 Remember that we want to show that the fiber of
evr : Autcnon(Spe Glo)(&g@) — Rep(1) over R is contractible. Replacing the target
by the full subcategory BAut(R) spanned by R does not change the fiber, so we
may equivalently show that the evaluation map evg: Aut(Rep®) — BAut(R) is an
equivalence. The source is an Eilenberg-MacLane space of type K(Z/2,1) by Propo-
sition combined with Proposition as is the target since Aut(R) = {£1}.
Moreover, the automorphism of the identity of Rep® given on each representation
by scalar multiplication with —1 evaluates to the non-trivial automorphism of R, so
that the evaluation map is non-zero and hence an equivalence as claimed. O

9.3. Comparing the inputs. In this section we will prove the promised
comparison between the inputs of our two global Thom spectrum constructions:

THEOREM 9.47. (1) There exists a unique equivalence
U2 Spel, e = GullG1]®

of symmetric monoidal global co-categories sending the object y(R) =
(R: 1 — Rep) of Spcguo pep to the map ig: L(R, —) — Gr classifying the
unique point R € Gry(R).
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(2) There exists a unique equivalence ¥® of symmetric monoidal global co-
categories completing the commutative square

® v® ®
g@gm/m@ — ggl[Gr]

J{ l@gl 4] (9.14)

® v
Spegy, /VRep® ~

where the left-hand vertical map is induced via the universal property of
symmetric monoidal cocompletion by the chosen group completion.

Before we give the formal proof, let us explain the main idea. By Corollary
there exists a unique symmetric monoidal equivalence ®® : @S —= Spcd,, inducing
for every fixed orthogonal space X an equivalence

&, [x] e B, (g

g — (Gq)/x %MGlo/é(X)' (9.15)
If we could upgrade these maps for varying ultra-commutative X into a natural
transformation of symmetric monoidal global oco-categories, this would reduce
the proof of existence of ¥® to identifying ®®(Gr) as a commutative monoid
in Spcg, with Rep®, while the second part would similarly reduce to proving
that ®®(Gr) — ®®(BOP) is a group completion. While this is the general idea
the reader should keep in mind, both establishing naturality of as well as
identifying ®®(Gr) as a commutative monoid are rather non-trivial, and we will
therefore use a couple of tricks to get away with significantly less: we will only need
to explicitly identify ®(Gr) as a global space, and we will basically only establish a
natural version of after evaluating at any fixed compact Lie group G.

9.3.1. The non-group-completed comparison. Naturally, we want to construct
1® using the universal property of Em%b /Rep® 35 symmetric monoidal cocompletion,
so we should first describe a suitable functor Rep® — &,4[Gr]®

CONSTRUCTION 9.48 (cf. [Jur22, Construction 5.5]). Consider the enriched func-
tory: L — L-Top g, sending an inner product space V' to the map iy : L(V,-) —
Gr classifying the point V' € Gr(V), and sending a linear isometric isomorphism
f:V — W to the commutative triangle

L(v,—) =2 o, -).

Gr

This upgrades to a (enriched) symmetric monoidal functor y® using the symmetric
monoidal structure on the enriched Yoneda embedding L°® — L-Top. We will
write yf%p for the resulting functor symmetric monoidal global functor

Rep® = Nyop(t L) = Nigp(L-Top'y,) — 6,1[Gr]®. (9.16)

PROPOSITION 9.49. The symmetric monoidal global functor (9.16)) extends to
an equivalence ¢®: m%lo/flep@ = 6,4[Gr]®.

PRroOOF. Proposition implies that @gl[Gr] is globally presentable. The
forgetful functor ggl[Gr] — G, enhances naturally to a symmetric monoidal functor
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and is easily seen to preserve global colimits. As the forgetful functor is conservative
and §S is globally presentably symmetric monoidal, it follows that also G [Gr]®
is globally presentably symmetric monoidal. We now want to show that the unique
symmetric monoidal left adjoint 1® extending y?;p is an equivalence, which can
be checked after forgetting the symmetric monoidal structure. Moreover, we may
just as well work with any other model of the global cocompletion, reducing us to
constructing some non-monoidal equivalence fitting into a commutative triangle as
depicted on the left in the following diagram:

Rep [I BO(n)
n>0
/ w / = Yjpm—
¥ P
Spego(Rep x —) ———— @gl[Gr] Speaio (n]§[0 BO(n) x —) — = §g1[GT]

In light of the equivalence 7: [],5,BO(n) — Rep given on the n-th coproduct
summand by the map classifying the tautological O(n)-representation R™, we may
equivalently construct an equivalence 1) making the triangle on the right commute.

Note that yiop o 7 is given on the n-th summand by the map classifying the
projection

Pn: LR™, =) = L(R", —)/0(n) = trivo(,) Gr, — trivo,)Gr,

viewed as an object of &, [Gr](BO(n)). We will now construct an equivalence
s ®(Gr,) = BO(n) fitting into a commutative diagram

®(L(R", —)) = idgo(n)

o) | | (9.17)

trivon)an (pr: BO(n)X2 — Bo(n))

(D(tI‘iVO(n) Gr,) — tI‘iVO(n) O(Gry,)

For this we observe that as the O(n)-orthogonal space L(R™, —) is cofibrant, p,
exhibits Gr,, as a left adjoint object under trivo(n): Sg1 = So(n)-g1- As the diagonal
embedding similarly exhibits BO(n) as a left adjoint object for trivg(,), we may
simply take «, to be the corresponding Beck—Chevalley map for the naturality
equivalence ® o trivo(y,) = trivo(y) o .

This completes the construction of the a,,’s. Using in addition that ® preserves
coproducts, we then get an equivalence a: ®(Gr) — [],,~,BO(n) restricting to the
ay’s. Commutativity of then says that -

§g1[Gr] — Spego (<I>(Gr) X —) % MGM( ISIOBO(H) X —) (9.18)
sends p,, € 6,[Gr|(BO(n)) to the object

BO(n) =5 BO(n) x BO(n) < ( [ BO(n)) x BO(n).

n>0
As the latter is the Yoneda image of BO(n) < [[,,5,BO(n) (see Remark|1.29), this
shows that the inverse of (9.18) is the desired ). (]

To establish uniqueness of ¥® we will need the following basic observation:

LEMMA 9.50. Let T' be a small co-category, and let X be a small T-co-groupoid.
Then every automorphism of Spcy, x sends the Yoneda image to itself.



160 III. GLOBAL THOM SPECTRA

PRrROOF. Again, we may equivalently use the model of the global completion
as Spcp(X x —). By global completeness of Spcr, the restriction 7#*: Spep —
Spep(X x —) along m: X — 1 is a left adjoint. Moreover, 7* preserves the terminal
object. If F' is any automorphism of Spcr (X x —), then Fr* is again a left adjoint
preserving the terminal object and hence is equivalent to 7* by the universal
property of Spcy. Passing to mates, we obtain an equivalence mF ~ m of functors
Sper(X x =) — Spep. As the Yoneda image is precisely the preimage of the
terminal object under m (see Remark , the claim follows. (]

PROOF OF THEOREM [9.47](1). As yop(R) = ig by definition, the existence of
such an equivalence follows from Proposition For uniqueness, we may then
equivalently show that there is only one symmetric monoidal automorphism of
mglo /Rep® sending y(R) to itself. By the universal property, restriction along the
Yoneda embedding defines an equivalence

® ~ ® ®
EndCAlg(Pr‘élo)(nglo/mee) = Homcalg(CATq,) (ReD ’mc;lo/m@)’
and by the previous lemma this restricts to a map Aut(Spcg,, /Rep o) — Aut(Rep?®),

which is then necessarily a summand inclusion. We conclude that the fiber of
evR: Aut@m%lo/m@) — Spcaio(Rep) over y(R) is a summand of the fiber of

evr: Aut(Rep®) — Rep(1) over R, and so the claim follows from Theoremm O

9.3.2. And now with group completions. By the universal property of the group
completion Rep® — VRep® and the universal property of symmetric monoidal
cocompletion, the left-hand vertical map S@%lo /Rep® Em%lo /VRep® 111
is initial among maps in CAlg(Pr§,,) sending the Yoneda image to invertible
objects. Our strategy to produce the equivalence U® and show that it is unique will
thus be to establish the same universal property for the right-hand vertical map

&,[i]®: 6,[Gr]® - &, [BOP]®.

DEFINITION 9.51. We call a map f: X — Y of ultra-commutative monoids a
global group completion if it is sent to a (levelwise) group completion under the
functor
CAlg(®®)

~

CAlg(loc
_—

CAlg(L-Top®) ) CAlg(@S) CMon(Spcgo)

THEOREM 9.52. The map i: Gr — BOP is a global group completion.

ProoF. For f: V — W in L and n > 0, the map Gr,(f): Gr,(V) — Gr, (W)
is a closed embedding as it is a continuous injection between compact spaces; in
the same way, one shows that — @ W: Gr,(V) — Gr, 4 qimmw)(V © W) is a closed
embedding. With this established, it follows straight from the definitions that
the orthogonal spaces Gr and BOP are closed. In light of the description of the
equivalence ® from Lemma the theorem therefore amounts to saying that for
every complete G-universe Ug the induced map i(Ug)®: Gr(Ug)® — BOP(Uz)“
is a group completion in CMon(Spc) (where we make (—)(Ug)® into a symmetric
monoidal functor 6;11059‘1@ — Spc™ in the unique way).

As the key step in the proof of [Sch18, Theorem 2.5.33], it is shown that the
induced map H.(i(Us)®;Z) on integral homology is a localization (in the ring-
theoretic sense) at mo(Gr(Ug)®) C Ho(Gr(Ug)%;Z). In particular, BOP(Ug)“
is grouplike, and so i(Ug)® factors through a map f: X — BOP(Ug)¢ from the
group completion. By the McDuff-Segal group completion theorem (see [Nik17
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Theorem 1] for a proof in this language in generality), also the group completion
Gr(Ug)¢ — X induces a localization on homology at the same classes, so that f
is a homology isomorphism. As both its source and target are grouplike h-spaces
(and hence their fundamental groups act trivially on higher homotopy groups), f is
therefore already an equivalence by the homological Whitehead theorem. O

The desired universal property of &, [¢] will thus be an instance of the following
more general proposition:

PROPOSITION 9.53. Let f: X — Y be a global group completion. Then the
induced map &4[X]® — 64[Y]? is initial among symmetric monoidal left adjoints
inverting every object in the full subcategory Gg, [X] spanned in each degree G by
those maps A — X such that the G-orthogonal space A is weakly contractible.

This will require some preparations.

LEMMA 9.54. Let G be any compact Lie group. Then there exists a nat-
ural equivalence &g, 4 [~] — ®¢(—)(idg) of functors G-L-Top — Spc, where
®g: &gt — PSh(Glo/gg) is obtained from the unique equivalence &, — Spcgy,
by evaluating at BG.

PROOF. If we continue to view G-L-Top as an unenriched category, the cocarte-
sian unstraightening of the 1-functor G-L-Top — Cat < Cateo, X — G-L-Top, x
is given by Ar(G-L-Top). Postcomposition with ®; and localizing therefore yields
a natural transformation &g_g1[—] — PSh(Glo/g¢) /o (—) given pointwise by the
composite equivalence

Sagl[X] % (6c-g1)/x e, PSh(Glo/gg) /o6 (x)>

which clearly restricts to &¢_[X] PSh(Glo/sc) g, (x)- We will now construct
for every small oco-category T with a terminal object 1 a natural equivalence
PSh(T)?f — evy of functors PSh(T") — Spc; applying this to 7' = Glo/gg (with
terminal object idpg) will then complete the proof of the theorem.

To prove the claim, note that the cocartesian unstraightening of PSh(T’),_
is given by the target map Ar(PSh(T)) — PSh(T), so that the cocartesian un-
straightening of PSh(T')7_ is given by the forgetful map PSh(T);, — PSh(T).
The latter is also the cocartesian unstraightening of Hom(1, —), which agrees with
evy: PSh(T) — Spc by the Yoneda lemma. O

LEMMA 9.55. For any compact Lie group G, we have a commutative diagram

& giltrive (-)]®

CAlg(L-Top®™) CMon(Spc).
(9.19)
CAlg(qﬁ%loc)\ CMon(Spcgay,) A

PRrROOF. By [Sch18| Theorem 2.1.15], CAlg(L-Top) admits a model structure
with weak equivalences and fibrations defined after forgetting the commutative
algebra structure; in particular, the localization ily of CAlg(L-Top) has finite
coproducts and products with products created by the forgetful functor to Gg.
Moreover, as discussed right before Definition 2.5.15 of op. cit., iy is semiadditive.
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It is clear that the bottom composite through the above diagram descends to a
finite product-preserving functor g — CMon(Spc). By |[GGN15| Corollary 2.5],
it will therefore suffice to prove that commutes after postcomposition with
the forgetful functor CMon(Spc) — Spc. This however follows immediately from
the previous lemma. O

PROOF OF PROPOSITION [9.53] Applying the previous lemma levelwise shows
that the left-hand vertical map in the commutative square

GolX]® —— &4[X]?

&, ml lggl o

Sa Y] —— S [Y]e.

is a group completion in CMon(Spcg,,). To complete the proof it will then suffice
to show that the horizontal inclusions are symmetric monoidal global cocompletions.

We begin with the non-monoidal statement. It is clear from the construction
that the equivalence &,[Z] <= Spcqyo/a(z) from restricts to an equivalence
between §§1[Z] and the full subcategory of Spcgy,/9(2) spanned by the objects
sent under the forgetful functor to the terminal object. By Remark the latter
precisely agrees with the Yoneda image, so the claim follows from the universal
property of Spcaig/a(z)-

For the symmetric monoidal version it will then suffice by Remark that
6,[X]® and &,[Y]® are globally presentably symmetric monoidal. Since the
forgetful functors to @S are conservative symmetric monoidal left adjoints, this
follows at once from Corollary O

We can now prove the remaining half of our comparison:

PROOF OF THEOREM [9.47](2). Recall from Proposition that the equiva-
lence ¢® satisfies Y o y® ~ y7 - Rep® — &,[Gr]®; in particular Syli] o ¢® o y®
lands in &5 [BOP]® C &,[BOP]®. As every object in this subcategory is invert-
ible by Proposition the universal property shows that there exists a unique
symmetric monoidal left adjoint ¥®: Spc, /VReps —+ O [BOP]® together with
an equivalence making the square commute. It only remains to show that
U® jis an equivalence, for which we may equivalently show that the composite
mglo /Rep® Sa [BOP]® is again initial among all symmetric monoidal functors
inverting the Yoneda image of Rep®. As ¥® is an equivalence and the image of
P& o y® ~ y?;p is precisely &g[Gr]®, this follows from the previous proposition
together with Theorem [9.52 O

REMARK 9.56. We now give a concrete pointwise description of the equivalences
1 and ¥ underlying the equivalences ¢® and ¥® from Theorem m Denote by
Par: Gy[Gr] = Spcaio/a(qr) the equivalence from Proposition As Py
sends &;)[Gr| to the Yoneda image of ®(Gr) < Spcqi, /o (Gr)» the composite grot
restricts to a map «: Rep — ®(Gr) as depicted in the diagram on the left:

Rep ------- o B(Gr) VRep ------4-----» ®(BOP)
[ [ [ [

dar Ppop ¥
mGlo/@ —= §I£Glo/q>(c;r) mGlo/VRep 2 mGlo/@(BOP)-
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As D01 is an equivalence, a has to be an equivalence. It follows from Example[8.14]
that for every compact Lie group G, ¥~! sends an object of G,|Gr|(BG) given by
a map of orthogonal G-spaces £: X — trivg Gr to the object of Spcg gl /prive
given by the composite

B(X) 2 @ (trive Gr) = trive B(Gr) ¥ tivg Rep,

Rep

where ® denotes the unique equivalence &,) — Spcg,, and the unlabelled equiva-
lence comes from naturality of ®.

We can analogously describe ¥ on the level of objects: The equivalence
Pgop: 6,[BOP] = Spcgio/gsop) from Proposition sends &;,[BOP] to
the Yoneda image of ®(BOP). Arguing as before, Pgop o ¥ restricts to an equiva-
lence A: VRep — ®(BOP) as depicted in the diagram on the right above, and we
see that ¥~! sends a map of orthogonal G-spaces £: X — trivg BOP to the object
of SpCegl/trive; VRep 81ven by the composite

. 1
o(X) 2, d(trivg BOP) 5 trivg ®(BOP) Y64 ", t1iv; VRep.

~

With slightly more work one could show that for any ultra-commutative monoid
M, there is a symmetric monoidal equivalence &M 1 = Spc%lo M enhancing
the equivalence @ from Proposition This then implies that & and A enhance
to symmetric monoidal equivalences

a®: Rep® = ®®(Gr) and A®: VRep? = o¥(BOP).
9.4. Comparing the outputs. We can now state our comparison:

THEOREM 9.57. The diagrams

ggc%10/&9GB \&‘S §chlo/\/lf{e]g@ \%?S
¢®J~ &3, Wk Sp3
@gl [GI‘]® QS ggl [BOP}@ ES

of symmetric monoidal global functors commute up to equivalence, where ¥® and
U® are as in Theorem [9.47

PrOOF. We begin with the comparison of Thom spaces. We defined @S to be
a global left adjoint, while Lflg is so by Proposition thus, it will suffice to prove
the comparison after restricting to Rep®.

By definition, the upper path through the diagram is simply jg: Rep® — @S’*,
which is obtained from the continuous Borel construction of

const® 0 j®: (L® — L-Top*@

through localization. On the other hand, the equivalence ¢® was constructed as
extension of ys%p, so that the lower composite can be identified via Proposition
with the symmetric monoidal global functor induced by
ey (Y§1j®) N A —NA— N
tLY —— L-Top, x Top, —— L-Top,
If we replaced y% (L - L-Top*@ by the functor constant at the unit, this compos-
ite would be isomorphic to const® o j¥ as topological symmetric monoidal functors
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via the unit isomorphism. By functoriality of Niop((—)?), it will therefore suffice
to construct a natural equivalence fgt® o ytop (const 1)@ of symmetric monoidal
global functors Rep® — 6® However, both of these functors send each object
to a terminal object, so they are equivalent in a unique way. This completes the
comparison of Thom spaces.

For the comparison of Thom spectra, it similarly suffices (by additionally
invoking the universal property of group completion) to construct the equivalence
after restriction to Rep®. Again by design, the top path through the diagram then
becomes X° ojgl On the other hand commutativity of (9 shows that the bottom
path is glven by Th® 1°6, [1]® o ytop7 which Corollary - 1| further identifies with
3%o ﬁlgl o ytop Thus the claim follows from the above unstable comparison. [

As a concrete consequence of this, we will now express the global homotopical
real bordism spectrum MO (Example[9.23)) as a global parametrized colimit. We
begin with the analogous statement for MOP.

CONSTRUCTION 9.58. Let ytop VRep?® — &,[BOP]® be the unique extension
of &,[d %0 ytop As idpop is terminal, there is then a unique natural transformation
G from Utop to the functor constant at idgpop. Applying Zh,; and appealing to the
identification from the previous theorem, we then obtain a cocone

0 Jg1 =~ gy © Grop 240, 3h,(idpop) = MOP.

REMARK 9.59. Unravelling the identifications from the proof of the above
theorem, the restriction of the cocone ¢ along Rep — VRep is given incoherently
as follows: if G is any compact Lie group, and V is a G-representation, then
oy is given by the zig-zag SV +=~ O(V,—) A SV®V — MOP where the first
map is adjunct to the evident isomorphism SV A SV = SV®V and the second
one is adjunct to SY®V — MOP(V),z + (V @ V,x). Thus, viewing oy as an
element of 7§’ (QVMOP), this is precisely the Thom class o,y associated to the
G-representation V' from [Sch18, Construction 6.1.15], motivating our notation.
Using Theorem 6.1.17 of op. cit., one can then similarly describe the effect of ¢ on
a virtual representation of the form 0 © V' in terms of the inverse Thom class from
(6.1.12) of op. cit. In this sense, the cocone o is a coherent arrangement of all the
(inverse) Thom classes of MOP, as well as their products.

PROPOSITION 9.60. The cocone o expresses MOP as the colimit of the global
functor J, : VRep — &by, i.e. as a left adjoint object with respect to const: Spyy —

Fun(VRep, Gp,,).-

gls

PROOF. As T, is a global left adjoint, it suffices to prove that the terminal
object of le[BOP] is equivalent to the global colimit of %o, (in a necessarily
unique way). This on the other hand may be checked after postcomposing with
the equivalence ¥~': &, [BOP] == Spcgy, yreps- We claim that the resulting
composite VRep® — Mglo /VRep® is equivalent, even as a symmetric monoidal
global functor, to the parametrized Yoneda embedding; the proposition will then
follow since the colimit of the latter is indeed terminal by [MW24, Proposition
6.1.3]. To prove the claim, we may again restrict to Rep®, i.e. it will suffice to
identify (®)~!o yf%p with the Yoneda embedding of Rep®. This however holds by
construction of 1®. O
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CONSTRUCTION 9.61. Sending an inner product space to its dimension defines an
enriched symmetric monoidal functor t L® — (N, +). Applying the continuous Borel
construction and group completing we therefore obtain VRep® — const(Z, +). For
every d > 0, we define VRepy, as the preimage of d € Z; if we think of equivalence
classes of objects of VRep as virtual representations V' & W, then VRep[d] consists
precisely of those virtual representations with dim(V) — dim(W) = d.

LEMMA 9.62. The restriction of the cocone ¢ to VRepyy factors (necessarily
uniquely) through BOP!Y < BOP.

PRrROOF. For any map of G-orthogonal spaces f: X — BOP, X splits up to
isomorphism as [[;., f ‘1(BOP[d]). If the underlying space of X is path-connected
(e.g. when X is weakly contractible), exactly one of these summands is non-empty,
and we define d(f) to be the corresponding index; equivalently, this is the unique d
such that f factors through BOP! (on the pointset level). Tt is clear that if f — g
is any map over BOP and g factors through BOP[d]7 then so does f; in particular,
if f and g are moreover in &¢_,[BOP], then d(f) = d(g).

With this established, it is easy to check that f +— d(f) defines a symmetric
monoidal global functor &,[BOP]® — const(Z, +). Moreover, its restriction along
Gl [i]®oy§)p agrees with dim: Rep® — const(Z, 4) by direct inspection, so dogop =
dim by the universal property of group completion. Thus, yop maps VRep[d} into
the subcategory of &,/[BOP] of maps factoring through BOP!, which is in turn
equivalent to ¢ factoring accordingly. O

Applying Zh,, we therefore get cocones o/g: 3g1|VReB[d] — MOP for d € Z.

THEOREM 9.63. The cocone oy exhibits MO = MOP as the global colimit
of Jg1|VRepy,, -

PROOF. We will more generally prove this for any d € Z, and similarly to before
it will suffice to show that &1, exhibits BOP¥ < BOP as a colimit.
As VRep = [[ ez VRepg), we get an equivalence

colim yop =~ H colim Ysop|VRep
VRep ez, YRep (]

in 64[BOP]. As the left-hand side is terminal by Proposition so is the
coproduct on the right-hand side. Thus, the coproduct of the maps

colim Frop|virep,,, — (BOP — BOP)

induced by g4 for all d € Z is a map between terminal objects and hence an
equivalence in &,[BOP]. As a coproduct of maps in &4[BOP] ~ (&y1),Bop (or
any other oo-topos) is an equivalence only if each summand is so, this completes
the proof of the theorem. O

REMARK 9.64. More generally, Remark and Lemma [8.15| allow us to
describe the G-global Thom spectrum of any map £: X — trivg BOP of orthogonal
G-spaces as a parametrized colimit: we have an equivalence

%G_gl(g) ~ cqg)(l)igl (triv(;(ggl) otrivg(A) o @(5))
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in Gpg, where A: ®(BOP) — VRep denotes the equivalence constructed in
Remark ®: &, — Spcgy, is the unique equivalence as before, and colimgx)
denotes the Glo,pg-parametrized colimit-functor.

Let us write MOP¢ for the underlying G-spectrum of the global spectrum
MOP, i.e. the image under the composite Spy — Sp g = Spg, and we similarly
define MOg¢ as the underlying G-spectrum of MO. Put differently, if we start with
the underlying Orb-section of the global section MOP of Gp,; and apply the right
adjoint @D_gﬂofb — 6&plor, then the resulting Orb-section MOP, of S&p|o,1, has
components MOP, and analogously for MO.

Analogously to Construction we then get an (Orb-parametrized) cocone
o from J|or: VReplow, — Splom to MOP, as the image of the unique cocone
Ytoplor — idBop in 6p,[BOP]|or,, and as before this restricts to a cocone from

Q‘VRGB[O] IOrb to MO.

THEOREM 9.65. The induced maps

colim J— MOP, and colim J— MO,
VRSQ‘Orh VRe[l[O] ‘Orb

are equivalences in Splop.

The proof will require some preparations. Let us call a map in Spcg, /VRep a1
equivariant weak equivalence if it is inverted by the right adjoint R of the inclusion

(SPCOrbsGlo/VRep) [Orb = (SPCG1/vRep)[Orb; by the proof of Lemma this is
equivalent to being inverted by the composite

fat
(&EGlo/VReB”Orb -5 (Speaio)|orb — (SPCorbecio)orb

of the forgetful functor with the right adjoint to the inclusion. We moreover define
a map in G, [BOP] to be an equivariant weak equivalence if it is inverted by the
analogous composite

fgt T
&4[BOP]on, —— Gglom — Slom.
The following will be one of the key ingredients for proving the theorem:

LEMMA 9.66. The equivalence W: Spcgo/vrep — Sg1[BOP] preserves and
reflects equivariant weak equivalences.

PrOOF. We claim that the square

v
m%lo/m@ —— 6,)[BOP|®

fgtl lfgt

X x
—_—
S@Gb ~ §g1

of symmetric monoidal global functors commutes up to equivalence. As all functors
in question are symmetric monoidal left adjoints, this can be checked after restricting
to Rep, where it follows immediately from the definition of the equivalence ¥ that
both composites send every object to the terminal object, so that the square even
commutes up to unique equivalence.

Plugging in the definitions, we are then reduced to constructing a commutative
square as depicted on the left in the following diagram, where the vertical maps are
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the underlying Orb-functors of the unique equivalences:

-
SPCObsGlo|Orb —— SPCq10|Orb SpCorpealo — SPCalo
Slom ———— Sylom 66— &,

The square on the right commutes up to unique equivalence as both paths are
Orb-left adjoints preserving the terminal object. Passing to underlying Orb-functors
and then to mates therefore provides the desired square on the left. [l

PRrROOF OF THEOREM [0.65 Combining the previous lemma with Theorems|8.34
and the left adjoint Th,: &, [BOP][o;, — Spylorm descends to the local-
izations at the equivariant weak equivalences, and so does its right adjoint as a
consequence of Proposition [8:33] We can rephrase this as saying that the composite
G,[BOP||or — Gbglorm — Splom descends through the localization & of the
source at the equivariant weak equivalences, and that the resulting Orb-functor is
again a left adjoint. To prove the first statement, it will therefore suffice (analogously
to the global setting) that the colimit of Fiop: VRep|or, — X is terminal. Trans-
lating this through the equivalence W, this is in turn equivalent to the Orb-colimit
of

VReplor, ~ Sbeato/vieplor ~ SPCorbsaio/vheplor (9.20)
being terminal. The left adjoint L of R was defined so that y = L oy. Together
with full faithfulness of L, this implies that agrees up to postcomposition
with an equivalence with the (Orb-parametrized) Yoneda embedding VRep|op, —
PShg,,(VRep). Thus, its colimit is terminal by [M'W 24| Proposition 6.1.3], finishing
the proof of the first claim.

The second claim will then follow formally as in the global setting once we show
that the localization G¢.g1[BOP] — X (BG) preserves coproducts for every G, or
equivalently that equivariant weak equivalences are stable under arbitrary small
coproducts. As before, we may prove the corresponding statement for Spcg, /VRep
instead, which in turn follows immediately from the localization being an Orb-left
adjoint by Lemma [8.36 a

Fix a compact Lie group G and recall once more the functor fgt: Orbg — Glo
lifting to an equivalence Orbg —— Orb e sending G/H to BH — BG. By
[MW24, Remark 4.1.9], fgt*: Fun(Orb, CAT,) — Fun(Orbg, CAT,,) preserves
colimiting cocones; thus, writing J = fgt*J and VRep,, = fgt*VRep, we obtain
the following equivalent reformulation of the previous theorem:

COROLLARY 9.67. The maps

colim jo, - MOPg and colim Jo — MOg¢g
VRep, VREPG,[()]

induced by the Orbg-cocone fgt*o are equivalences in Sp,. ]






Appendix

A. A Thom spectrum functor with marvelous pointset properties
by STEFAN SCHWEDE

Constructions and define a global Thom space and global Thom
spectrum functor, respectively, as (symmetric monoidal) topologically enriched
functors out of certain slices of the topological category L-Top of orthogonal spaces.
Taking G-objects on both sides for any compact Lie group G then yields the G-global
Thom space and Thom spectrum functor. The goal of this appendix is to prove the
following result:

THEOREM A.1l. Let G be a compact Lie group.

(1) The Thom space functor G-L-Top /Gr G-L-Top, is left Quillen and
fully homotopical with respect to the G-global model structures.

(2) The Thom spectrum functor G-L-Top ,gop — G-OrthSp is left Quillen
and fully homotopical with respect to the G-global model structures.

Recall that the G-global model structures on orthgonal G-spaces and orthogonal
G-spectra were constructed by localizing the respective G-level model structures.
To prove the above theorem, we will first show the analogous statements for the
G-level model structures on source and target, and then deduce from this the above
statement.

We begin by describing right adjoints of the Thom space and Thom spectrum
functor. For that, we first show that for an inner product space V', the Thom space
functor

T': G-Top gy vy = G-Top,

from Construction [9.5] admits a right adjoint gy .

CONSTRUCTION A.2. Fix an inner product space V. For a based topological
space X, we define
Qv (X) = [ LR, V) xow@) X,
d>0
where O(d) acts on QX = maps, (S?, X) via precomposition. The reference map
to the Grassmannian is the projection

JTL®:. V) xo@ QX — [ L®R?, V)/0(d) = Gr(V).
d>0 d>0

This map is a locally trivial fiber bundle whose fiber over L € Gr(V) ‘is’
the loop space QF = maps,(S¥, Z). This then defines a topological functor
qv: Top, — Top g, (v) With functoriality via postcomposition. If G is any compact
Lie group, then pulling through the G-actions lifts this to G-Top, — G-Top g, (v)-

169
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For a continuous map f: A — Gr(V), we define the adjunction unit

n(f): A= Qu(T(f)) by  n(f)a) =[.{z = (), a)}];

here ¢ € L(R%, V) is any linear isometric embedding with ¢(R%) = f(a). We omit
the easy verification that the map 7n(f) is well-defined and lies over Gr(V), i.e.,
qrp) o n(f) = f. For a based space Z, we define the adjunction counit

ez:Tav(Z2) =2 by ez(w, [, f]) = fF&~ (w));

here ¢: R? — V is a linear isometric embedding, f: S¢ — Z a based continuous
map, and w € ¥(R%). We omit the verifications that the maps 7(f) and ez are
continuous and satisfy the triangle equality of an adjunction. We have thus extended
the two topologically enriched functors

T': G-Top gy vy & G-Top, : qv (A.1)
to an adjoint pair.

As we will now explain, the right adjoints gy for varying V' € L assemble into
a right adjoint q: G-L-Top, — G-L-Top g, of the Thom space functor th from
Construction [0.10}

CONSTRUCTION A.3. For a based orthogonal space X, define

QX) = H L(R?, —) x o) Q'X;
d>0

the reference map q(X): Q(X) — Gr is induced by the projection as before, so
that at an inner product space V', ¢(V') is the image qv: Qv (X (V)) — Gr(V) of
X (V) € Top, under the right adjoint gy from the previous construction. This
becomes a functor via the functoriality of the individual gy, and this functor is again
topological as mapping spaces in functor categories are topologized as subspaces of
the product, and since each ¢y was topological. For a map f: A — Gr of orthogonal
spaces the unit transformations ny (f(V)),V € L from assemble into a map of

orthogonal spaces 7(f): q(th(f)) — X with qpy, o n(f) = f.
For a pointed orthogonal space X, the counit natural transformations

ev(X(V)): th(Q(X)(V)) = T(Qv(X(V))) = X(V),V € L

define a map of pointed orthogonal spaces ex : th(Q(X)) — X. The maps £(X) for
X € L-Top, and n(f) for f € L-Top g, define natural transformations id — qoth
and th o q — id which exhibit q as left adjoint to th. Pulling through the actions
as before, we then obtain for every compact Lie group G an adjoint pair

th: G-L-Top g, = G-L-Top, : q.
Similarly to the above, we can construct a topological right adjoint
Q: G-OrthSp — G-L-Top ;5op

to the Thom spectrum functor Th: G-L-Top,gop — G-OrthSp from Construc-
tion [9.22] by assembling the right adjoints to the individual Thom space functors.
In essence, the functor Q ‘bundles’ all loop spaces of all values of an orthogonal
spectrum into a single object, organized as an orthogonal space over BOP:
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CONSTRUCTION A.4. We let X be an orthogonal spectrum, and we let V be an
inner product space. We set

(QX)(V) = Quav(X(V)) = [JLR,V & V) xo@ Q' X(V) ,
d>0
the total space of the locally trivial bundle over BOP(V) = Gr(V @ V) whose fiber
over a linear subspace L of V@V ‘is’ the L-loop space QX (V). The reference map
QX)(V) = qvev(X(V)): (QX)(V) — BOP(V)

is the bundle projection sending [¢, f] to ¥(R9).
In order to define the structure maps of the orthogonal space Q(X), we consider
the continuous map

j:LRLV @ V) = LR? (VER)?), j[@)(z.y) = rvre (@), (4. 0)),
where z € R%, y € R, and kyge: (VO V)@ (R @ R®) — (V @& R®)? is the shuffling
isomorphism. We define the structure map

(Q@X)(V,W): L(V,W) x (2X)(V) — (2X)(W)
as the disjoint union, over d > 0, of the maps
L(V,W) x (LR%V?) xo@) X (V) — LR, W & W) Xo(are) QHTX W)

(o, [, f]) — [(A® A) 0 j(¢), X(A) oo o (f NS,
(A.2)
where e = dim(W) — dim(V), A: V & R® = W is any linear isometry such that
Aly =p,and 0: X(V) A S® — X(VaRe) and X(A): X(V @ R®) - X(W) are
the structure maps of X. We omit the easy verification that this is independent
of the choice of A and compatible with the composition of L as well as with the
projections to BOP.

While clearly expected, it might not be entirely obvious that the resulting action
map is continuous; so we provide an argument.

PROPOSITION A.5. For every orthogonal spectrum X and all inner product
spaces V and W, the map (A.2) is continuous.

PROOF. Product with L(V, W) preserves disjoint unions, so we may show that
the restricted map (A.2) is continuous for every d > 0, where e = dim(W) — dim(V).
We may assume without loss of generality that W =V @ R®. The map
j: L(Rd7 VZ) — L(Rd+ea (V D Re)2)7 JW)(% y) = RV,Re (¢(x)7 (yv 0))
is continuous, where z € R%, y € R, and v € L(R?, V?). Moreover, the homomor-
phism

O(Va&R) — O(VaR)?
A 0
Ar— <0 A)
defines a continuous O(V @ R)-action on the target of j, so the map

OV @R x L(RY, V?) x QX (V) — LR (V@ R®)?) x QX (V @ R9)
(A0, f)— (A® A) o j(v),0 0 (f N S9))
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is continuous, too. This map participates in the commutative square:
O(V & R?) x L(RY, V2) x QIX (V) ———— LR, (V & B%)?) x Q¢ X(V & R?)
(A, £ (Al 1. Jpror
L(V,V & R) x (LR, V?) Xo@ 21X (V) g LR, (V& R)?) Xogas0 X X(V & R)

Since the composite through the upper right corner is continuous and the left vertical
map is a quotient projection, the lower horizontal map is continuous, too. This
completes the proof. O

This concludes the definition of the topological functor Q. The unit and counit
of the adjunction between the functors

Th: G-L-Top ,gop = G-OrthSp: Q

are levelwise the units and counits of the adjunction from Construction
We will need the following observation to show that the Thom space and Thom
spectrum functor are fully homotopical:

LEMMA A.6. Let G be a compact Lie group with a collection F of closed
subgroups, and let V' be a G-representation. Then for any commutative triangle

B —" B

N
Gr(V)

in G-Top such that h is an F-weak equivalence, the induced map T(fh) — T(f) is
again an F-weak equivalence.

PROOF. We start with the non-equivariant case, i.e. when the group G is trivial.
If E;,i = 1,2 denote the two pullbacks of the tautological bundle over Gr(V'), then
the square

S(El) —_— Bl

L b

S(EQ) —_— B2

is cartesian and both horizontal maps are locally trivial fiber bundles, hence Serre
fibrations. Thus, this is already a homotopy pullback. Since h is a weak equivalence,
the left vertical map in the square is a weak equivalence, too. The Thom spaces
T(fh) and T(f) are the unreduced mapping cones of the two horizontal maps in
the pullback square. The formation of unreduced mapping cones is homotopical for
weak equivalences, for example by [DI04], Lemma A.1] for n = 1; so the induced
map T(fh) — T(f) is a weak equivalence.

For the general case, we have to understand fixed points of Thom spaces of
equivariant bundles. If g: X — Gr(V) is an equivariant continuous map and
H C G, then one directly checks that the H-fixed points of the pullback g*( of the
tautological bundle agree as a set with the pullback of the tautological bundle over
Gr(VH) along the composite

xH & gr(V)T 5 gr(vH),
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where (=) denotes the map sending an H-invariant subspace to its H-fixed
points. The latter map is continuous: by |[Sch18, Proposition B.17], Grq(V)#
(L(R?,V)/O(d))* splits as the coproduct over conjugacy classes of homomorphisms
¢: H — O(d) of the spaces L(p*(R%),V)H /C(¢), where C(¢) C O(d) denotes the
centralizer of the image of . If f: p*(R%) — V is H-equivariant and isometric, then
FRHT = f((¢*(RY))H), so that the restriction of (=) to L(¢*(R?), V)H factors
as the map L(p*(R?), V)7 — L((¢*(R?))#,V) induced by the inclusion followed
by the quotient map. This completes the proof that (—)* is continuous. As both
the H-fixed points of g*(y as well as the pullback of (v # along the continuous map
(—)H o gH are closed subspaces of g*(, this then shows that they agree as topological
spaces.

The identification of the fixed point bundle immediately implies the analogous
description of the sphere bundle of the fixed points; as formation of unreduced
mapping cones commutes with fixed points by [Sch18| Proposition B.1], this gives
us a natural homeomorphism 7'(g) = T((—) o g”). Applying this to f and fh
and varying H € F, the general case of the lemma therefore follows from the above
non-equivariant special case. O

LEMMA A.7. (1) The Thom space functor th: G-L-Top g, — G-L-Top,
is left Quillen and fully homotopical with respect to the G-global level
model structures.

(2) The Thom spectrum functor th: G-L-Top /gop — G-OrthSp is left
Quillen and fully homotopical with respect to the G-global level model
structures.

PrROOF. By Lemma the Thom space and spectrum functor preserve G-
global level weak equivalences. We have already seen that the Thom space and
Thom spectrum functors are left adjoints, so it only remains to show that they
preserve cofibrations, then it follows that they are left Quillen.

By Proposition together with [Hir03, Theorem 1.5], the maps

L(V,-) x, G x D" ——— L(V,—) x, G x D"

Gr, r

where V is a faithful H-representation, H is a compact Lie group, ¢: H — G
is a continuous group homomorphism, n > 0, and f” is arbitrary, form a set of
generating cofibrations for G-L-Top /Gr- By adjunction, f? corresponds to a map

f: D' — Gr(V)%. Denote by
7 By = EGr(V) xge(vy D' = D'

the bundle classified by f and by j: Ef — EGr(V) the projection. For an inner
product space W, the map

G xp L(V,W) x Ey = EGr(W), (9,9, 2) = ¢(j(x))

exhibits

GX,L(V,W)xn
_—>

(G x, L(V,W)) x E; G x, L(V,W) x D!
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as the bundle classified by f°, i.e.

Gx,L(V,W)x Ey —— EGr(WW)
|- |

l
G ti :[J(‘/7 W) x D W GI‘(W)

is a pullback of topological G-spaces. It follows that th sends (A.3]) up to isomor-
phism 0 (G x, L(V, )+ A (T(flopt) = T(f)).

By Lemma (G x, L(V,=))+ A —: G-Top, — G-L-Top,, is left Quillen.
We are therefore reduced to showing the following claim: for every inner product
space V and every continuous map f: D' — Gr(V), the associated map i; of
Thom spaces over 9D' and D! is a cofibration of based G-spaces. Because D' is
contractible, the pulled back bundle is trivial, so after choosing a trivialization, we
can identify the map 4; with the cofibration

oD, NSV < D' A SV,

for some representation V', completing the proof of the case of Thom spaces.

In the case of Thom spectra, we similarly let V' be a faithful representation for
a compact Lie group H, ¢: H — G a homomorphism, and h: D' = BOP(V) a
continuous map. Denote by 7: Ej, == EGr(V@®V) xgop(v) D' — D' the associated
bundle and by i: E;, — BOP(V) the canonical map. For an inner product space
W, denote by et (V,W) = {(A,w) e L(V,W) x W : w € A(V)+} — L(V,W) the
orthogonal complement bundle. Then

(G xp e (V.W)) x By = EGE(W @ W), (g, (4,w), €) = (w,0) + (A® A)(i(e))
(where g € G, A € L(V,W), w € A(V)*, and e € E},) exhibits
G xp e (V,W) x m: (G xp e (V,W)) x B, = G x, L(V,W) x D'

as the G-equivariant bundle classified by h°(W). We may therefore identify the
image under Th of a generic generating cofibration

L(V,-) x, G x 0D" ———  L(V,—) x, G x D"

)

with G4 Ay, O(V, =) A (T'(h|gpt) < T'(h)). As above, the second smash factor is
a cofibration of based G-spaces, so the whole expression is a G-global cofibration
of orthogonal G-spectra by Lemma [7.20] proving that the Thom spectrum functor
preserves cofibrations. O

Theorem is now a consequence of the above and the following observation:

LEMMA A.8. Suppose that ¢: V — W is an equivariant linear isometric embed-
ding of faithful G-representations.
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(1) If X € G-L-Top, is fibrant in the G-global model structure, the square

Q(x)(V)¢ Y, Grv)@
Q(X)(so)Gl lGr(ga)G

G G
is a homotopy pullback.
(2) Suppose that X € G-OrthSp is fibrant in the G-global model structure.
Then the square

Qx)(v)¢ 2, gop(v)©
Q(X)(w)cl lBOP(w)G

QX)W)E 7 BOP(W)C

is a homotopy pullback.

PrOOF. Let Z be a based G-space. We first describe the fixed-point space
Qr(Z)¢ for a G-representation R. The group O(d) acts freely on L(R?, R) x Q¢Z;
so the G-fixed point space (27X)% decomposes as the disjoint union, indexed by
all d > 0 and all conjugacy classes of continuous homomorphisms a: G — O(d), of
the spaces

(L(RY, R) x Q42)%/C(a)

by another application of [Sch18, Proposition B.17]; here C(«) again denotes the
centralizer in O(d) of the image of . If we write U for the d-dimensional G-
representation o*(R%), then C(a) is the compact Lie group O%(U) of G-equivariant
linear self-isometries of U. We can thus rewrite the fixed point space (Qr(Z))¢
as the disjoint union, indexed by representatives U of all isomorphism classes of
G-representations, of the spaces

LU, V) x o) (QVZ)C.

Suppose now that X is a pointed orthogonal G-space. By the above, the
commutative square in question is the disjoint union, indexed over representatives
of isomorphism classes U of G-representations

LE(U, V) Xoo @) (VX (V)¢ —— LE(U,V)/0%(U)
[w,f]H[apow,X(w)Of]l l[w]H[soow]
LE(U W) 0@y (QUX (W)Y —— LEU,W)/0%(U).

The two horizontal maps arise from the projections to the first factors, and they are
both locally trivial fiber bundles, and in particular Serre fibrations. The generic
fiber of the top horizontal map is (2 X (V))%, which maps to the corresponding
fiber (QV X (W))€ of the bottom horizontal map via (2V X (¢))¢. As V is a faithful
G-representation and X is a fibrant orthogonal G-space, X () is an equivariant
weak equivalence of pointed G-spaces. By Lemma QOV: G-Top, — G-Top, is
right Quillen, and hence homotopical by Ken Brown’s Lemma. Thus, (QUV X (¢))¢
is a weak homotopy equivalence, proving the statement for Thom spaces.
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Now we prove the statement for Thom spectra. By replacing W by the or-
thogonal complement of the image of p: V' — W, we can assume without loss of
generality that ¢: V — V @ W is the embedding of the first summand of a direct
sum. Then the commutative square in question becomes the disjoint union, indexed
over representatives U of isomorphism classes of G-representations, of commutative
squares of the form

LU, V?) X g6 (QUX(V))C LY (U,V?)/0%(U)

! |

LE(UaW,V2eW?) xoowew) (VX (VeW))¢ —— LU e W,VZe W?2)/0%(U & W).

Here the vertical maps are induced by the map L(U,V?) — L(U & W, V2 & W?)
sending ¢ to (v, w) — (p(v), (w,0)) and by the map (QVX (V)¢ — (QVX(VaeWw))¥
induced by the adjunct structure map of X. The two horizontal maps again arise
from the projections to the first factors, and they are both locally trivial fiber
bundles, and hence Serre fibrations.

The generic fiber of the top horizontal map is (Y X (V))¥, which maps to the
corresponding fiber (QV X (V @ W))¢ of the bottom map via the map induced by
the adjunct structure map. As the adjunct structure map is a G-weak equivalence
by fibrancy of X, the claim follows as before. (Il

We can now finally prove Theorem stated at the beginning of this section.

Proor oF THEOREM [A_Tl As the G-global model structure on G-L-Top was
constructed as a Bousfield localization of the G-global level model structure,
Lemma implies that that the Thom space functor preserves cofibrations (with
respect to the G-global model structures on both sides). This implies that its
right adjoint q preserves acyclic G-global fibrations. To show that q also preserves
G-global fibrations, we use a criterion of Dugger |[Dug01} Corollary A.2]: it suffices
to show that the right adjoint preserves G-global fibrations a: X — Y between
G-globally fibrant objects. Suppose a: X — Y is a G-global fibration between fibrant
objects in G-L-Top, . As q is right Quillen with respect to the G-level structure on
G-L-Top g, q(@) is a G-global level fibration. If ¢: H — G is any homomorphism,
and V — W is an embedding of faithful H-representations, it then only remains to
show by the explicit description of G-global fibrations (see Definition that the
top square in the following commutative diagram is a homotopy pullback:

QAX)(V)? —— QX)(W)*
| |
QY )(V)F —— Q) (1)?
| |

Gr(V)? —— Gr(W)%,

Applying the previous lemma to the H-orthogonal spaces ¢*X and ¢*Y (which
are again fibrant by Lemma shows that the bottom and the total square are
homotopy pullbacks, whence so is the top square by the pasting law. This proves
that the Thom space functor is left Quillen for the G-global model structure.
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That the Thom spectrum functor is left Quillen can be seen completely analo-
gously.

A G-global weak equivalence of orthogonal G-spaces factors as a composite of
an acyclic G-global cofibration followed by an acyclic G-global fibration. As a left
Quillen functor, the Thom space/spectrum functor takes acyclic G-global cofibrations
to G-global weak equivalences. Since acyclic fibrations in the G-global model
structure are G-global level weak equivalences, the Thom space/Thom spectrum
functor takes these to G-global level weak equivalences by Lemma and hence
in particular to G-global weak equivalences. Thus, both the Thom space and Thom
spectrum functor preserve G-global weak equivalences. ([l

B. Background on model categories

In this section we collect some general facts about model categories and their
associated oo-categories for easy reference. We begin with the following observation
relating 1-categorical and oco-categorical slices:

LEMMA B.1. Let C be a model category with collection of weak equivalences WV,
and let Y € C fibrant. Then the (co-categorical) localization C — C[W™!] induces
a localization C,y — C[W™'],y. If C is right proper, the claim holds without the
fibrancy assumption on Y .

PRrROOF. The first claim is a special case of [Cis19], Corollary 7.6.13]. For the
second claim, it will then suffice that for right proper C and any weak equivalence
Y — Y’ to afibrant Y, the induced map C,y — C,y+ becomes an equivalence after
localization, which is in turn a direct consequence of [Rez02, Proposition 2.5]. O

The model categories we encounter throughout our paper are simplicial (in
fact, even topological), and several arguments exploit the simplicial structure to
say something about the associated oo-category, although the latter a priori only
depends on the underlying unenriched model category. We therefore have to explain
how the simplicial and homotopical structures relate to each other.

LEMMA B.2 (See [Hir03, Proposition 9.5.16]). Let C be a simplicial model
category. Then any homotopy equivalence (with respect to the simplicial structure)
is a weak equivalence (with respect to the model structure). O

COROLLARY B.3. Let C be a simplicial model category and let X € C be
arbitrary. Then the map X — A' ® X induced by di: A — Al is a weak
equivalence.

PROOF. One easily checks that this is a homotopy equivalence, also see [Hir03,
Proposition 9.5.20]. O

Note that crucially there are no cofibrancy conditions on X in either of these
results. Using this we can now show:

LEMMA B.4. Let C be a simplicial model category, and let D C C be a full
simplicial subcategory closed under weak equivalences. Assume moreover that D is
locally fibrant. Then the inclusion N(Dg) < Na(D) of the nerve of the underlying
unenriched category induces an equivalence after localizing at the weak equivalences.
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PROOF. By the previous corollary, D is closed under A' ® —, while Lemma
shows that any homotopy equivalence is a weak equivalence. The claim is now an
instance of [Lurl7, Proposition 1.3.4.7]. O

LEMMA B.5. Let C be a simplicial model category, and assume that the full
simplicial subcategory C° C C of cofibrant objects is locally fibrant. Then N(C{) —
Na(C°) induces an equivalence on oco-categorical localizations.

PRrOOF. The left Quillen functor A ® — preserves C¢, so this follows by the
same argument as in the proof of the previous lemma. ([

Finally, the simplicial structure allows us to compute mapping spaces in the
localization:

LEMMA B.6. Let C be a locally fibrant simplicial model category (e.g. the un-
derlying simplicial model category of topological model category), and let X, Y € C
with arbitrarily chosen cofibrant replacement «: X' —— X and fibrant replacement
B:Y =5 Y'. Then the map

mapsC(X,Y) ~ HOHlNA(C)(X, Y) — HOmNA(C/)[W—l](X, Y)

induced by the localization Na(C) — Na(C)[W™1] agrees up to postcomposition
with an equivalence with 8o — o a: maps(X,Y) — maps(X',Y’).

PROOF. As the map HOmNA(C)[W—l](X, Y)— HOHlNA(C)[Wfl](X/, Y”’) induced
by « and (8 is an equivalence, it will suffice to consider the case o = idx, 8 = idy,
so that X is cofibrant and Y is fibrant. Using that maps: C°® x C — SSet is a
right Quillen bifunctor, we are further reduced to showing that the localization is
fully faithful when restricted to the full subcategory of cofibrant-fibrant objects.
But this restriction is even an equivalence by [Hin16| Corollary 1.4.3]. O

COROLLARY B.7. Let C be a locally fibrant simplicial model category, and
let G: C — SSet be a functor that is corepresented (in the enriched sense) by a
cofibrant X € C. Then G is right Quillen and

CIW 1] % SSetWo kel = Spe (B.1)
is corepresented (in the co-categorical sense) by the same X ; here the unlabelled

equivalence in (B.) is the unique one.

ProOOF. As the mapping space functor for C is a right Quillen bifunctor, G
is indeed right Quillen. It then suffices to show that the two functors C[W™!]
agree after restriction to the full subcategory of C spanned by the cofibrant-fibrant
objects, where this follows by the same argument as in the previous lemma. (I

Applying this to the underlying simplicial model category of a topological model
category, we obtain:

COROLLARY B.8. Let C be a topological model category, and let G: C — Top
be corepresented (in the enriched sense) by a cofibrant X € C. Then G is right
Quillen and

_1; RG _
cw] — TOP[WQ&inen} ~ Spc

is corepresented (in the co-categorical sense) by the same X. [
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C. Compact Lie groups acting on Hausdorff spaces

In this appendix we collect some pointset topological facts about free actions of
compact Lie groups on Hausdorff spaces that are used throughout the main text.

LEMMA C.1 (See |Korl8, Theorem A.9]). Let X be a Hausdorff space with
a free action of a compact Lie group G. Then the quotient map X — X/G is a
(non-equivariant) Serre fibration. O

LEMMA C.2. Let G be a compact Lie group and let f: X — Y be a map of free
G-spaces, such that X is Hausdorff. Then

X 2 x/6G

1 e

YwY/G

is a pullback square.

ProoF. By [Sch18| Proposition B.13(i)], the quotients X/G and Y/G are
preserved by the forgetful functor to sets. Thus, to show that the comparison map
c: X = X/G xyq Y is bijective, we may instead prove the analogous statement in
the category of sets. This can be checked fiberwise over X/G; the fiber over some
class [z] is then given by the orbit Gz (for some fixed representative), while the
fiber of the projection X/G xy,qY over the same [z] is given by {[z]} x G f(z). By
assumption, both of these are free G-orbits, and any equivariant self-map of G is
bijective, proving the claim.

It remains to show that the induced map

Hom(K, ¢): Hommop (K, X) — Homrop (K, X/G Xy, Y)

is bijective for every compact space K. As we already know that c is bijective, it will
be enough to show surjectivity, for which we consider any («a, 8): K — X/G xy,qY.
The space X/G is again Hausdorff by [tD87, Proposition 3.1(v)], so a(K) C X/G
is compact, and Proposition 3.6(ii) of op. cit. shows that also the preimage X’ of
a(K) under X — X/G is compact. By [Sch18| Proposition B.13(iii)], the map
X'/G xy;gY = X/G xy,c Y induced by the inclusion X’ < X is an embedding,
so (a,f) factors through a continuous map K — X'/G Xy,¢ Y, and it will be
enough to show that this admits a lift to X’. Replacing X by X', we may therefore
assume without loss of generality that X is compact. But then X — X/G xy,q Y
is a continuous bijection from a compact space to a weak Hausdorff space, hence a
homeomorphism. O

LEMMA C.3 (cf. [Korl8| proof of Theorem A.7]). Let G be a compact Lie
group, and let f: X — Y be a G-equivariant map of G-free Hausdorff spaces. Then

f is a (non-equivariant) weak homotopy equivalence if and only if the induced map
f/G: X/G — Y/G on orbits is so.

PROOF. By Lemmas and the commutative square
X — X/G

17 e

Y — Y/G
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is a pullback in Top and the horizontal maps are Serre fibrations. Thus, this square
defines a homotopy pullback in the co-topos Spe. As Y — Y/G is surjective on g,
i.e. an effective epimorphism, the claim follows from [Lur09, Lemma 6.2.3.16]. O
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